Dr. Z’s Calc2 Handout for Lecture 16 [Taylor Series]
By Doron Zeilberger

Problem Type P16.1: Find the Maclaurin series for f(x) using the definition of a Maclaurin

series.

Example Problem P16.1: Find the Maclaurin series for f(z) = sinz using the definition of a

Maclaurin series

Steps Example
1. Find the first few derivatives of f(z). 1.
Then plug-in, z = 0.
f(z) =sinz, f'(z) = cosz, f’(x) = —sinz,
f"(x) = —cosz, fP(z) =sinz, fO)(z) =cosz...

Plugging-in x = 0 we get
f(0)=0,f'(0)=1,f(0) =0, f"(0) = —1,
f@0)=0,f®0) =1,...

2. Write-down the general formula for the 2.

Maclaurin series and plug-in the values Ginz — Z F™(0) 2"
above. n=0

&0, FO0) SO0, SP0) . fO0)

n!

f(x)

n=0




3. If possible, detect a pattern and write 3.
the general series.

Problem Type P16.2: Find the Taylor series for f(z) centered at the given value of a.

Example Problem P16.2: Find the Taylor series for f(z) = sinz centered at a = 7/2.

Steps Example
1. Find the first few derivatives of f(x). 1.
Then plug-in, x = a.
f(z) =sinz, f'(z) = cosz, f'(x) = —sinz,
f"(z) = —cosz, f(z) =sinz, fO)(z) =cosz...

Plugging-in x = 7/2 we get
f(m/2) =1,f(n/2) =0, f"(n/2) = -1, f"(7/2) = 0,
fB(r/2) =1, fO=/2) =0,...

2. Write-down the general formula for the 2.
Taylor series centered at z = a and plug-

[ (7/2)

in the values above. sinx = Z o (x —7/2)" =
= £ (a) -
flay=3 ———(@—a)" . (0) (1 W) (7 @) (7
2 1O SO ) SO (e



®) (x @ (7
f ( /2)(113‘—7T/2)3—|—f Z(JU /2>(ZL‘—7T/2)4—|—

3!

7]’(5)(#/2) (x—m/2)° +...

1
2!

1 L0
Z(mfw/Q) + a(xfw/2)5+...

(@=m/2? @=n/2) (@=m/2)°,

2! 4! 6!

3. If possible, detect a pattern and write
the general series.

_ a+%(x—w/2)+i(x—7r/z)2+—(m—w/2)3+

3.
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Problem Type P16.3: Use known Maclaurin series to obtain the Maclaurin series for f(z), where

f(z) is a product and/or composition of standard functions.

Example Problem P16.3: Use known Maclaurin series to obtain the Maclaurin series for f(x) =

xe 4T,

Steps

1. Decide who is (or are) the most impor-
tant function in the expression, and write
down its (their) Maclaurin series, using w
rather than x.

Example

1. f(z) = z3e** features the exponen-
tial function. Recall that

o0 n

w
s
n!

n=0



2. Find out what’s inside the important 2. Plugging-in w = —4x into the expo-

function and plug-in for w the needed quan- nential series, we get
tity. - -
g _ N (FA)" ()" L
€ - Z n! o Z n! z
n=0 n=0
3. Use series manipulation to finish it up. 3.
o oo
_ .3 —4xr _ 3 (—dax)" _ ()" n+3
Jy=atet =t} =) e
n=0 n=0

Problem Type P16.4: Use multiplication or division of power series to find the first four (or
whatever) non-zero terms of the Maclaurin series for f(z), where f(x) is a product and/or quotinet
of several standard functions.

Example Problem P16.4: Find the first four non-zero terms of the Maclaurin expansion of
e® cos(3x)

Steps Example

1. Write the first few terms of the Maclau- 1.

rin series of the ‘ingredients’ using the for-

mula sheet or your memory. " = 14a+a®/2+2°/6+... cosz =1-2?/242%/24+. ..

which yields
e* = 1422+ (22)2/2+(22)% /64 .. = 14+20+22%+(4/3) 23 +. .. |

cos 3z = 1—(32)%/2+(3x)*/24+. .. = 1—(9/2)2*+(27/8)x* +. ..



