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2. Principal Characters of standard modules for A(1)
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4. W3(3, ℓ+ 3) with 3, ℓ coprime
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2. Preliminaries



Pochhammer symbols, etc.

Pochhammer symbols:

(a; q)j = (1− a)(1− aq) . . . (1− aqj−1)

(q; q)j = (1− q)(1− q2) . . . (1− qj)

(a; q)∞ = (1− a)(1− aq) . . .

(a1, a2, a3, . . . ; q)t = (a1; q)t(a2; q)t(a3; q)t . . . .

A modified θ function

θ(a; q) = (a, q/a; q)∞

q-Binomial [
a

b

]
q

=
(q)a

(q)b(q)a−b

2



Pochhammer symbols, etc.

Pochhammer symbols:

(a; q)j = (1− a)(1− aq) . . . (1− aqj−1)

(q; q)j = (1− q)(1− q2) . . . (1− qj)

(a; q)∞ = (1− a)(1− aq) . . .

(a1, a2, a3, . . . ; q)t = (a1; q)t(a2; q)t(a3; q)t . . . .

A modified θ function

θ(a; q) = (a, q/a; q)∞

q-Binomial [
a

b

]
q

=
(q)a

(q)b(q)a−b

2



Pochhammer symbols, etc.

Pochhammer symbols:

(a; q)j = (1− a)(1− aq) . . . (1− aqj−1)

(q; q)j = (1− q)(1− q2) . . . (1− qj)

(a; q)∞ = (1− a)(1− aq) . . .

(a1, a2, a3, . . . ; q)t = (a1; q)t(a2; q)t(a3; q)t . . . .

A modified θ function

θ(a; q) = (a, q/a; q)∞

q-Binomial [
a

b

]
q

=
(q)a

(q)b(q)a−b

2



Pochhammer symbols, etc.

Pochhammer symbols:

(a; q)j = (1− a)(1− aq) . . . (1− aqj−1)

(q; q)j = (1− q)(1− q2) . . . (1− qj)

(a; q)∞ = (1− a)(1− aq) . . .

(a1, a2, a3, . . . ; q)t = (a1; q)t(a2; q)t(a3; q)t . . . .

A modified θ function

θ(a; q) = (a, q/a; q)∞

q-Binomial [
a

b

]
q

=
(q)a

(q)b(q)a−b

2



Pochhammer symbols, etc.

Pochhammer symbols:

(a; q)j = (1− a)(1− aq) . . . (1− aqj−1)

(q; q)j = (1− q)(1− q2) . . . (1− qj)

(a; q)∞ = (1− a)(1− aq) . . .

(a1, a2, a3, . . . ; q)t = (a1; q)t(a2; q)t(a3; q)t . . . .

A modified θ function

θ(a; q) = (a, q/a; q)∞

q-Binomial [
a

b

]
q

=
(q)a

(q)b(q)a−b

2



Pochhammer symbols, etc.

Pochhammer symbols:

(a; q)j = (1− a)(1− aq) . . . (1− aqj−1)

(q; q)j = (1− q)(1− q2) . . . (1− qj)

(a; q)∞ = (1− a)(1− aq) . . .

(a1, a2, a3, . . . ; q)t = (a1; q)t(a2; q)t(a3; q)t . . . .

A modified θ function

θ(a; q) = (a, q/a; q)∞

q-Binomial [
a

b

]
q

=
(q)a

(q)b(q)a−b

2



Pochhammer symbols, etc.

Pochhammer symbols:

(a; q)j = (1− a)(1− aq) . . . (1− aqj−1)

(q; q)j = (1− q)(1− q2) . . . (1− qj)

(a; q)∞ = (1− a)(1− aq) . . .

(a1, a2, a3, . . . ; q)t = (a1; q)t(a2; q)t(a3; q)t . . . .

A modified θ function

θ(a; q) = (a, q/a; q)∞

q-Binomial [
a

b

]
q

=
(q)a

(q)b(q)a−b

2



Pochhammer symbols, etc.

