Dr. Z.’s Calc5 Cheatsheet
FINAL VERSION

[Note: This is the only sheet allowed in any of the quizzes and exams. No calculators of course!]

e'Lz+e—zz

Version of Dec. 12 ,2011 (adding Euler’s fromula €’ = cosz + isinz and cosz = 5

. - eiz_e—iz
sinz = “=5%—).

Previous Versions: Sept. 15, 2011: correcting errors in page 3, lines 9 and 10, last formula Oct.
12,2011: Adding two more useful trig. identities. Nov. 20 ,2011: (thanks to Eric Somers, correcting
two typos in the trig identities). Nov. 22 ,2011 (thanks to Dr. Z, correcting typos in lines 3 and 4
of page 2)

Calc(-1) Reminders: The roots of ax? + bx + ¢ = 0 are (—b £ /b2 — 4ac)/2a .

CalcO Reminders:

sin? z4cos’z =1 sin(z+y) = sinx cosy+cosxsiny , cos(x+y) = cosxcosy—sinzsiny
9 .9 . . 9 1+ cos2x .9 1 — cos2x
cos2x = cos“xz—sin“xz , sin2x =2sinzcosxr , cosx = — sin“x = —

cos Acos B = %(COS(A — B)+cos(A+B)) , sinAsinB= %(COS(A — B) —cos(A+ B))

If n is an integer:

1 1
sinnmr =0 , cosnm=(-1)" | sin(n—i—i)ﬂz(—l)” , cos(n+§)7r:0

Calcl Reminders: (fg)' = f'g+ fg', (£)) = LSS (f(g(@)) = f'(9(x))g (2)-

92
(2™) = naz"" L, (e*) = e%, (sinx) = cosz, (cos z) = —sinz, (Inz) = 1.

o FM0)
o ) =500y o,
[edr = <+ C (if ¢ # 0), [sin(cz)dr = — COS(Cw)+CfCOS ) dx :SZ"(Cx)jLC (if ¢ # 0),
=Inlz—a|+C.

Calc2 Reminders: [uwv' =uv — [u'v, f(z) =D " 0 f(")(a)( a)"

2 "

x
=14+ —+...4—+...
2 n!
2 2n
_ r 1 ®
cosz =1-— 5 +...+(-1) (2n)!+“
23 2n+1
- n
sing =z — — + ..+ )(2n+1)
-1 —1) - (a—
(1+2z)*=1+ax+ (2 )xz—i—.. ala—1) ga ntl) S
n!
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X

T "
In(1 —r— (=)
(1+z)=2x 5+t +(-1) —+
-1 cx
/xe“dﬂ::(—i_sx)e—l—C’
c
2—2cac+a:

/xzecwdx 3 ) +C
c

/x”ecmdl‘— € n/:v”_leczd:v
c c

oo
z"e " dx = n!

S~

(n positive integer)

JE Y Qe
b% + a? b2 + a?
bcos (ax) eb® sin (az) e®®
bx
e’ cos(az) dx =
/ b2 —+ a2 b2 —+ a2

cos (ax

) + xsin (azx) a

/x cos(ax) dx

a

2

sin (ax) — xz cos (ax) a

a

/ xsin(az) dx

n
) z"cosaxr n
" sin(ax)dr = ————— + —
a a
z"sinar n
x" cos(az)dr = —— — —
a a

2

/x”_l cosax dx

/ " sinax dx

oo
/ z"e *dx = n!
0

Polar — Rectangular: z =

Calc3 Reminders: (f;), = (fy)z, grad f =< faz, fy, f> >, div < Fy, Fy, F3 >=
(F3)x7 (F2)x -

(Fg)z, curl < Fl,FQ,Fg >=< (F3)y — (FQ)Z7 (Fl)z —

Calc4 Reminders:

rcosf,y = rsinf; Rectangular — Polar: r = \/x2 + y2,0 = tan™

Yy

e

(F1)z + (Fs)y +

(Fl)y >

The general solution of ay”(x) + by’ (z) + cy(x) = 0 (a, b, c real numbers) is y(x) = Ae*® + BeP* if
a, 3 are roots of ar? + br + ¢ = 0 and they are real and distinct. If a = 3 then the general solution
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is y(x) = Ae*® + Bxe®®. If they are complex, p £ 4 then it is y(z) = e#*(Acos Az + Bsin Ax). In
particular, the general solution of y”(x) + A?y(x) = 0 is y(z) = Acos Az + Bsin \x.