2. Use algebra to multiply (or divide) the 2.

ingredients together, discarding all terms e?® cos 3x
of higher order. = (14224222 +(4/3)23+. . ) (1—(9/2)22+(27/8)a  +. . )

= (1—-(9/2)2%+(27/8)x*+. . )+ (22) (1—(9/2) x> +(27/8)z* +. . )+
(22%)(1—(9/2)x2+(27/8)x* +. . )+(4/3)x3 (1—(9/2)x*+(27/8)x* +. . )+
=1-(9/2)x*+(27/8)z* +. . +20—9x3+(27/4) x> +. ..

+22% — 9zt 4+ ..+ (4/3)2% + ...

3. Collect terms up to the desired power. 3.

flx) =142z —(5/2)2% + (97/12)2> + ...
Ans.: f(z) = 14+22—(5/2)2%+(97/12) 23+

Problem Type P16.5: Find a power series representation for the function and determine the

interval of convergence.

for integers N and M and numbers a and b.

Example Problem P16.5: Find a power series representation for the function and determine the
interval of convergence.

Steps Example



1. You'd like to use the famous geomet- 1.
rical series power series, and let’s use the 3
letter z: r = 5. 1 — 3. 1
' 1 00 4 + 3622 4 4 3622 4(1 + 922)
1-z Z ‘
n=0 1‘3 1
whose radius of convergence is 1, i.e. it is 4 1—(-922)
valid for |z| < 1.
With this in mind we rewrite our function
of z, f(x), as
LV VR _e o
a+ bz a(l+ (b/a)zNN) a 1—(=b/a)zN
2. Plug-in z = (—b/a)z" into the formula 2. Plugging z = —922 into
1 o0 1 o
_ n . — n
1_2—2_:02' (valid for |z| < 1) 1> nzoz
to get (valid for z| < 1) gives
1 = N 1 >
- - = -b n — _ 2\n
1—(—[)/@)1"]\[ nz_:o(( /a)l’ ) 71_ (—91’2) z:o( 9x ) s
= n=

(valid for |(=b/a)z™| < 1)

Simplify!

valid for |922%| < 1, which simplifies to
1 _ Z(_g)nlzn
1—(-92%)

(valid for |22| < 1/9) and hence

1 n,.2n
T o~ 20

n=0

(valid for |z| < 1/3).



3. Finish it up by multiplying both sides 3.

by %, and simplifying. Also simplify the 43 e .
condition of validity to get the interval of v -

4+3622 41— (—922)

convergence.
$3 = n,_.2n - (_g)n n
oyt = 3 s
n=0 n=0

(1/4)23+(—9/4)x°+(81/4)z"+. . . (valid for |z| < 1/3)

Now |z| < 1/3 is the same as the interval

(—1/3,1/3).

Ans.: The power-series representation is

3 o

xz o (_9)n 2n+3
A+ 3602 HZ% 1 7 ’

and the interval of convergence is (—1/3,1/3).
(the radius of convergence is 1/3).

Problem Type P16.6: Evaluate the indefinite integral as a power series. What is the radius of

/ f(z) dz

where f(z) is a function whose power-series representation you can find out (either from the formula

convergence?

sheet or by manipulating geometric series like in 11.9a).

Example Problem P16.6: Evaluate the indefinite integral as a power series. What is the radius
of convergence?

3

X
T g
/4—1—36952 v

Steps Example
1. Express the integrand as a power-series. 1. Doing 11.9a we have
In other words, do 11.9a.
3 x n
-9
x _ Z ( ) x2n+3 ’
4 4 3622 — A4



2. Integrate term-by-term, using the fa- 2.

3
mous formula / _ T i
4 + 3622
xm—i—l
m dr = 0 _o\n
/a: x ——1 :Z(j) /:c2"+3dx ’
n=0
Do not worry about the +C until the very -
(_9)71 $2n+4
end. - Z
= 4 2n+44
— i (_9) 2n+4
— 42n +4)

3. Add +C at the beginning, and note 3. Ans.:

that the radius of convergence is always ~ .

the same as that of the integrand. We C + Z im%ﬂ 7
. . 42n +4)

found out in 11.9a that it was 1/3, so: n=0

and the radius of convergence is 1/3.

