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Study numerically the ultimate periodic orbits for various parameters of the generalized discrete 

Logistic Equation 

x(n)=k x(n-1)(1-x(n-1)). 

These generalizations should have more parameters. For example: 

x(n)=k x(n-1)^a (1-x(n-1))^b , 

that has three parameters (k, a, and b). Also study second- (and higher-) order difference 

equations, e.g. 

#x(n)=k x(n-1)(1-x(n-1))(1-x(n-2)) , 

and more generally 

x(n)=k x(n-1)^a(1-x(n-1))^b(1-x(n-2))^c , 

etc. 

I studied numerically the activity of variations of the logistic equation to try and see the 

activity of the orbits. What I first tried to look at was the original logistic equation,  

 

 

and test to see the activity it presents with negative values of k. The equation is originally used as 

a way to model population growth, with k being a fertility rate of the population. In that context, 

it makes no sense to have a negative fertility rate, but I am only trying to test the activity of the 

equation, so constraints are thrown out the window for my numerical analysis. The only 

constraints I followed were that my values of x for my initial conditions were always between 0 



and 1, as they represent population size and since I am only testing the different values of 

parameters so the values of x for initial conditions are of no concern to me.  

 Onto the analysis of a negative k, I first wanted to see what similarities it shared with the 

original equation. I started testing with k values between -1<k<0, and I noticed that the behavior 

was the same as the positive counterparts. Eventually the orbit reached a stable fixed point of 0.  

 

  

You’ll notice that as we get to more negative values it appears our orbit, as k gets more negative, 

is looking as if it’ll stop tending towards 0 if we keep decreasing the value of k. We turn out to 

be correct, because as soon as our value of k hits -1 we lose our stability at 0.  

 

This is the same from what we would see in the case of a positive 1 value, with a k value of 1 we 

also wouldn’t reach a stable fixed point. The difference here is that soon after, once we get into 

more negative values, we do begin to see a periodic orbit. This is the behavior we’re really 

interested in.   

 The period of orbit 2 is seen between -1.4<k<-1.1. Since -1.0 did not show a periodic 

orbit of 2, nor did it show stability, the bifurcation value for k must be somewhere between -1.1 

and -1.0. Through rigorous testing with the Orb function from the DMB.txt I was able to find an 

approximate value for that bifurcation point. Our first bifurcation value into a period 2 orbit 



begins at approximately k=-1.00792. The values before it indicated that we were eventually 

heading into that direction, but only at -1.00792 did it become obvious after 1010 timesteps. 

 

If we were to find anything of interest to us next it’d be to see if the periodic orbit doubles as it 

did in the original case with positive values of k, and so to find out I kept running the Orb 

function with values of k that kept going down by increments of .1. Eventually reaching -1.4 you 

notice the change in behavior immediately.  

 

A period of 4 orbit is shown by the Orb function. That indicated that between -1.4 & -1.3 we had 

a period doubling occurring, another bifurcation value. Again, through rigorous testing I had to 

approximate where that point was. This bifurcation value ended up being at -1.31960. 

 

Could argue that the numbers are close enough that maybe the difference in the last place of the 

digits is due to a Maple rounding error, but every point prior to this clearly showed a periodic 

orbit of 2, and so the first point which was showing a movement away from that behavior is what 

is approximated to be the value where the bifurcation starts to occur. Every point after this, 

meaning, <-1.31960, started to clearly exhibit a period 4 orbit.  

 With the negative values, it became something to note that these k values went into 

periodic orbits much quicker than how long it took for the positive values of k to exhibit them. In 

that I mean, the absolute value of these k-values is less than the absolute value of the k-values of 

the original equation where such an event was occurring. It wasn’t until somewhere around 3.1 

where we saw our first bifurcation value, in the original logistic case. Already over here we’ve 



hit a period of 4 already at -1.31960. Soon enough we were going to hit the period of 8, 16, and 

then eventually chaos.  

