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On the zeros of Riemann’s zeta-function on the critical line

Archiv for Mathematik og Naturvidenskab B. 45 (1942), No. 9, 101—114

INTRODUCTION.

We denote by N,(7) the number of zeros of {(s)=¢(o-+ it)
for which 6=3, 0<t<T. A theorem due to Hardy and
Littlewood!), then says that there exist positive constants K
and T, such that '

No(2T) — No(T) > KT,

for T>T,. In this paper we shall prove the slightly better
Theorem. There exisi positive constants K and T, such that

Ny(2T)— N,(T)> KT logloglog T,
for T>T,.
Ay, A, ... denote positive absolute constants, the con-
stants implied by the 0’s are also absolute.

§ 1.
Proof of the Theorem.,?)

(1) Z(t)=——;-n‘T—? et r(4 +- ’;) g(%Jr it),

1} G. H. Hardy and J. E. Littlewood, The Zeros of Riemanns Zeta-
Function on the Critical Line, Math. Zeitschrift 10 (1921), 283-317.

%) This proof follows the same lines as the proof of Hardy and Little-
wood’s theorem given by E. C. Titchmarsh, The Zeta-Function of Riemann,
Cambridge Tracts No. 26 (1930) § 3.4.
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then it is known?) that Z(f) is real for real {. Further let

@) W)= 2 (1= 4pt—hp~2) =2 v,

pEE
where p runs through the prime numbers, and § is a positive
number to be fixed later. If we put

3) o —23 e L
1

x

it is known that the functions Z(f)e-z* and

—_ E ,}x 2x
l/2 e D(e2®)

are Fourier transforms of each-other. We easily see that this is

. v l't
also the case with the functions Z(t)e“%‘"(f) and
1

YR o),

where v;, v and 0 are positive numbers. Now let

@zl =2() [n+in]=3) (”) z(),

V‘V vy \V2

we then find that the Fourier transform of

t+H
(5) Zy(u) e~ %% dn
I
is
7 Laiel(Z_s e'”“’—l) ay, a,, i((Z-8)+2z 21_)2
0 T s g (2]

In the following we put 6=%. Further let §=YToglog T

and < H<1, then we write

1
logé
t+H t4+H

7 I-—J' Zy(u) e” Tdu, J= I | Zy( u)|e'"’f du (T<t<2T).

1y Titchmarsh, Loc. cit. § 8.31. (Titchmarsh writes ¢(7x) where we
write ¢(x)).
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We now prove

2T
HT:
8 IPdt < A T>To).
() J' < 1 gg ( > 0)
It is
e |MH
rI"’dt<J J'Z,ue tou gp d;

since () and (6) are the Fourier transforms of each-other

Parsevals theorem gives:
2T “ Ed 2\ |2 qIn?1
J‘Izdt< 29 J ex‘zﬂi_al’LQ(ei(—z——é)+2x(ﬂ) M
J 0 v, v, x

o = R < g
=2”2 Ay, Ay, Ay, H'WJ @ e +2x vx @ ei(-f—d)+2x l’_a_ e,csn] %Hx dx
VoV, V, v, x*

-0

sin (’ Hlog—-

dx

Vo,
ViVy

,l]) dy

= 4”2 LG T s J (ei(_g" ,,)v_,v_. y) @(e—i(?_ ") i )

Vvl VeV, 0 Vol ",

sin’® (' Hlog—

(1 gv’ ‘y\

VoV,
V1Vs

y) dy

V MV VsV, % Vol v,

%X ST T
__871:2 e J (e'(?_ 6) v‘—:‘ y) ¢/ (e"(?'d) Vi¥s y)

the last form being obtained by using the relation?):

(10) ¢>(%) = 2~} ().
Now we consider the integral
Vv
o sin 1Hlog—’—‘y)
: . ¥ . sy ¥, ( "y, dy
11 DlieB 2y | P —ielt 22 L
w - fo(weiie)e(-ie )

where the v’s satisfy the inequality :

