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MATH 428 (2), Dr. Z. , Exam 2, Wed., Nov. 26, 2025, 10:20-11:40pm, TILLETT-251

FRAME YOUR FINAL ANSWER(S) TO EACH PROBLEM

No Calculators! No books! No Notes! To ensure maximum credit, organize your
work neatly and be sure to show all your work.
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1. (10 points altogether)
(a) (7 points) Using Euler’s formula and the fact that every face must have at least three
edges, prove that for a simple planar graph with m edges and n vertices we have

m<3n—=6

> EulerS oraves thet n-m+§ =2 @ Pwartag this inre Eulers *

n"m*-z-gzo_

O->FKe 2 Simpie plande grapn, 21| faces
h S
2ve 3+ 1easy 3 edqgt Bry— Zm +2m 2 6. LSO

(b) (38 points) Using this fact, prove that K5 is non-planar.
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2. (10 points altogether)
(a) (7 points) Using Euler’s formula and the fact that every face must have at least three
edges, prove that for a simple planar graph that has no triangular faces with m edges and

n vertices, we have
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(b) (8 points) Using this fact, prove that K3,3 is non-planar.
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3. (20 points) State (3 points) and prove (17 points) the Five-Color Theorem for Planar
graphs.
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4. (20 points altogether)
(a) (3 points) State Euler’s formula relating the number of vertices, edges, and faces of a
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(b) (17 points) Prove it. (n: m i_{i_i:l:)
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5. (20 points altogether) (a) (5 points) define the chromatic function of a simple graph Y
G, Pg(k). ; - ‘ ‘
o(k) The Chromatic —function, Pa(k), is 8 function n i that

Stares how many Ways a Simple qraph G 1S L~ color abl e

diven K Colors.
(b) (5 points) State the deletion-contraction recurrence relation for Pg(k) .
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(d) (3 points) Use the deletion-contraction recurrence relation to prove that Pg(k) is
always a polynomial in k.
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6. (10 points) In how many ways can you color the vertices of the graph G below with 10
colors?

G is the graph with 4 vertices labeled {1, 2, 3,4} and the set of edges is %(10) = ?
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7. (10 points) (a) (3 points) Define the chromatic indez of a simple graph.

The Crromaxe index of 2 Simple araph X'(@) ,is the smallest
K Sun +hat G s K-EDGE colorable.

(b) ( 7 points) Prove Konig’s theorem that states that the chromatic index of a bipartite
graph equals its largest vertex degree.

Tor a bipartic 3@?\,-.) X&) = A , where £ is

+he l?vges’f' vertex de@’ee.

@ Given 2 bipirtite graph, REMOVE an edoe

@ Colov- The rennam‘m‘b Cd%cs; wit, D Colors. " doins SC1

W is missing ot jeast | Golox (&™)

YRR missing at jeast | ¢olor Aa-\)

® a cases-

1) \§ u and v 3re 2) K w and v are missine
W\iSSlws Hre Same oV o7, Adilberet colORS, e¥chenac
restore. “The Cdﬁe and e ColoKS OF the edges

AInd restore The removed

Cd%e w3 remanity ColO’.,
We 3re done,

coler 1+ the mi%%fnj
COVBR, . We are. d0Ne,

\\i\/' In doingy 3o, the bipartite Acap - 'S
/ R
4 \ \ D - ediae*—cdbl’ebi—c .

\/