The general solution of y” (x) — A\2y(z) = 0 may be written either as Ae** 4+ Be™** or as A cosh Az +
Bsinh A\z.

The Cauchy-Euler differential equation
r?R"(r) +rR (r) —n*R(r) =0 ,
has the general solution
R(r) =Cyr" 4+ Cor™ |
when n > 0. When n = 0, the general solution is R(r) = Cy + CaInr.

et% etz

21

el* +671,z

2

e =cosz+isinz, cosz = , sin z =

Laplace Transform

F(s) = /Ooo fOedt
|

1 kK - aty 1L
‘C{l} - s ’ [’{t } - 8k+1 (k - 172737"') ’ ‘C{e } - s—a )
C{sinkt) =~ Llcoskt) = —— L{sinhkt} = — " L{coshkt} = —>
° 2+ k2 COSE T e e i sz k2 o8 82— k?
—1 1 —1 1 tk_l —1 1 at
“1=1 —1= —=1,2,3, .. -
L {8} ) L {Sk} (k—l)' (k ,2,3, ) ) L {s—a} e )
_ 1 sin kt _ s _ 1 sinh kt _ s
L 1{52+k2}: ? , L 1{S2+k‘2}:COSkt , L 1{52—k2}: p , L 1{52_k2}:coshk:t
Liy®y=Y(s) , LM} =sY(s)=y(0) , L{y"(6)} = s(sY (s)~y(0))~y'(0) = s’Y (s)—sy(0)~y'(0)
L{y"M (1)} = s"Y(s) = s"71y(0) = s" 2 (0) — ... — y"7V(0)
L{e"f()} = F(s—a) , LTHF(s—a)} =e"f(t)
k! k s—a
k,aty _ —-1.2 at : — at —
L{t"e} o) (k=1,2,3,...) , L{e*sinkt} Goaf T RE L{e coskt} PR
£y 1 - th—leat (k=1.2.3..) £y - e sin kt £y s—a RT—
G—a)f! ~(k—1nl T s—a2+k2) " & ’ Gs—aZ+k2’ ¢

L{f(t—a)U(t—a)} =e *F(s) (if a>0)

L7He  F(s)} = f(t—a)U(t —a) (if a>0)

L{t"f(t)} = (—1)”%F(s) (n pos. integer).
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<nm@=4fmw—ﬂm

L{f g} = L{F ()} £{g(t)} = F(s)G(s)
LTHF(s)G(s) = (f *9)(1)

HAfﬁMﬂ—F@ ,

S

ey = [
L{5(t —tg)} = e 50

L{5(1)} =1

Orthogonal Functions

Two functions f(x) and g(z) defined on an interval [a,b] are orthogonal with respect to the
weight function w(z) if

b
/ﬁﬂ@MMqux=o

A set of functions ¢; (), ¢2(x), p3(z), ... is an orthogonal set over [a, b] with respect to the weight
function w(x) if the ¢;’s are all orthogonal to each other, with respect to w(x). In other words

/b Gm ()b () w(x)de =0 whenver m #n

The inner-product of two functions (f(x),g(z)) over [a,b] with respect to the weight function
w(z) is

b
umwz/fwm@www

The norm-squared of a function f(z) on an interval [a,b] with respect to the weight-function
w(zx) is

b
HMiZMﬁwz/f@waw

A set of functions ¢1(x), ¢2(x), ¢3(z),... is orthonormal over [a,b] with respect to the weight-
function w(x) if it is orthogonal and the norms are all equal to 1.

