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In 2001 the United Kingdom suffered a major outbreak of foot-and-mouth disease
in livestock. The scientific experts assembled to advise the government included
several groups of mathematical modelers. Within weeks of the first case report,
modelers had developed systems of equations describing the farm-to-farm spread
of infection, and were using them to help devise measures for controlling the out-
break (Ferguson et al. 2001a, b; Keeling et al. 2001). Adapting previous models,
Ferguson et al. (2001) classified farms according to disease state: disease-free,
infected, and vaccinated or slaughtered, with the infected class subdivided into
several stages to represent the degree of infection and whether or not the disease
had been detected. Equations were developed to describe how farms become
infected, experience a local outbreak, and pass the disease to other farms, with
model parameters estimated from the recorded dates and locations of all reported
infections. Because the model is based on equations representing the process of
disease transmission and spread, it could be modified to incorporate potential
control measures and then used to predict their consequences. It was concluded
that immediate slaughter of infected herds would slow disease spread but not halt
it, and more aggressive measures were needed. Based in part on those analyses,
the government instituted a policy of rapidly culling all farms in a ring surround-
ing a farm where infection is detected. These policies were successful: the disease
soon started to decline and the outbreak collapsed within a few months. De-
tailed modeling and data analyses later confirmed that the control measures had
greatly reduced the size of the outbreak, but also suggested that earlier application
of the strict control measures that were eventually imposed could have reduced
the outbreak by about half (Keeling et al. 2001).

The 2001 foot-and-mouth outbreak is a particularly dramatic example of how
models, written in the language of mathematics and solved on the computer, are
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now used throughout biology. Experimental biology is reductionist, disclosing
how life works one piece at a time. But at all levels life is complex, meaning
that the properties of cells, organisms, populations, and ecosystems reflect the
interactions among multiple components. In virtually all areas of biology, models
provide the means for putting the pieces together, for example,

¢ to understand the consequences of multiple, interacting signal transduction
pathways within cells and complex networks of interaction among genes;

e to explain the development of irregular heart behaviors such as fibrillation, and to
improve methods for treating them;

e to predict which species are at greatest risk of extinction, to identify effective
measures for their preservation, and to predict how ecosystems will respond to the
changes in climate and massive loss of species now in progress.

In the past, biologists have generally been uninterested in mathematics, but that
attitude is changing rapidly. With advances in many technologies, our intuition
is no longer sufficient to analyze and interpret data. Quantitative models and
methods are needed, sometimes because data are so extensive that automated
methods are needed to examine them in detail (e.g., genome sequences) and
sometimes because the pheomena are sufficiently complex that computer sim-
ulation is the only way to derive predictions from a model. We believe that
biology students need to connect what they learn in a required calculus course
to biology, and that mathematics students are greatly enriched when they see
mathematics connected to real-world problems in a more tangible way than is
taught in mathematics courses.

These connections come through models, but there are some complex issues
that must be addressed to develop an appreciation for them. What are the prin-
ciples used in developing a model? What simplifications are made to make a
model tractable? What measurements are used to estimate model parameters
and validate model predictions? How does mathematics help us analyze models,
either by hand or through computer algorithms? How robust are the predictions
of a model to uncertainties in the structure of the model, errors in our measure-
ments, stochastic fluctuations of the environment, and the individual variability
of living organisms? These are all difficult questions, and they deserve sustained
attention as students learn the art of modeling biological systems.

This text is our attempt to address the lack of curricular materials designed to
introduce undergraduate students to dynamic models of biological systems. It is
based on a course that we have taught to a diverse audience of students majoring
in the biological sciences, computer science, mathematics, engineering, and the
physical sciences. We have adopted the following strategies in writing the text:

e We make no attempt to be comprehensive. Most chapters follow the “business
school” model of focusing on a selective set of case studies that are treated in depth.
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e Examples have been chosen to span the breadth of major areas within biology and
to illustrate diverse types of mathematical models. Models of processes within
cells, organisms, and populations are all based on the same principles. At this level,
an integrative approach that does not divide biology along these boundaries seems
appropriate. The models that we study are either ones that have stood the test of
time or recent ones that are especially prominent now. Similarly, some of our case
studies are classics, and others are very recent, but all of them are compelling to us
and exemplify the reasons why we chose to work in this field.