1Zv<L[[ PP <e™<logT(T>T).

psE
1) This is equivalent to (3) § 3.11 of Titchmarsh. Loc. cit.
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It is
. _aVi isV2 Vs ’ =P +R
Dfieid 22ty | D—ie + 0+ 0 ,
Vo Vs vlv4
where )
Y . —16"1"4_",: eld .vs y
P=4 (3 (n te V1 ¥ )
m§z1
and - M )
[ 8 nizie™ ! ‘y
Q1=—2e"(7‘7)vv‘v‘ pTi e :
Va2V, n=1

Q, is an expression of a similar type, while
1

y

VY,

% sin
‘Vz 4 : <cr 'V,‘V., ¥ ?
y) 0 1'Vs

1’1 Vs

.—.
D
=

_ f sin®} Ha ) o(H)=0(1).

u
-
For Q, we get
®  sin ({H lo )
> (lgv' : )’ Vi~
1 Vs

ﬂ 4
! 1"’) o, SI0 (1 HIOgv v, y) dy

I‘l_; -?i ? —ntne (2 1—}'—;9 2
=0 Vv,v:Z:J J" ¥ (1 gv,t'. ) y

Wit

Turning here in each integral the line of integration through

— (% —&), putting y=1+ e (%'6)' r, and observing that

sm ( ‘!’11’.
v, \
(log 7, y)
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is regular and O(H? in the lower half-plane, we get -

w sin’® <1 Hlogv’v‘ )dy

1 if o o v“vj’% =0l s Jerminrar)

- )
=0 <H”V’V,‘V.2;II;)= O(log T).
1
Similarly

®  sin? v’v‘
1) J. @ (log V7, )’ 17%

1 7

=0(logT).

We now write

_(ai%s Mals) N i SRS L
P=4 2 e (n et ™ )"ysmd“(m " n'”n‘l’a) “Ycosd__op | 4P,

mynz1
where
iV IRy e
_ i) , y a Vi,
P, =2 Z e ( Vavy vy T nysma =2 2 e (v,v.,vm)‘ Mimy sind .
= P=l
Vyvg ViV

(a, b) here and in the following denotes the greatest common
divisor of a and b, and

P,= 2 e (nn:’%ﬁ 1:4:8)nysin6+i(ml‘bw: n’:’—:‘)nycosa
nam., e '
Vavg | ViV
Hence
»  sin’ (iHlogv’v‘y>
[ » -
YV, )’ Vy
' —
1 (108 vasy
= 2 J‘ e :::: m'::vu 7y Slﬂ""'l(m’v’wa nt :::‘)u ycosd
___.:':_
VeVs ' Vi v
sin® (1 H log —* )
(% 857 Y dy
Py —— .
(log L2 ) Vy
'V;'V,
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Here we may put y=1+ir, according to the sign of

(m’M—n’v—‘v—‘), thus we see that it is less than

LA VoVy
M"Y Vg¥s' <o _ Vavs ViV
0 (H’ 2 . (n’m+m' m):zsinaj‘ . Im'vm n'vwa urcosadr)
n m 0
e— (v n)+(vg m)) :—I::%:: )
= O ’V,_'V,‘V;‘V‘ 2 I(ﬂl'VgVa)s—‘(n vlv‘)2l
vivenfvpsm
e 116 14 14 3
=0 ( V1,V ——————)
—m nsin d 1
] e vy, T 1
=0 (vlvgv,mz — D m_n)
m=2 n=1
YiVa¥sty
®  logm -mZH2 5. logm
=0 ( VY,V Y, 2 ,‘i e wow ]| =0 | 1Y, 223 -
2
zsind V1v2 W,
(v,v,v,m 2 e vw:"m) =0 (vlv,v,v. log? _a—) O(log® T),
v.vwsv‘
hence
V.V
%  sin? (;} Hlog : ‘y) dy _
(14) [P s =0 og' D).
. log 2y y
1 v,v,,

