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Consider the matrix equation

a,, ap, a1, || %1 b,
a; ap G || %2 | _ b, )
Am A2 bmn Xy b,,,

Multiplying out the left-hand side, we obtain
a,x; + apx; + - +a,x, b,
anX; + GpX; + ot aX, | b, )
a1 Xy * Gp2Xa -;- = +amnxn .bm

Using the properties of matrix addition and scalar multiplication, we may
rewrite (5) as

a a,, a, b,

azl a22 azn bz
| B8 t x| . dees Fxl =

@m @ m2 Qppn bm

Thus, if (4) is written in compact form as
Ax=b

and A, A,,...,A, are the columns of A, then we have shown that (4) can
be written as

xlAl +x2A2 + e +anll = b_ (6)

That is, writing the matrix equation Ax = b is equivalent to writing b as a
linear combination of the columns of A. Furthermore, if x is a solution to
Ax = b, then the components of x are the coefficients of the columns of A
when b is written as a linear combination of these columns.

An important application of this discussion occurs in the case when A is
nonsingular. In this case, the columns of A form a linearly independent set
of n vectors in R". Thus, this set is a basis for R", and b can be uniquely
written as a linear combination of the columns of A. The solution to
Ax = b gives the coordinate vector of b with respect to this basis. That is,
from Equation (6), the coordinates of b with respect to the basis
{A,A,,...,A,} are x,, x,,..., x,. Since A is nonsingular, A~' exists, and
we may write x = A~ 'b. The columns of A~! also form a basis for R". In
the same manner as that for b, we can obtain the coordinates of x with

respect to the basis of columns of A~'. These coordinates are the compo-
nents of b.

DeFiniTioN.  The rank of an m X n matrix A is the number of nonzero

rows in the matrix in reduced row echelon form that is row equivalent to
A.

ExampLE 9. Find the rank of the matrix

Pg 'ty ily 2
8 <3 sexler o Sosd
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y dil=3 Jc2
1 a2 1+% 2

Solution. Transforming A to reduced row echelon form we find (verify)
that A is row equivalent to
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Hence, the rank of A is 2.

0.5 EXERCISES

e

Which of the following vectors are linear combinations of the vectors in §?

- X 3] @ H
— 2 () 2
(a) [_;] (b) [ . i .
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2. Let
1 3 1 0
-2 =1 3 1
s={l 3} |-2f | -8 |1
| 4 -2 -10 0
Which of the following vectors are linear combinations of the vectors in §?
-2 0 0 Z:
0 0
@| ¢ o3 @] @ o
6 1 0 -2
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@Which of the following sets of vectors span R2?

(a)
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4. Which of the following sets of vectors span R>?
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5. Which of the following sets of vectors in R® are linearly dependent? For those
at are, express one vector as a linear combination of the rest.
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6. Follow the directions of Exercise 5 for the following sets of vectors in R*.

[ -1 3
2 -1
(a) 4l
3 5
3 2
1 1
(© 2l |3
2] |1

2 ’

N0 = N

-5] (z‘
5 1
6 (b) i
14 1]
1] (0]
1 0
1 (@ 1
1] | 2 |

7. Which of the sets in Exercise 3 are bases for R%?
8. Which of the sets in Exercise 4 are bases for R3?
9. Which of the sets in Exercise 5 are bases for R3?
10. Which of the sets in Exercise 6 are bases for R*?
11. Which of the following sets form a basis for R>? Express the vector

g

~

_o N W

as a linear combination of the vectors in each set that is a basis.
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12.

o[ D =B B

s- {3} i)

be a basis for R2. Find the coordinate vector [x]s of the indicated vector x with
respect to S.

= 1
(a)x=[3] (b)x=[ﬂ (c)x-[}] (d)x=[2]

13. Let
1 0 1
S=(|0}, , |0
1 1 0
be a basis for R>. Find the coordinate vector [x]; of the indicated vector x with
respect to S.
1 -1 2 3
(a)x=|:0] ®x=| 2 ©@x=|1 @x= %
1 3 1 :
14. Suppose that S, and S, are finite sets of vectors in R” and that §, is a subset
of S,. Prove the following. )
(a) If S, is linearly dependent, so is 5.
(b) If S, is linearly independent, s0 is .
15. Show that any set of vectors in R" that includes the zero vector must be
linearly dependent.
16. Show that any set of n + 1 vectors in R" must be linearly dependent.
17. Show that R" cannot be spanned by a set containing fewer than n vectors.
18. Find the rank of the matrix
2 3 4 -1 2
g Ry 45 ae —6]. TE; 7
3 27mies] 3 4 S
@ Find the rank of the matrix
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