e  We restrict attention to dynamic models. This is a reflection of our personal
interests and expertise. Ideally this course would be accompanied by a second
semester devoted to genomics, bioinformatics, and structural biology where the
mathematical theory is drawn primarily from combinatorics, probability, statistics,
and optimization.

e We rely on high-level computer languages such as Matlab or R to implement
models and perform calculations. This minimizes the user effort required to
implement models, run simulations, and perform mathematical analysis, and
allows us to quickly proceed to discussion of modeling results. The primary
question we ask is what we learn about the biology from the models.

e We introduce the minimal amount of mathematics needed to understand the
modeling results. We hope that students taking the course will be inspired to learn
about the mathematics we introduce by studying the material in more depth in
mathematics courses — but we make no pretense of discussing more than basic
theoretical concepts. In contrast, biomathematics courses often select mathematics
that is needed to study models in certain domains and teach this material to
students who will engage in modeling within this domain. We think that approach
is problematic in that students may need a deeper understanding of the
mathematics than is typically covered in such courses.

e  We discuss the modeling process itself. The first and last chapters of the book
discuss the nature of models and give our advice about how to construct and use
models. Intermediate chapters intersperse comments intended to place the
models into a broad context, with citations to key references where the student can
learn more.

e We expect students to read original papers from the biology literature. The
published literature plays very different roles in biology and mathematics, and this
influences our use of literature in the course. The mathematics literature records
and systematizes theories that an individual is expected to personally reconstruct
for full understanding. Biology literature describes experiments or observations
and their outcomes, along with the hypotheses that the experiments were designed
to test and the interpretation of the results. Critical evaluation of how
experimental results are interpreted is an important part of the subject. Since the
purpose of models is to address biological questions, we think that it is important
for students—even at the level of this course—to engage in such critical thinking.
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We require students to do a course project. Their assignment is to choose a pub-
lished research paper using a dynamic model, implement the model, reproduce
the modeling results in the paper, and then take one more step. By this we mean
that they should formulate a question that was not fully addressed in the paper,
modify or extend the model to do so, and then present their findings. This is a
difficult assignment but we have been gratified by the papers that the students
have written. Much more than the homework exercises, it prompts students to
think creatively and critically about science in a setting in which answers are not
absolutely right or wrong.

We think computer exercises are essential so that students will have personal
experience as modelers and model-users. We use the first three or four computer
lab sessions to teach the rudiments of programming and then add a bit each week
as new types of models are encountered—how to compute eigenvalues, generate
random numbers, solve differential equations, and so on. Our experience is
that undergraduate biology students can and do learn how to do real scientific
programming. Instructional materials and suggested exercises for computer labs
can be downloaded at no cost from this book’s web page at Princeton University
Press (http://www.pupress.princeton.edu/titles/8124.html).

There is more in this book than can be covered in a single semester, allowing
some flexibility as to the choice of topics and the mathematical level of the course.
Here are a few suggestions:

1. Because we do not divide biology along disciplinary lines, premed students get a
substantial dose of population biology before we get to neurotransmitters—and
they have to pay attention, because we use population models to introduce some
essential mathematics for everything that follows. Therefore we strongly
recommend covering at least a good fraction of Chapter 1, so that students have a
taste of the variety of applications to come.

2. Chapters 2 and 3 and Chapters 4 and 6 are paired in the sense that models of the
same type are used in very different applications. The second of each pair can
therefore be skipped without losing anything essential for later chapters. With a
bit more effort only the second can be covered, with material from the first
brought in as needed.

3. Chapters 5, 7, 8, and 9 are independent of each other and are not required for
reading any other chapters—feel free to pick and choose, or to cover some of each
(as we generally do).

4. Chapters 3 and 7 are the only ones where probability theory plays any significant
role. A course on “deterministic models” can be constructed by omitting those
chapters, and the sections in chapters 2 and 9 on stochastic models.
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