It did not take long for this period of 4 to eventually turn into a period of 8, we see the 

period 8 behavior begin at -1.6 at first, and then through further analysis we approximate its 

value between -1.6 & -1.5 which turned out to be at -1.52205. 

 

Quickly again we dissolve into a period of 16, not long after, at -1.56 we first notice it, and 

through rigorous testing to 5 decimal points again, I approximate that the period of 16 did indeed 

start at -1.56000.  

 

As we’ve noticed in the original discrete logistic equation with positive values of k, the space 

between bifurcation values quickly begins to decrease as we reach greater periodic orbits. That 

of course held true for this as well, and eventually the period doubling became a bit more 

difficult to catch, but eventually once I got past -2 for a value of k, Maple was no longer able to 

evaluate the decimal values of the orbit. For this, we say that the equation dissolved into chaos. 

Not unlike what we had seen in class, when we used k values greater than 4.  

 Though my project is mainly about the periodic orbits of variations to the logistic 

equation, with these negative k values I was curious to see if I’d find Feigenbaum’s constant to 

be present. I did work on that to find the ratio of the length between sequential bifurcation 

values. 

 



Where a is the bifurcation value where a period doubling occurs. Could only test this out after we 

received our period of 8 bifurcation value. Through testing I did not see Feigenbaum’s first 

constant, so I ended my search there as it would have got me nowhere. 

 I next tried a variation of the discrete logistic equation. I added a spare capacity of the 

population at x(n-2). The full equation is shown below. 

 

To work with this, I needed more than the Orb function as I now had a second order case. I now 

needed to convert this into a system, in order to work with it. As we did in class, we substituted 

these x(n)’s out and created new variables [z[1],…z[k]] for the kth order difference equation. So 

in this case we only needed to substitute a z[1] and z[2] for x(n-1) and x(n-2) respectively. Our 

system became: 

 

Now I was free to use Orb to numerically analyze the behavior of this equation. I first began to 

analyze values of 0<k<1. Since the first order case, showed a stable fixed point of 0 at these 

points, I’d expect to see the same here. I was correct in my assumptions. 

 

 

Next point of interest was the activity at k=1, should have no stability there, nor an orbit.  

 



 

That behavior remained in line with what we saw in the first order case, stability is lost. This is 

of interest to us, because it seemed even if we increased how many timesteps ahead we iterate 

this, the numbers seem to be getting closer and closer to 0, but at a very slow rate. Though still 

the SFP function says it has no stability. I decided to check if it is semi-stable. I checked 

numerically through Orb, when starting at [.3,.4] even after 1000010 timesteps we appear closer 

and closer to [0,0], and when I started at [-.3,-.4], the only time throughout this whole project I 

change constraints on x, we get further away from [0,0].  

That itself indicates semi stability, but I also wanted to check the eigenvalues.  

 

As we know, since not all eigenvalues here have an absolute value less than 1, than we do not 

have a stable fixed point. Though we do see that one of the eigenvalues is 1, that is an indicator 

of possible semi stability, which we do see. 

To continue, like the first order case after this value you’d expect to see stability regained 

after k=1. That remained true even for this case, we see stability immediately come back at k=1.1 



 

We maintain the stability for a good amount of time, in fact we don’t lose it until we’re near a k 

value of 4. This is very different from the first order original logistic equation. At a k value of 3.9 

we still maintain stability even, but then at 4.0 we lose it.  

 

 

So, we must have a bifurcation in between! Again, through rigorous testing, but this time using 

SFP instead of Orb, I look for the bifurcation value that brings us to a periodic orbit. I find it at 

k=3.9999999995.  

 

The thing is though, prior to this value, we have stability but at this value we do not display 

period 2 behavior. In fact, the behavior shown is more like that of a period of 4 orbit.  