Finally we have to discuss what part P1 contributes to the
integral (11), it is

VI;—}- 0(1), for x<1,
1 1
7=+oly3)

this is an immediate consequenze of (10). This gives:

2 2 e~ H'nT —¢(x)+—V=_

p=1 for x> 1,
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2 YV, ] and
@ , sin (} Hlogv " y) dq (Vave, 1273) % sin? (7} Hlog y) dy ; o 2(1 81 N
1 v 3 ——— , = v (v1ve, vavs) sin 08-— V) 4 .
. lo 2"’4 ) Vy V2 Y,V ¥e¥,8ind, y _ —— Vivs dy _ }
1 g 1 log _ y va V2 Vs ¥4 SIiNd o 3 =
MWV, . e, vavg)? (log _’_4_ y) y
(1104, vyve)?® 2y sind V1V8
2v.vww4:ln6 sin? (i H log Y% J) v
+ 0 V1V dy ( 0 "
3 — ‘ V1 Ve, Vavs) sinfa ,
YV, Vy . =1H " —du=
1 logmy V v1ve vsvs sind ( ll)
- MV, Vvbg,
VoV, é Hlog s V‘2 sin ¢
211 24 HE
‘o (v, vi1%) o  sin (z Hlog ViV, y) dy M —0 (v1ve,v2vs) 1 ( (vive, vavs) 1 )
Vv,vv,v,sind ot (log—y—’ﬁy)’ y | i (l’ vivg, vevssind ( Vi Vs VSVS)z)) Vvivavsmsind 1087
2v.:l,,::;v;l.nd L1 sin 0
Here Hence
sm’(‘Hlo 4 ) o
(viv,, vavy) l. g"lvaJ dy (vi¥4, V3 7%) 1H .[ sin’u du— . 15 ? p sin? (1 HIOg V1 V3 y) dy -é V2 H(vive, va vs)
VZ VeV, sind (lOg VoV, ) V2 V VeV, sind n? . ( ) 1 A % 2 Vy Vm
ViV 1 Hlog:":‘ P 1 8 v
1 Hlog 2% - 1 Hlog'ﬂg
o Y .
(Vl Vs Vs Va) } H Sll’l2 sin2 u i { J’ sm u 1
= % du — : i LoLLEL A (.
V2vv,vv, sind { [. + 'l. u? du } ;: 2 HlogT,
} Hlog 22 P We now get for the integral (11), from (12), (13), (18", (14)
vivg . .
: ViV, VoV in2 L and (15):
=I16V§-”HV( 1¥4y Ve ) +'3V2H (‘Vl‘l’“ 'V:'Vf) Slngudu’ : | 1H1°g”—w—a
V¥,¥¥,sin 0 Vv vy, sind , u
d 0 . %V2—H(mv4,VaVs){E+ [’ sin? udu—{—O( 1 )}
an - Voivsvsvesind | 2 K u? Hlog T
(nvg, vy {(vivs, vavy) e Vivglt . . . .
2v|‘:’wav:ls:'n’)‘ sinz(‘ Hlo gv’—v‘x ) Iz ,,,:_,,B,::in(, 2,(,",,:’,,,:;",), 7 - If this is inserted in (9), we find:
: v, V) dy < [ dy +- J' d 2T
. V¥, Vo o NV L 2 ay, Ay, Ay, Gy,
? (]og ,V:,,‘ y) Vy oty log‘Va 4 Vy P (16) [ 12dt < V—n: Vslné 2 V1 V3 Vs Ve (vive, vs vs) +
mm- f T Hiog ™
1 ‘l g pal i
(1v,, vay)? (V10 Vavy) P °
=0 —"———=140 . = : ; H ay,ay, 0y, 0y, “sin2n
((vlvgv,v. sin §)t ) ( Vv,v,0,7, sin & (:3:4 L 6)) . +2V2n —= 2 :1 :2 v:w, (v1va, V2 v3) J7 o du+
1Vs ’ 0
— o[ v v 1 : VT |as,a,,a.,as, ]
(V‘Vl VsV ¥y sinéd 108 T . ] + 0 lOg T 2 V1 V2 Vo Vs (‘V1 Vs, V2 ‘Us) .
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It is easily seen that the second series on the righthand
side vanishes identically, since it changes the sign when vivavsva
is changed into vavsvavy.