Fourier Series (over (—m, 7))

If a function f(x) is defined over the interval (—m, ), then its Fourier series is

o 0

ao .

?4— E Qy, COSTLT + E b,sinnx
n=1 n=1
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where the number ag is given

1 ™
= — d
w:=_] f(@)dz
and the numbers a1, a9, as,... and by, bo, b3, ... are given by:
1 ™
ap = — f(x)cosnxdx
™ —T
1 (7 .
b, = — f(z)sinnz dx
™ —Tr

Fourier Series (over (—L, L)) find the function g(z) = f(zL/7), that is defined over (—m, ), and
then go back using f(z) = g(xn/L).

A function f(z) is even if
A function f(z) is odd if

If f(z) is even then [* f(z)dx =2 [ f(z)da.
If f(z) is odd then [ f(z)dz = 0.
Fourier Cosine Series (for Even Functions)

The Fourier series of an even function f(z) on the interval (—m, ) is the cosine series (no sines

show up!)
ap >
5 + ; ay, COSNT

where

aoZi/O f@)dz

2 ™
ap = / f(x) cosnx dx
T Jo

Fourier Sine Series (for Odd Functions) The Fourier series of an odd function f(z) on the

interval (—m, ) is the sine series (no cosines show up!)

oo
Z by sinnx
n=1
where o 7
by, = / f(x)sinnx dx
T Jo

Half Range Expansion If a function f(z) is only defined on (0,7), then we can extend it to
(—m,m) to either get an even function, and find its cosine series, or to an odd function and get

its sine series. Both of them are supposed to converge to f(z) in (0,7).
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The complex Fourier series of a function f defined on the interval (—m, ) is given by

[ee]

E Cn e’l/I’LCC ,

n=—oo

where L g
Cn = / f(x)e ™ dx | n=0,%1,+2,...
2 J_,

The complex Fourier series of a function f defined on a general interval (—p, p) is given by

o0

E cneznﬂ:p/p ’

n=—oo

where |
Cp = / f(:v)e_i””/p de , mn=0,%1,42,...
2p ),

Sturm-Liouville Problem

A Regular Sturm-Liouville Problem on an interval [a,b] is a differential equation of the

form

d
dx
subject to the boundary conditions

[r(x)y'] + (q(z) + Mp(x)y =0

Ary(a) + B1y'(a) =0

Azy(b) + Bay'(b) =0

Here p, g, r are continuous functions, and in addition 7/(z) should also be continuous. Also we need
r(z) > 0 and p(x) > 0 on the interval [a, b].

Singular Sturm-Liouville Problem on an interval [a, b] is a differential equation of the above
form but the condition that r(z) > 0 in [a, b] is not always true, but then you only use some of the
boundary conditions.

For most \’s there is no solution (except for the “trivial solution” y(x) = 0). Those lucky ones
for which there is a non-zero solution are called eigenvalues and the corresponding solutions are
called eigenfunctions.

Sturm-Liouville Theorem: 1. For a regular Sturm-Liouville problem there exist an infinite
number of eigenvalues
)\1<A2<)\3<...

such that A\,, — oo.



2. Each eigenvalue \; has just one corresponding eigenfunction y;(x) (up to a constant multiple)

3. All the eigenfunctions are linearly independent. In other words, there is no way that you can

express one of them as a linear combination of other ones.