 

We seem to skip a period of 2 entirely, or maybe that is such a precise value of k where we 

display a period 2 behavior then flip to a period 4 behavior, that I am unable to currently find that 

current k value. From here, this period of 4 is maintained all the way up until k=4.5. At this 

value, the orbit shows no pattern, I don’t see a period of any value that is obvious from first 

glance. It seems to just disappear somewhere before 4.5.  



 

The orbit maintains that same behavior then once we get to 4.9, Maple can no longer calculate 

the values our equation takes on.  

 Next, I again tried to see the activity with negative values of k. Activity was the same for 

-1<k<0, meaning we found stability at [0,0]. We lose it at k=-1. All things we have seen before, 

no surprises to us. An orbit of period 2 is reached almost instantly, specifically when we have 

k=-.99999999995. 

 

From there, like we’ve seen with the negative values of k before, we reach our bifurcation values 

very quickly. We are in a period 4 orbit by the time we hit -1.3. Through rigorous testing with 

Orb we find that the period 4 starts at approximately k=-1.297001. 

 

Next, came period 8, bifurcation value for that was at around -1.450906. 

 

From here I decided to now check the behavior of the equation with extra parameters. 

Call these parameters a, b, and c. The equation takes on this form: 

 

With this equation and set of parameters, there was not much I could see through my analysis in 

regard to behavior on the periodic orbits. I’d think I would need more time to fully do an 



evaluation on the possible periods, but regardless I will share what I managed to find. The 

parameter which really seemed to make the biggest difference out of the four, was a. The value 

of a really determined whether I would have stability or not. For values 0<a<1, we reached stable 

fixed points, it seemed regardless of the values I gave k, b, and c. When 0<k<1 and 0<a<1, we 

would not reach a stable fixed point of [0,0] like we would in every other example, we would 

reach stability at a particular point.  

 

 

This was unlike any behavior we had seen prior in the orbits for the equations, as we always saw 

if 0<k<1 then we would have stability at [0,0], but not in this case. Even if k=1, where in every 

other case we would lose stability at this point, as long 0<a<1 we maintained a stable fixed point. 

 

 

What also was interesting with the activity of ‘a’, was once ‘a’ reached 1 and above, the orbit 

makes its way to 0 very quickly.  

 

This was even true for higher values of k, though as k grew higher, you also may have needed to 

increase the value of a to see this behavior again. Unfortunately, I was not able to find a 



definitive relationship on these two parameters, where I would be able to predict values of a 

based-on k where you’d get an orbit of [0,0]. Though I did manage to find for example that when 

k=2, the value that ‘a’ needed to reach a stable fixed point of [0,0] was 1.2097. 

 

 Time to speak a bit on the behaviors of ‘b’ and ‘c’. Both these parameters did not seem to 

have any way to counteract the activity of a, regardless of how high you bring their values or 

how low. The orbit seemed to depend a lot more on ‘a’.  

 

With that said, it proved a bit difficult to find periods only because ‘a’ was having such an 

influence that it was difficult to see what b and c could do to the orbit. There were things to note 

regardless. When ‘a’ took on a value -1<a<0, the equation started to display an orbit with 

complex numbers. This was regardless of the value on k, and the influence that b and c had was 

determining how quickly we would move through that complex orbit. 

 

For this, I had to change my values of K1 and K2 in Orb to 10 and 30, respectively. Otherwise, 

Maple would just spit out values of undefined float, nothing I could really work with. This was 

something we’ve never seen prior. Originally, I thought this only happened with certain bounds 



on a, but through further numerical analysis I saw that even if a is positive, if b or c is negative 

enough this complex orbit will show up.  

 

Though as you’ll see it shows up much slower, as this is to a K2 value of 10010. Furthermore, I 

tested the same bounds on a that gave us a complex orbit and used them for b and c, and I got the 

same results. It seems if at least one of a, b, or c is between -1 and 0, we will reach complex 

values in our orbit very quickly for the most part. The closer the value is to -1 the quicker we see 

the complex values. Another thing to note, it seems that ‘c’ had the most impact on whether we’d 

reach stability more than ‘b’ did. In the image, I have provided you’ll notice that with a simple 

switch of the decimal from c to b, we come from a stable fixed point and then once the decimal 

moves from c to b, we reach an orbit with no noticeable period.  