It remains to discuss the two sums

Q.
X= E e v
and

22= 2 laml ’awl Iawl @] (V1ve, vavs).

ViV V3 Vs

We first consider 2 . Remembering (2) we now put
(2 a 'V—S)2= 1— -s+ p—3:+ P—4t =2 _Iﬁ’_
’ pit 64 v’

where b, = 2 a,a,,. Then we have:
=y

)  E=Nrren-S2T%ew.
;M

Now if (u1,ps)=1,

b,u1( v )._Ii_;l_s ” 2)=b,u1m(

o He),

thus we easily get
bu (v p) v, ) _
v.p% , v, p*)

_ 1 8p* ' 64pt
_,Lle(l—}? s+64p)H 11 1

v —_—
T\ Trtep ey
Inserting in (17), we have
®,p%  (¥,p")
1 8p? 64 p*
21=H(1_ T )2 Il 1, 1 |7
%5 p P vy _—
» o\ 1 —— ot
p 8p" 64pt
=H( —_+ O( ))29;/
pEé

150

110 Atle Selberg

Now if(vi, »:)=1 we see that 9,, 9,,= 0,,,, hence

29}'= IIE(I +op+optop)=
v ps

_H 14 ;(8P2+64p):_§})—(%+-64ip)+%p4'% _

—H(H—O( ))

P 64 p*
pEg

The formula above then gives

(18) 21=I:[ (1 ——1‘+0<’13))(1+0(,*:5>)=H (1_%4_0(1}5)):

pEE

-=lio(=} —loglogé+0(1) __ _1__)
=e pep?P () _. _O(loge? ’

and similarly we find

(18) 25=0(log"s).