4. The eigenfunctions {y;(z)} are orthogonal over [a,b] with respect to the weight-function
p(z).

Fourier-Legendre Series

The Legendre polynomials { P, (z)}52, are defined by the generating function
o0
Z Po(x)t" = (1 — 2at + ¢2)1/2
n=0

Another way to define them is via the recurrence

_2n71 n—1

P,(x) xP,_1(z) —

n
subject to the initial values:
Py(z)=1 Pi(z)==x
The Fourier-Legendre series of a function f(z) defined on the interval (—1,1) is given by

oo

f(z) = chpn(x) )

n=0

where
2n

+1 !
tn = — /_1 f(x)P,(x)dx

Heat Equation
1. Both ends are at temperature 0:

The solution of

u Ou
cr_ L
kéh:? TR 0<ax< , t>0
subject to
u(0,t)=0 , wu(L,t)=0 , t>0
u(z,0) = f(z) , O0<zx<L ,
is -
1) = A —k(n?x2/L%)t . NT
u(x,t) ; ne sin—a
where

o L
A, = L/o f(z)sin n%xdac
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2. Both ends are insulated

The solution of
k82u ou

— == 0 L t>0
922 ET <z < s >
subject to
ug(0,6) =0 , wux(L,t)=0 , t>0
u(z,0) = f(z) , O0<zx<L ,
is
AO —k(n272/L%)t
u(x,t) = 5 ZA " cosfx ,
n=1
where

2 (" 2 (L nm
_L/o f(z)dx An—L/O f(x)cosfxdaj

Wave Equation (Special case: L = )

The solution of the boundary value wave equation

AP Upy = Ut , O<z<m , t>0

u(0,t)=0 , wu(mt)=0 , t>0 ;
’LL(:L’,O) :f(ib) ) ut(IL‘,O) :g(aj) , U<z <
is

o0
Z (A, cos(nat) + By, sin(nat)) sin(nzx)

where the numbers A,, and B,, are given by the formulas

2 ™
:/ f(z)sinnzdx
T Jo

2 s
B, = — g(z)sinnzx dx.
nwa Jo

Wave Equation (General Case)
The solution of the boundary value wave equation
a2um:utt , O<zxz<L , t>0 ;
w(0,t) =0 , w(L,t)=0 , t>0 ;
u(z,0) = f(z) , w(z,0)=9g(z) , 0<z<L
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is
u(x,t) = Z (An cos(?t

n=1

. nma .\ . NT
)+anm(Tt))sm(fx) ,

where the numbers A,, and B,, are given by the formulas
9 (L
A, = L/o f(x)sin%xdx ,
L

2 nmw
B,=— in —xdx.
nra /. g(z) sin T edr

Boundary Superposition Principle for the 2D Laplace’s Equation
If you have a complicated so-called Dirichlet boundary value problem
Ugy +Uyy =0 , 0<z<a , 0<y<b ,
u(0,9) =F(y) , wule,y)=Gl) , 0<y<b
u(z,0) = f(z) , wu(z,b)=g9g(z) , 0<z<a
You break-it up into two problems as follows.
First Problem: Find the solution, let’s call it u;(z,y) satisfying
(U1)gz + (U1)yy =0 , O0<zx<a , 0<y<bd ,
ur(0,y) =0 , w(a,y)=0 , 0<y<b ,

ui(z,0) = f(z) , wi(z,b)=g9g(xr) , 0<z<a

Second Problem: Find the solution, let’s call it us(x,y) satisfying
(U2)az + (u2)yy =0 , 0<z<a , 0<y<bd ,

u2(07y):F(y) ) ug(a,y):G(y) , O<y<db
uzg(z,0) =0 , wu2(xz,b)=0 , 0<z<a
Once you solved these (already complicated!) two problems, the final solution, to the original
problem, is simply
U‘(‘T7 y) = U,1<«T, y) =+ ”LLQ(JI, y)

In other words, just add them up!