Pochhammer symbols:

(a; q)j = (1− a)(1− aq) . . . (1− aqj−1)

(q; q)j = (1− q)(1− q2) . . . (1− qj)

(a; q)∞ = (1− a)(1− aq) . . .

(a1, a2, a3, . . . ; q)t = (a1; q)t(a2; q)t(a3; q)t . . . .

A modified θ function

θ(a; q) = (a, q/a; q)∞

q-Binomial [
a

b

]
q

=
(q)a

(q)b(q)a−b

2



Pochhammer symbols, etc.

Pochhammer symbols:

(a; q)j = (1− a)(1− aq) . . . (1− aqj−1)

(q; q)j = (1− q)(1− q2) . . . (1− qj)

(a; q)∞ = (1− a)(1− aq) . . .

(a1, a2, a3, . . . ; q)t = (a1; q)t(a2; q)t(a3; q)t . . . .

A modified θ function

θ(a; q) = (a, q/a; q)∞

q-Binomial

[
a

b

]
q

=
(q)a

(q)b(q)a−b

2



Pochhammer symbols, etc.

Pochhammer symbols:

(a; q)j = (1− a)(1− aq) . . . (1− aqj−1)

(q; q)j = (1− q)(1− q2) . . . (1− qj)

(a; q)∞ = (1− a)(1− aq) . . .

(a1, a2, a3, . . . ; q)t = (a1; q)t(a2; q)t(a3; q)t . . . .

A modified θ function

θ(a; q) = (a, q/a; q)∞

q-Binomial [
a

b

]
q

=
(q)a

(q)b(q)a−b

2



Affine Lie algebras

g – (Affine) Kac–Moody Lie algebra

Example ŝlr = A
(1)
r−1

g = slr ⊗ C[t, t−1]⊕ Cc

c is central

[a⊗ tn, b⊗ tm] = [a, b]⊗ tm+n + n〈a, b〉δn+m,0c

3
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Affine Lie algebra

αi for i = 0, . . . , r – simple roots

Λi for i = 0, . . . , r – fundamental weights

L(λ) – highest weight irreducible representation

Integrable λ ∈ Z≥0Λ0 + · · ·+ Z≥0Λr

ch(L(λ)) ∈ eλZ[[e−α0 , e−α1 , . . . , e−αr ]]

Principally specialized character
χ(L(λ)) = (e−λ ch(L(λ)))|e−αi→q ∈ Z[[q]]

4
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Principal Characters

Lepowsky–Milne for ŝl2 = A
(1)
1

χ(L(aΛ0 + bΛ1)) =
1

(q; q2)∞

(qa+1, qb+1, qa+b+2; qa+b+2)∞
(q)∞

Lepowsky–Milne for A(2)
2

χ(L(aΛ0 + bΛ1))

=
1

(q, q5; q6)∞

× (qa+1, qa+b+2, qa+2b+3; qa+2b+3)∞(qa+1, qa+4b+5; q2a+4b+6)∞
(q)∞

5
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Affine Lie algebras

Lepowsky-Wilson

Explained the factors analogous to 1/(q; q2)∞:

Character of “principal Heisenberg subalgebra”

In X(t)
r with X = A,D,E, the principally specialized character of

level 1 modules.

Remaining – highest-weight vectors w.r.t. this Heisenberg

Principal Characters

χ(Ω(λ)) =
χ(L(λ))

χ(L(Λ0))

6
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Deeper into ŝl2

Odd levels: Andrews–Gordon
Let k ≥ 1, 1 ≤ i ≤ k + 1

∑ qn
2
1+···+n2

k +ni+ni+1+···+nk

(q)n1−n2
(q)n2−n3

· · · (q)nk−1−nk
(q)nk

=
(q2k+3−i, qi, q2k+3; q2k+3)∞

(q)∞

= χ(Ω((2k + 2− i)Λ0 + (i− 1)Λ1))

7



Deeper into ŝl2

Even levels: Andrews–Bressoud
Let k ≥ 1, 1 ≤ i ≤ k + 1

∑ qn
2
1+···+n2

k +ni+ni+1+···+nk

(q)n1−n2
(q)n2−n3

· · · (q)nk−1−nk
(q2; q2)nk

=
(q2k+2−i, qi, q2k+2; q2k+2)∞

(q)∞

= χ(Ω((2k + 1− i)Λ0 + (i− 1)Λ1))