(16) now gives

2T .
l Pdi=0 (Vsinlglog §> +0 <V fol;ng) (Ilio‘gfg

whence (8) follows.
We next prove that

(19) J> AsT™ 3 (H—y),
where
2T T

We have, if s=3}+4it, T<I<2T+H, T>T,
1
r(z+5)| 16626,

>AeR{§ (- P9}

1
(21)  TT|Zi(t)]e” 1‘>A5T4 et

>Ad§ It -r)
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Now if v<VlogT?), 3 But
—  \q1_ ) ] 7 1
(TVlog’I‘)1 s Ve L (25) > 1 — = O(V—IT—_T)’ )
— v b m==n _ Vmnlogmlogn|log— 08
sy= nS—>r— 0 (—‘——1) . 1 < TViog T mnlogm gn 3
$(s) szlm 1—s T Tz(logT)s/’ i ' ; 1<n<TViogT "
v | 4 an
hence . w s °° E'kﬂc
-k m
(22) g(s)H (1—p=%)=4§(s) Z /zg)= 2 ;_;':_ _ : %;’ mlog2 g 2’2 mlog2 log2§ ‘—4 2
b v/ IIp m2 TViegT ]
VieaT psé : Now for & >§ we have
(TViogT)! c _ x
R L B R s S
pEE msTVlogT n Z ._eg( log:r) (1_ 141 =
where ] 1 Ing p log=
0 if m is divisible by a prime <§, | -3 p—“x:Tx -3 l+0(— b} l°3p)
= = = : = . P = . p logz ‘¢ P
Cm 112/;11 d { 1 if m is not divisible by a prime <¢. P O(Ing € pzt ) O(Ing ¢ ps ¢ )
dl/éIEp ‘ ; _ 0(logx ~loglog £+ 0(1)+0 (lo:x) (logx)
Inserting (22) in (21) and integrating, we find ; log¢/’
“H 1 hence
(23) T > AGR{ J' o] —p9 dt} = AeH + - (26) D Cm ( 2 91~ k) < 1 )
t bt C s mlogZm _ ~ \logZ& log? &
Iy s=}+i(t+H) L
A R m — 1
¢ [ E<m§/long logm],_1+,, +0I9) = _ Inserting (25) and (26) in (24), we get
AoH — As|g()| — As|g(t+ H)| — O(T~ ¥ = As(H—y), . 2IT o= of T )+o( T )=o( T )
where ‘ . g log?§ ViogT, log?§/’
e Cm .
g(l)_umsET]VloTT milogm’ = ObVIOUSlz); also
We now consider N J’ |g(t+ H)|2dt = 0<10§2 5)'
Con | 1 ‘ T i
(24) lgB)2dt =T ﬁ—+o — '
I E<m$§l:l/log Tm logZm ,1,,=|=,, VTthzﬁ)Igmlogn‘log%I v (20) now follows immediately, since
<m,n$ og T’ 1
=|g(t)| +|g(t+H)|+ O(T~2).
’—<‘-T 2 log2 2 Vil ‘ Now let S be the sub-set of the interval (T,2T) where
m==n ¥ mnlogmlogn log i |I|=J. Then if m=m(S) is the measure of S
1<m,nsTViog I ] .
) Titchmarsh, Loc. cit. Theorem 19, § 2. 12. ) Hardy and Littlewood. Loc. cit. Lemma 6.
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ls[]l]dtém"!{ r 12dt} H;li:g'é,

by (8); on the other hand, by (19) and (20),

J' Jdt> AsT I (H—y)dt> Asﬂr%m—A3T-%I|w|dtg
S S S

Tt m}
> AsHT-¥m— AgT~ Imﬂ{‘f |y1]2dl} >A;HT i m—As 1ogn;='

Hence .
T T3
mw < A9 Vﬁ@ + Ao -H‘Bg—‘—f s
or
1 1 Ais
———T
m($) < Au (Hlog§+ H? log2§) T<Hlog§ ?
T
since H >—Z¢ Now divide the interval (T,2T) into [ H] pairs

of abutting intervals ji, jo, each, except the last jo of length H,

and each j, lying immediately to the right of the corresponding ji .

Then either j; or jo contains a zero of Zi(1), unless j; consists

entirely of points of S. Suppose the lalter occurs for vji’s. Then
Az

Hlogé

Hence there are, in (T,2T), at least
T v T (l_ A1 )
[ﬁ{] ~V>H\3  Hiog#
zeros, now choose H so great that
Azs 1 . A13 A14

Hlog&é 6’ H_logﬁ_logloglog T

Thus we see that the number of zeros are, at least

yH<m(S)<

T
s> ATlogloglog T,

since the real zeros of Zj(f) obviously also are the zeros of
£(3-+if), this proves the theorem staled in the introduction.
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§ 2.
Remarks on the Proof.

The main idea of the proof given above, is the introduction
of the factor |g(}+i1)[?, which to a certain extent neutralizes
the variation of |§(}+if)|. It is clear that we should expect a
better result, if we could choose £ greater in comparison with T.
Now we see easily, that the proof of (8) will not be affected, if
we put £= VlogT; the proof of (20) however, would not hold
in this case. This is caused by the approximate formula we
have used for {(s) on g=4}. If we instead of this use the «ap-
proximate functional equation» of Hardy and Littlewood it is
possible to arrange the proof of (20) so that it still holds for

& =ViogT, the proof being of course much more complicated.
So we could replace the factor logloglog T in our theorem by
loglog T; indeed we may, by using the approximate functional
equation, go a good deal further and prove the following
theorem:?) Let U=7¢, where a>}. Then there is a K=K(a)>0
and a To==To(a) such that

@7) No(T-+U)— No(T)>KUloglog T  (T> To).

It seems not improbable, that still further progresses can be
made, if one uses another function instead of 5(s).?) I'll return
to these questions in a later paper.

