Dr. Z’s Math251 Handout #16.3 [The Fundamental Theorem for Line Integrals]

By Doron Zeilberger

Problem Type 16.3a: Determine whether or not

F = P(z,9)i+ Q(z,)j

is a conservative vector field. If it is, find a function f that F = </ f.

Example Problem 16.3a: Determine whether or not

F = (Y + ycosz)i+ (xe¥ +sinx + 2y)j

is a conservative vector field. If it is, find a function f that F = v/ f.

Steps Example

1. Compute %—}; and 88—2. If they are not 1.

the same, then the vector field is not con- P o

servative. End of story. If they are, then oy —y(ey +ycosz) =e’ +cosx

it is a conservative vector field, and you

0 d
must go on. g = %(azey+sinx+2y) =eY+4cosw

Since they are the same, the vector field
is conservative. We must go on.



2. Look for a function f(z,y) such that

of _

8x_P ’
of
8_y_Q

To this end, you integrate P w.r.t. to x

f:/de )

getting an answer up to an arbitrary con-
stant (from z’s viewpoint), that is a func-
tion of y, g(y). You then plug this tenta-
tive form of f into the second equation
and find what ¢'(y) is.

3. Integrate the expression that you got
for ¢’(y) w.r.t. y, in order to get g, and
plug it into f above.

Problem Type 16.3b : (a) Find a function f such that F = 7 f and (b) use part (a) to evaluate

/. o F - dr along the given curve C.

2. Since

0
of =eY+ycosx

ox
we get:

f= /(ey+y cosx) dr = zeV+ysinz+g(y)

Plugging this to the second equation, we
get

0
B—(xey—i—y sinz+g(y)) = veY+sinz+2y
Yy

which means
xe¥ +sinx + ¢'(y) = ve? +sinx + 2y

which means ¢'(y) = 2y .

3. g(y) = [2ydy = y? (now you don’t
have to bother about the C'). Going back
to f, we get

f=xe¥ +ysinz +y>

Ans.: F is conservative and the potential
function f such that F =</ fis f = ze¥+
ysinz + y2 .

F(z,y,2) = P(x,y,2)i+ Q(z,y,2)j + R(x,y,2) k |

Cix=uz(t),y=yt), z==2(t) ;

Example Problem 16.3b: (a) Find a function f such that F = 7f and (b) use part (a) to

evaluate | o F - dr along the given curve C.

a<t<b

F(z,y,2) = 2zz +y?) i+ 22vyj+ (2 + 32k

2



C:z=t* |, y=t+1 , z=2t—-1 , 0<t<l1

Steps Example

1. We are looking for a function f(x,y, 2) 1. f, = 22z + y? means

such that f, = P, f, = Q, f. = R. First

integrate P w.r.t. to x getting f=22+zy" +9(y, 2)
f= / Pdr = A(z,y.2) +9(y,2) . fy = 2zy means

22y + g, =2y
where A(z,y,z) is explicit but g(y, z) is v Y

yet to be determined. then plug it into

so gy = 0 and g(y, z) = h(z). So
fy = Q getting
f =22+ 2y* + h(2)
Ay + 9y = Q ,
f- = 2% + 322 means
so gy = @ — Ay, and integrating w.r.t. y

gives 2 + 0/ (2) =2* + 322
o0:2) = [(@-A)dy=B.2)+h(z) . soW(:) = 3:% and

3
where B(y, z) is explicit but h(z) is yet to h(z) =z

be determined. Now we have
Going back to f we have

f=Ale.y.2)+Bly,2) +hz) . L
f=z"24+ay"+ 2

we plug it into f, = R and find A/(2) from
which we get h, and plug it back into f.



2. Plug-in t = a, t = b to get r(a) and 2.

r(b), and compute r(t) = #t+ 1,2t —1) |
— f(r(a)) . So
FOe(8) — J (x(a) oot
r(l) =(1,2,1)

Since our f equals 22z + zy? + 23, the
value of the line integral is:

f(17271) - f(O’]'?_l) =

(12.141-22413)— (02 (=1)+0-124(-1)%) = 7

Ans.: 7.