Laplace’s Equation in Polar Coordinates



The Laplacian Equation in two dimensions

0?2 0?2
(61:2+8y2> u(z,y) =0

phrased in the usual rectangular coordinates (z,y), becomes, in polar coordinates (r,0),
92 10 1 9
— -+ == ,0)=0
(67“2 + ror + r? 892> u(r,f)
Laplace Transform for 2D PDEs:
If L{u(z,t)} =U(x,s), then

E{%} = sU(x,s) —u(x,0)

E{gtq;} = s*U(x,s) — su(z,0) — uz(z,0)

Ou,  OU(w,s)
£{% - Ox
0%u 02U (x, s)
Homt =

Fourier Integral
The Fourier Integral of a function f(x) defined on the real line (—oo, c0) is given by

1/ [A(a) cosax + B(a) sinax | da
0

™

where

Ala) = /_Z f(x) cos ax dx
Bla) = / Z F(x) sin oz do

Fourier Transform:

fwwnz/mfmwwazsz>

Inverse Fourier Transform:

FUF@)} = 5= [ F@e i = f@)

21 J_ o
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Fourier Sine Transform:

Fs{f(x)} = /000 f(z)sinaxrdr = F(«a)

Inverse Fourier Sine Transform:

2

FHF(a)} = - /000 F(a)sinazxda = f(x)

Fourier Cosine Transform:

FAf(x)} = /000 f(z)cosaxdr = F(«)

Inverse Fourier Cosine Transform:

FHF(a)} = i/OOOF(a)cosaa:da = f(x)

If 7{f(z)} = F(a) then for n =1,2,3,....
F{0(2)} = (=ia)" F(a)

If F,{f(z)} = F(a) then
FAf" (@)} = —a®F(a) + af(0)

If F.{f(z)} = F(a) then
Fel f"(2)} = —a’F(a) - f'(0)

Euler’s method for Numerically solving a first-order ode
For the initial value problem

y' =flzy)  yl@o)=vo ,
with mesh-size h, you define

Tp =29+nh , n=0,1,2...
and compute, one-step-at-a-time
Yn = Yn—1 + hf(Tn-1,Yn-1) , n=12....

Yn is an approximation for y(z,). The smaller h, the better the approximation.
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The Improved Euler method for Numerically solving a first-order ode
To solve the initial value problem

v =fy) o y(@o) =y
with mesh-size h, you define

Thn=xz9+nh , n=012... |

and compute, one-step-at-a-time

Y = Yn—1+hf(Tn-1,Yn-1) ,
f@n—1,Yn—1) + f(Tn, ;)

2 )

Then vy, is an approximation for y(x,). The smaller h, the better the approximation.

Yn =Yn—1+h n=12....

Fourth-Order Runge-Kutta (RK4)

To approximate solutions of

y/ = f(a?,y) ) y(x()) =% ,

at 1 = x9 + h,x9 = g + 2h,...,x, = g + nh do the following, starting at yq, for n =1,2,...

kl — f(-xn—la yn—l)

1 1
ky = f(xn—1 + ih’ Yn—1 + ihkl)

1 1
k3 = f(xnfl + ih’ Yn—1 + ith)
ky = f(xnfl + R, Yn—1 + hk3) )

and finally
h
Yn = Yn—1 T E(kl + 2kg + 2ks + k‘4>

Discretization of PDEs

The discrete approximations of the second derivatives with mesh-size h are:
1
Upy R ﬁ[u(:{; +h,y) = 2u(x,y) +u(z — h,y)]
1
tyy & 3 [u(@,y +h) = 2u(z,y) +ule,y — )]

Numerical Solution of 2D Laplacian Dirichlet problems
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The five-point approximation of the Laplacian uz, + u,, (in 2D) is

1

To numerically (approximately) solve the Dirichlet problem g, + u,, = 0 in a region D with
boundary condition u(z,y) = F(z,y) along the boundary with mesh-size h, you set u;; =
u(ih, jh) and set-up a system of linear equation as follows.

For each (ih, jh) inside the region, you have an equation
Wit1j + Wigr1 + Uim1j + Uij—1 —4u; ;=0

and for every boundary point
Ug,5 = F(Zh,jh)

Then do the linear algebra, and the solutions, {u; ;} would give you approximations for the values
of the “real thing” at the interior points {(ih, jh)}.
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