Problem Type P16.7 (a) Expand %/a + bx™ (or 1/ ¥/a + bz™) as a power series.
(b) Use part (a) to estimate some function-value correct to so-and-so many deciml places.
Example Problem P16.7: (a) Expand v/1 + x as a power series.

(b) Use part (a) to estimate v/1.01 correct to six decimal places.

Steps Example

1. First rewrite the function in pure exponent- 1. f(z) = (1 + 2)/°.
notation A(1 + Bxz™)* for some numbers

A, B and k.



2. Write down the Binomial Series, ei- 2.
ther from your memory or from the for-

mula sheet, using the variable w. Then V+z=>142)° = Z <1/5> " =
replace w by whatever is needed to make n=o \ "
it coincide with the f(x). Spell out the
1/5)(—4/5 1/5)(—4/5)(—9/5

first few terms. 1+(1/5)x+( / ); / )x2—|—( /5) ?{' )(=9/ )x3+

— (k (1/5)(=4/5)(=9/5)(=14/5) 4

k _ n
(14+w) —Z:O(n>w , 1 x” +
Lo, e o
where T T57 25 T125 0 625
(k) Ck(k=1)...(k—n+1) (this is the Ans. to (a))
n) n! '

3. Decide which is the appropriate = to 3. Here x = .01, and we have the follow-
plug-in, and plug-it into the Maclaurin ex- ing approximations
pansion, quit when the next-term-to-be-

01 2(.01)2 6(.01)% 21(.01)%

added (or subtracted) is less that the de- V1.0l =1+—— _
( ) 0 + 5 25 + 125 625

sired error.

1+(.2)1072=(.8)10 77+ (.48)10~"+(.336)10 "+ . .

Since our desired accuracy is 6 decimal
places, it means that the allowed error is
(.5)1075. The fourth term is already less
than that, so we ignore it and anything
after that, and we get

Y1.01 ~ 14(.2)102—(.8)10% = 1.200200

Ans. to (b):v/1.01 &~ 1.200200

Problem Type P16.8 (a) Use the binomial series to expand functions involving square-root, like
1/V/1 =22, 1/v1 + 22 etc.

(b) Use part (a) to find the Maclaurin series for some inverse-trig function that is known to be the
indefinite integral of the function of part (a).

Example Problem P16.8 (a) Use the binomial series to expand 1/v/1 — z2.



(b) Use part (a) to find the Maclaurin series for sin™' z.

Steps

1. First rewrite the function in exponent
notation A(1 + Bz™)* for some numbers
A, B and k.

2. Write down the Binomial Series, ei-
ther from your memory or from the for-
mula sheet, using w, and then replace w
by the right monomial in x.

(1+w)* = i (f;)w“ :

n=0
where
k B k(k—1)...(k—n+1)
n) n!

Use algebra to simplify (ﬁ)

Example

1. f(z) = (1 —2%)~1/2

2. Replacing w by —z2, and k by —1/2

(1—2?) 1/2—1+Z< 1/2> z?)"

We have
(—1/2) _ (=1/2)(=3/2)...(-1/2—=n+1) _
n n!
(=1/2)(=3/2)--- (=(2n - 1)/2) _
n!
=)"ME)---@n-1)
21!

And going back to the expansion of (1 —

$2)—1/2

(2n —1)
-1/2 _ 2n
( 1+Z anl v

(this is the Ans. to (a))

10



3. Integrate term-by-term, and plug-in
x =0 to get C', and plug that C back.

3.

)"V dy =

sin~!ta = /(1 —2?

”(2n_1)/aﬁ2” dx

21

- (2n — 1) a?ntl
21! 2n + 1

-1
) x2n+1

—C—l—x—i-z

When z = 0, sin~*(0) = 0 (since sin0 =
0), so C' =0, and we have Ans. to (b):

2”n‘ 2n + 1)

o0

—o 300

1) $2n+1

2"n' 2n + 1)

11



