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15. (10 pts.) Using the methcd of integrating factor (no credit for other methods),
solve the initial value problem

Y{t) -yt =€ , p0)=0 .

.J“

Ans.: y(t) = tet l ()
Sp(ﬂdt - -
T)»-e ()= S Lee) gCe) g
_——— —
T (+)
Caidt +
I ~e e -
N yier: (e et de
o
e'-t'

yeey = DAt . Ets
e’ e

Ve = te®rcet —r. q(_t): ke ®

Yedz O+ . =0

C=0
Check —
(&) = t
Yeree® s et . et - teb gt
ef'se,* \/
Yo)=o
0D-¢’=0



14. (10 pts.) Find an equation of the curve that passes through the point (1,0) and whose

X*, 4.1 /
2 a K D

LV‘(“ =0

slope af (z,y) is —z/y.

Ans.: The curve is (in implicit form):

"—'-'__-_‘-"
Chechh s
i I
X : ] A 1. X
35 SR
"'L't--o.s-'-. H-zz“L"‘L
- 1 2 2 2
\
‘i-b..:‘i \/ ‘1.}.0
i



13. (10 pts.) For the following diff. eq. determine the critical (equilibrium} solution(s)
and decide whether they are asymptotically stable, unstable, or semi-stable.

dy s 2

[
LU

Ans‘: \I:O - Un:’:ﬂ-u\b\e.
yr 1 * Semi-S+able

\JS(L{ -.1')L= O

\/:0.0;0;0;0

M=,
Chaks, Y= -0,
R 7 P
i
o.cq-""l 7 7 7 * o+

y-.-,o.\

-

-0\3 % t-0.) DT

- .

o.nF A / 7 ‘ (°;‘7i<°-! -1t

+ T =4
Y= 0.4
TSNS N (0% (ooa -y
L S S
N=iay _
(¥ -yt
L =%



et

12. {10 pts.) Solve the following initial valne problems. Leave the answer in implicit

form. d 9z + 3
4
B Ean o YT

_/

Ao (3% *24) + (Qxedydops =0

T

(Qx * 3,1\(.1,(, r LZ)} ‘--'lxﬂo\.jro

Ny 3 \ Mas3 evact Ul

(o san = 1 + 34000

W Oly) s hvay
Fyd=ay
Iz gy
e Syx Yyt

Ve 30000 + g c
Vi =

C=5

Lhe"lk, ‘. \__j ]

X"*Syy-&l{?’=5

S YOO R Lo
Y Y 3 4y =8
;:-SV/




11. (10 pts.) Find the general solution of the following diff. eq.

" (t) +209'(£) + 100y(t) =0 _ .

0 -0t

t
+(, te

{where ¢;, ¢p are arbitrary constants)

Ans.: y(t) = C,E,-

C*+ 20c +100:=0

(e +10) (rri0d=e  =>

= -lo, 10

ot

- -0t
veeds Gl . g b

1

T
f +1oryyor v300 = 0
t%+20r+100° 0

f+10=0
T=-10




10. (10 pts.} Find the Wronskian (up to an unknown multiplicative constant, ¢) of any
two solutions, g (%), y2(t) of the following diff eq.

ty" O+ Y + (€ +Dy) =0 .

3
Ans.: The Wronskian, W{y (t) , y2(£)} is (up to an unknown constant c): (&

Y

-§P(e) At
Ce \,#(t) »* P(,‘ﬁ}l.,'(é) f%tt)(_’(f):o
C a5t old
Ce ‘:tj"U:) + qu'(,t) *(e,* +.)¢,(,t)ao
Ce” YO Ty e s (40 e

13

PLt\}t Lt




9. (10 pts.) Find the general solution of the differentia! equation

V' (£) + 4y(t) = 3sint .

Ans: y(t)= Sint + (, Cosak + () 9indE

(where ¢;, ¢ are arbitrary constants) } ()
Homagﬁneoos : P“.-{-.'f.ular :
f*+4:20 yi =(A's:nt + Deost ) *
z
O« 5'0’ 'q-“m'-) \j'('&} : ACos't - BS!‘N&J
2 .

