Dr. Z.’s Calch Lecture 16 Handout: The Wave Equation
By Doron Zeilberger
Important Problem

The Wave equation for the displacement, u(x,t), of a sting of length L is, held tight at both ends
on the interval [0, L] of the z-axis, is:

A Uypy = Ut , O<ax<L , t>0 ;
w(0,t) =0 , wu(L,t)=0 , t>0 ;
’U,(J},O):f(l') ) ut(ac,O):g(x) , O<z <L
(a is a constant that comes from the physics).

Important Special Case The Wave equation for the displacement, v(z,t), of a sting of length =
is:
gy =vy 0<z<m , t>0 :

v(0,£) =0 , wv(mt)=0 , t>0 ;
v(z,0) = f(x) , v(z,0)=¢g(x) , O0<zxz<m
(a is a constant that comes from the physics).

How to go from the general case to the special case Define

v(z,t) = u(%a:,t)

Then
L L L L L
Vgy = (;)QUM ;o o(z,0) = u(;x,O) = f(;:c) ;o ve(2,0) = Ut(;ﬂfvo) = 9(;1’) ;
and we get the problem
(a%)zvm:vtt , O<z<m , t>0

v(0,t) =0 , w(mt)=0 , t>0

v(a:,O):f(gm) , vt(x,O):g(gx) , O<z<m.

Important Solution (Special case L = ) The solution of the boundary value wave equation
a2vm:vtt , O<z<m , t>0 ;

v(0,£) =0 , o(mt)=0 , t>0 ;
’U({L‘,O) = f(:B) ’ ’Ut(l’,O) = g(l’) , U<z <

1



is

Z (A, cos(nat) + B, sin(nat)) sin(nz)

where the numbers A,, and B,, are given by the formulas

2 ™
= / f(x)sinnx dx
T Jo

2 ™
B, =—— g(z) sinnz dx.
nrwa Jo

Doing the above reduction, we get
Important Solution (General Case)

The solution of the boundary value wave equation

gy =uy , 0<z<L , t>0 ;

w(0,t) =0 , wu(L,t)=0 , t>0 ;
u(z,0) = f(z) , w(z,0)=g9g(z) , 0<z<L
is

e nwa . nTa . NT
— Z (A’I’L COS(Tt) + Bn SID(T'[:)) Sln(fl‘) s

where the numbers A,, and B,, are given by the formulas

2 L
:L/ f(x)sinn%xdm ,
0

2 L nw
B,=— —uxd
— /0 g(z) sin 7 zdz.
Problem 16.1 Solve the boundary value pde problem:
Upe = U ,0<x <™ , t>0

u(0,t)=0 , wu(mt)=0 , t>0

u(z,0) =z(r—2z) , w(z,0)=2zx(r—2) , O<z<mw

Solution Here a = 1 so:

u(z,t) = Z(An cos(nt) + By, sin(nt)) sin(nx)

n=1



where

2 ™
A, = / z(m — x) sinnx dx
T™Jo
2 [T .
B, =— [ 2x(m— x)sinnzdz.
nm Jo

Using Maple, or integration tables,

/Wm(ﬂ—x)sinnxd:c: A= =07

n3
” 2 20—-(=1)") _4(1-(=1")
An:; n3 - P )
b2y 2 () s (1))

Combining everything, we get:

™3 mnd

u(x,t) = Z <4(1_(_1)n) cos(nt) + (1= (=1" sin(nt)) sin(nx)

n=1
This is the answer.
Problem 16.2 Solve the boundary value problem
Uge = U , O0<z<dm , t>0 ;
u(0,t) =0 , wudmt)=0 , t>0 ;
u(z,0) =z(dr —z) , w(z,0)=2zx(dr—2z) , O0<zx<4rm
by first solving a similar problem for the interval [0, 7], and then going back.

Solution. We have to “squeeze” the interval [0, 47] by a ratio of 4, so we define a new function
v(z,t) = u(4x,t)

S0 Vpr = 42Uy, and v(z,0) = u(4x,0) = 4x(4r — 4x) = 162(7 — 2), v¢(47,0) = 2(4x) (47 — 42) =
32z (m — x).
We have the new problem

1
(Z)%M:vtt , O<oz<m , t>0 ;

v(0,)=0 , wv(mt)=0 , t>0 ;
v(z,0) =16x(r —z) , v(x,0)=32(r—2z) , O<z<m

3



Using the ready-made formula we have (here a = %)
o0
Z (A, cos(nt/4) + B, sin(nt/4)) sin(nx)

where the numbers A,, and B,, are given by the formulas

2 ™
An:/ f(z)sinnxdx
T™Jo

2 ™
B, = i .
n7r(1/4)/0 g(z)sinnzx dr
We have
f(z) =16x(m —z) , g(z)=32z(7r—x)
So
2 [T ) 32 (7 .
A, = / 16z(m — ) sinnx dr = / z(m — x) sinnz dx
™ Jo ™ Jo
2
B, = 256 x(m — x) sinnzx dz.
nr Jo

Using Maple, or integration tables,

/ﬂx(w—az)sinnxdx:m_n(g_l)n)
0
So 32 (7 32 2(1—(—1)") _ 64(1— (~1)"
Anzﬂ/ x(ﬂ—x)sinn:cdx:;- ( _n(?’_)): (;71(3_)) ;
0
256 2(1—(—1)*) 512(1 — (=1)")

Combing, we get:

= Zl (W cos(nt/4) + p12(1 — (-1)") Sin(nt/4)) sin(nx)

mnt
Finally, we must go back to u(x,t), using
u(z,t) =v(x/4,t)
So:

4

u(z,t) = Z <M(1;n(3—1)”) cos(nt/4) + 512(1 — (1)) sin(nt/4)> sin(nz/4)

Since (1) — (—1)™ is 0 when n is even, and is 2 when n is odd, we can write this even better as:

o0

128
u(x,t) = kZ:O (M cos((2k + 1)t/4) +

Answer to 16.2:

1024

w2k 1y SRk 1)t/4)> sin((2k + 1)a/4)

u(z,t) = Z <7T(2]12_f1)3 cos((2k + 1)t/4) + 7T(21/<?—2|—41)4 sin((2k + 1)t/4)> sin((2k + 1)x/4)
k=0