1) This corresponds to the Theorem B of Hardy and Littlewood.
Loc. cit.

%) In course of the proof-correction [ have succeeded in proving that the
factor loglog T in (27) may be replaced by logT.
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("nnlevert til Generalsekretzren 23de mai 1942 av herr Brun)

Let N, (T) denote the number of zeros of { (s)=¢(a+it),
for which ¢ = % »0<<t<TT. Harpy and LirTLEWOOD [1] have

then proved that there exist positive constants 4 and Ty, so
that

(1) No(T)> AT (T>T,).

This result may be improved to the
Theorem 1:
There is an 4 > 0 and a T,, so that

(2) No(T)>ATlogT (T>T,).
In the following we shall sketch the main ideas of the proof.
We write when s = l 4 it,

xt——s

n Tr(f)ec),
so that X (¢) is real for real {. Also put when T is positive
oy 100log v
)= 1— ,
7 (1) Z V%J’“( log T

v<T100

»n[—-

X(i)=% e

where the a, are the coefficients in the expansion

C(s Z_:

for ¢ > 1. Further let
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1 1
< H< .
log 1 ViegT

Then we put

t4+ H

=1 ) =Xl a,

t

and
t+ H

M=M(t,H)=fC(%+ it) 1 () dt— H
t

It is then possible to show that (2]

(8)

and similarly

(4)

Now put

3
T 2

Tfﬁd:=o< vm)

8

f’ ra=o(rls).

t+ H

J=J(t,H)=/|xu)|-|n(mw,

t

then we can show that for T > T,

(5)

Now let S denote the sub-set of (T, 2T), where |I|=J.

(6)

By (3)

1
f|I|dt<m2
S

J>H—\|M|.

/llldt=det.
S S

1

oT 1 1
{[|I[’d1}2=0<m2 T®
T
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(logT)*

Then
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where m=m(S) is the measure of S. On the other hand,

from (5) and (4)

1 2T 1
/Jdt>Hm—-—f]M]dt>Hm—m”{/lM[“d[}z
s 3 ’

3

1

1
=Hm—0 m2T2 H

1
(log T)*

Comparing these inequalities with (6), we find

m=0(1/ﬁ21:og_1‘)’

or replacing the O-relation by an inequality, we get

T
m<A,—=— (T>T,),
*VHlogT (I>To)

where A, is a positive constant. Now choosing

__164,2
H= logT °
we get
T
7 2
(7) m<g.

Now [3] divide the interval (T, 2T) into [51—1;—] pairs of abutting

intervals j, , j, , each, except the last j, of length H, and each
Jo lying immediately to the right of the corresponding j, . Then
since. X(#)|9 ()| can only change the sign if ¢ is passing

through a zero of X (1), that is of £ (% + it), either j, or j,
must contain a zero of { (% + it) , unless j; consists entirely

of points of S. Suppose that that is the case for vJji's, then
from (7)

VH5m<§

158

T
”<4TI .

Hence there are in (7T, 2T) ‘at least

[T]_y> T T T TlogT

2H 3H 4H 12H  12-164,%°

zeros of C(]g + it) , which obviously proves theorem 1.

Another new theorem on the zeros of [ (s) is

Theorem 2.
If « (t) is positive and increases to infinity with #, then all

but an infinitesimal proportion of the zeros of { (s) in the upper
half-plane lie in the region

(8) a——;—,<¢(1)51g—t (t>3) .

This is an improvement of a theorem of LiTTLEwoOD, which

instead of (8) has the weaker

loglog t
logt

(t>38) .

1

Full proofs of these and more general results will appear in
a later paper.

{11 G. H. Harpy and z. E. LirtLEwoon, The zeros of Riemann’s Zeta-
function on the critical line, Math, Zeitschr., vol. 10 (1922), pp. 281-
317.

[2) The constants implied in the O’s are here and in the following
absolute constants.

[3] As usual [x] means the greatest integer <zx.
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