\:1‘1(,'&)‘ 'AS-‘f\f ~ Beost

v
"W
£
Fong
u
L3
&
o

o

y . . “ASink - Beost + YAsine tHBeost Zsint
w7 Q,Qo52t 4 C st '

DAsint + 3Blost: LSt

_ 3A:3 =0
o A=v B=o -+
Vit)= Sint

QHQCK Pcu-licolqr q

VieY= Sint

G ULE) = Cost
Y€)= =sint

._Sl'ﬂ(t‘p-r Lsint :35#‘-6

3viotzgomy s




8. (10 pts) Compute the Wronskian of the three functions.

nt)=t , wt)==* , pH=* .

Ans.: Wn(t), 1), )= ¢ °

t
W (u.m RO q,te\S = |
: .
O
£ | 3¢ 3¢t \ ¢ s
- |
P\ ¢t 2 A

(e - gt *'(6&_5-.?}55 +o

CtT-urt L gy

tZ.
it




,r 0=0
O= 1= F=1 #4
Q=?\“X‘h+1l\
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DV x4+ Xz ha,RT
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5. {20 pts.) Set-up, but do not compute, a template for & particular solution of the diff.eq. 2 0

pd /

. \/ N .
ns.: emplate iz (using Aj,Az,45, efc.) Yl = T ALt + ' Ry & Pt
Ans.: A teraplate is (using A Aauds, ete) y() = (At + Aot AYE. 4 E(Aut +AstrA)

¥ A7 st "—A‘K Sint

y @)+ (&) =t* + 27t + cost

{:7\.

z
F‘f*rw; (Alt *Alt*Ab)t

c(r* V= 0 te™:

-t
r (rﬂ\) (F%e +1) t(A'—ctL +hgt A
Ceo,an, 1xiy | fe cost -
2 =27 g A, Cost. -+ Agsint
—"_—'—-—--....._____._,,._
Checly ;
l" o A a z z ‘—f . :

y(. ¥ a4 + ALt f.-Ast t e . ('{(‘n: (Aq{}*ﬁs tt'(A.( e“e

YUed: 3a4%+ 2AE + Ay !
Y= (38,45 + QAL+ A;)e-t > (A As't"-fﬂ‘,ﬂedt

y“(’c): GA.t + ZA,
y vll‘(ﬁx:(

y e oA,

\}m(t\ e

cost =

e A, Cost Agsint
L"Lt)"% sthht + Agcost

Y€)= —A o5t ~ Ag Ssint
YUY 2 - Agsing - Agcost

(e
Y (.t\ = A? s b+ Aii’n‘n{




initd tem
4. (20 pta.) Use any {correct) method to solve the initial velue sys

1
1
]
0

1
x(t) = (g
0

1
3} xt) o *xO=
1

gt x4l s X, LE) #x,0e)
3 }

¥, (&) 2 X% (8 ‘

P RICI D PR6))

Yo (&Y = Xy L*\
.

(e~ X lk) =0
S-\dhk
X, L6 =Se,

c

X, (e) XaLe) 2 O

€ et
¥/ L)y = ) (8= ¢

W

<
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o

. O dt

Cet

i
]
&

3-\8&. _ -

§ t
X3 (6) > es"dt' o dt _ P&t ‘(‘i; : Ce
(1A% et ¢
e

W EY = Waled = @

- §& odt B 5o Ce
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) es-ldb e
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t
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— Na ) =&
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+ e
+
%,/ - ¥ e e
(-1dt €,y
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¥, (4 _S‘___/
’ 5-\J€
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= S Sdt A€+ C
e et
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¥n(9\ :(?Juo +<’3 e_" =3

) C &5
w(t)= Ate’ + et
Checth i

{0 = e+ d*oe’ ’-(

e




3. (10 pts.) Soive the initial value problem

Y+ yt) =t ; ¥0)=0 , JO)=2 .