 

I did find other things, but not much too different from what I’ve already shown. I had a lot of 

issues trying to see periodic orbits, maybe through further analysis someday I can find them. 

 Lastly, I worked on numerical analysis of the first order original discrete logistic 

equation, but with two more parameters a and b. The equation took on the form: 

 

The things I tested to see first were if it followed behavior similar to that of the previous case 

with the second order equation and parameter c. I checked values of a between 0 and 1, saw that 



we would still reach a stable fixed point. This stayed true until k took on values near 1, then we 

reached a periodic orbit of 2, was very noticeable at k=1.4 and a=.2. With k=1.4 and a=.1 we had 

no noticeable orbit, Maple couldn’t compute only gave us Float(infinity)+Float(infinity)I.   

 

The periodic orbit with these values of k, a, and b kept the orbit until we hit 1.7 for a value of k 

and we seem to lose all signs of an orbit.  

 

Then at 1.8 Maple can no longer compute the values of the orbit.  

 

Though once you change the value of ‘a’ to something higher but still a decimal we see different 

activity in the orbit.  

 

Other things of interest were other instances where we do have periodic orbits, with our 

parameters but with manipulation of one we notice eventually that we lose our periodic orbit 

completely. Which is unusual, and I don’t exactly know what to attribute it to. For example, 

when we had k=3.9, a=1.1, and b=1.1 we have period 4 orbit.  

 

Though when we get to higher values of k, we see that we lose that periodic orbit entirely. Look 

when k=4.3. 



 

There’s no pattern or anything obvious to us. There are even some instances where we have 

k=4.1, a=1.1, and we change the value of b from 1.2 to 1.3 and we actually go down from a 

periodic orbit of 4 to a periodic orbit of 2.  

 

When we bring b to a high enough value, for example 2.6, we lose the periodic orbit entirely and 

just keep one stable fixed point throughout the orbit.  

 

Eventually as b kept getting larger, our values in the orbit remain stable but for every value we 

bring b up, the numbers get closer and closer to 0, ultimately reaching stability at 0.  

 

We notice similar behavior to when we keep ‘b’ to a fixed value and just manipulate the value of 

‘a’. For example, keeping k=4.1 and just manipulating a, and keeping b=1. We notice that as a 

gets higher we go from periodic orbits to stability to a single point.  



 

 

Eventually though as a, got bigger we see an eventual stable fixed point at 0. Similar to what we 

saw in the second order equation, with parameters a, b, and c. There wasn’t much else to report 

with these.  

 I will finish up by discussing some limitations that I had to deal with my numerical 

analysis. The cases where we added extra parameters, they require a lot more time dedicated to 

the analysis of them. I believe a lot of the behavior we see could be explained by ratios between 

the parameters, but due to a limitation of how much time I have, I could not do the work justice. 

Other issues that arose were that of, the second order case with parameters a, b, and c added. I 

believe if I was able to use the function SFP to its full capacity I would be able to find out more 

info on stability, but it seems that there is a Maple error somewhere that does not like when I 

gave ‘a’ values less than 1. There were just error messages that kept popping up in those 

instances, but it wasn’t anything on the actual code for SFP, I believe it is an error to an integral 

part of Maple functions, that just wouldn’t work. Also, I myself am very new to Maple and so I 

believe my inexperience was also a limitation in finding out more on the behavior of the orbits. 

The findings that I did see were interesting, though due to limitations on time and it being my 

first time doing numerical analysis I feel there were some things I may have missed, but if I ever 

decide to keep working on it. Maybe I will be able to do better work, and find out more about the 

equations we have.  