Ans.: y{f) = %Iﬁt vt

l-lor\f)cae.naoué -
1= 0

=+ =t e tac

(2
el

Yi® € lost + T sint

INe:,

Y= Ccost seygint o 4

Y02 2ot 3 oot 1

Y= C =0
YYs Co vl
Caz=1

Por Hicolar

Yo 2 At O+ AL+ =t
Y = A At+d'= t
Y"ey= @ il
At = ¢
A=
Y- &
Chcc,ls:
VIR = Gine 4 ¢ YUY v ) o g
H’(t\‘COﬁfi'i =5t *Sl'qf,. 1 =y
yl’tt); -ant -

t=t’ v ‘
i

V(o) = 5inf0y 4g o o
Q0. v
Y9 x cosgey 4 <2

l+| ._z
A=2 v
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1. (20 pts altogether)

(i) (13 points) Seek a power series solution of the form y{z) = ¥ oo ) 6,5™ to the differential

equation
y(s) - 1+ 22)y(z} =0

and set-up a recurrence for the coefficients a,.

(ii)(7 points) Using the recurrence that you found, find the coefficients of z, 2%, 7%, z
G1, @z, a3, G4) in the above power series expansion of the general solution y(z). You
leave your answers in terms of ap.

R
Gan t 20\94 °
Ans,: Recurrence is: (‘}.m_‘ = P = Bl o, x"*
a1 = Oo 3 a3 = 3_q." 3 ‘3’3:.7-&‘-’- 1 Qg = Eb_-cl-‘;" . "LO
2 o a4
v )
YO = g, a,X w
n=
¢ Sﬂqn xn”‘ -(\ +2x\Zan“= o
oW - N Nto
y}(x)g anqnxn\
Nzo
znq o 7 " _ 4 '
—_— : A n - é,.qnx - égqnx“" = O
- 0= M=o n*e
n-\ -» 03‘11 G|.+ qu_ - ah*lab__é__‘u . 1 M‘ﬁi\
2 2 2, m=a- Nz ool
: ' N= M T
N=2 < 0‘5‘0. . Q\CA 3 Uynd i @ oo ) .
= . o 2% 2a. 2, (Mfl A Xm - a,x" - - i
) A M=o 5 et n{’o " é‘ A X720
3 et
= qu:._ 7&‘6 X* %(n«»\)@l x” T " b n
T s o g . (2 1] - quhx - égan X = O .
ney =t -
o
(oo, ®e & (oo, x - gy - gd x"
. o -
A=y . Nz g z Q‘qﬂ-a x"! = QO {
nxy
SIS O - v
o GE - -
gf( c\nﬂ Q, -?Ccn_;)xn= G N=3% —+a, . qa,:2
ol 4 O3rla;
' 0
Q . =
- N QIR - 0c~2an, 0
q,xa, o = e, a(?;;;)
N+ ' 4
- = 76\. 3 7 :‘
— A, Qe V&
Pl ._'*;'*7;9—’_'2_5"-.; -19‘4»5
5 Sl o
: Y




//

You must check every apswer (when applicable), and show your checking!

Reminder: Abel's theorem says that if 1 (2), y2(t) are any two solutions of the linear
differential equation y”(t) + p(t)y’'(£) + ¢(t)y(t) = 0 then their Wronskian, W{y; (£), y2(t))

equals ce~J PP where ¢ is an unknown constant.
Reminder: r® +1=(r+1)(r* ~r+1).

Reminder: To find the genersl solution of a first-order linear differential equation y/(t) +

p{t)y(t) = q(t), first find the integrating factor, I{t) = el 78 % and then y(t) =
1()glt) it
iy -

-

vZ. -
€ = CosZ + L5NZ
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SSC(circle) » None o Only SCC1 + SCCI and SCC2
MATH 244 (1-3), Dr. Z. , FINAT EXAN,; Monday, Dec. 18, 2016, 8:00-

11:00am, SEC-117

No Calculators! No Cheatsheets! Write the final answer to each problem in the space
provided.

Do not write below this line {office use only)

1. G¢Xout of 20)
2. [{Jout of 20)
3. Laout of 10)
4. a_,o {out of 20)

5. 2) (out of 20)

6. () (out of 10)
7. Ug(out of 10)
8. \D(cmt of 10)
9. lb {out of 10)

10. 1) (out of 10)

1L Dout of 10}
12. (out of 10)
i3 l%out. of 10)
14, w {out of 10)

15. L) {out of 10)
18. “) {out of 10)

total: (out of 200)
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