8



ŝl2 at level=∞

Level =∞
For i ∈ Z>0 ∪ {∞}

∑qn
2
1+n2

2···+ +ni+ni+1+···

(q)n1−n2
(q)n2−n3

· · ·

=
1− qi

(q)∞

= χ(Ω(∞Λ0 + (i− 1)Λ1))

9



ŝl2 at level=∞

Generalized Verma modules

Finite i:

Principal character of generalized Verma module.

U(ŝl2)⊗U(ŝl2≥0)
L((i− 1)Λ1)

i = ∞:

Principal character of any (usual) Verma module.

U(ŝl2)⊗U(h⊕b) Cλ

10
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L((i− 1)Λ1)

i = ∞:

Principal character of any (usual) Verma module.
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ŝl2 at level=∞

Generalized Verma modules
Finite i:

Principal character of generalized Verma module.
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ŝl2 at level=∞

Garland–Lepowsky resolution
For ŝl2 and integrable modules L(λ),

there is a resolution in terms of generalized Verma modules Ej :

· · · → E2 → E1 → E0 → L(λ) → 0.

Question
How does the Euler–Poincaré character calculated using
“infinite-fold” sums close up to give “finite” sums in
Andrews–Gordon and Andrews–Bressoud identities?

11
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ŝl2: Summary

We understand:

1. Sum-sides for principal characters of standard modules

2. Sum-sides for principal characters of generalized Verma
modules (arising as limits).
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3. A
(1)
2 and higher rank



Summary

For A(1)
2 :

1. We have conjectures for all standard modules.

2. Conjectural sum-sides for principal characters of generalized
Verma modules.

3. A lot of specific cases are known –
Andrews–Schilling–Warnaar, Corteel–Welsh,
Corteel–Dousse-Uncu, Warnaar, Kanade–Russell.

For A(1)
r , r > 2 :

1. Ole Warnaar has (some) conjectural sum-sides for principal
characters of generalized Verma modules (infinite level).

13
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Andrews–Schilling–Warnaar

Defined A2 Bailey pairs

Invented an A2 generalization of the A1 Bailey lemma

Start with a A2 Bailey pair→ transform to new A2 Bailey pair
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Andrews–Schilling–Warnaar

Some things to remember:

1. Levels are grouped by 3.

2, 3, 4

5, 6, 7

8, 9, 10

and so on.

2. Levels 3k + 1 are most “straight-forward”
then 3k − 1

and then 3k.

3. 4, 2, 3
7, 5, 6

10, 8, 9

and so on.
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Andrews–Schilling–Warnaar

Example: Andrews–Schilling–Warnaar
Level 7, Modulus 10

∑qr
2
1−r1s1+s21 + r22−r2s2+s22 + r1+r2+s1+s2(1− qr2+s2+1)

(q)r1−r2(q)s1−s2(q)r2(q)s2(q)r2+s2+1

=
1

(q)∞
χ(Ω(7Λ0 + 0Λ1 + 0Λ2))
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Andrews–Schilling–Warnaar

Example: Andrews–Schilling–Warnaar
Level 5, Modulus 8

∑qr
2
1−r1s1+s21 + r22+r2s2+s22 + r1+r2+s1+s2(1− qr2+s2+1)

(q)r1−r2(q)s1−s2(q)r2(q)s2(q)r2+s2+1

=
1

(q)∞
χ(Ω(5Λ0 + 0Λ1 + 0Λ2))

17



Andrews–Schilling–Warnaar

Example: Andrews–Schilling–Warnaar
Level 5, Modulus 8

∑qr
2
1−r1s1+s21 + r22+r2s2+s22 + r1+r2+s1+s2(1− qr2+s2+1)

(q)r1−r2(q)s1−s2(q)r2(q)s2(q)r2+s2+1

=
1

(q)∞
χ(Ω(5Λ0 + 0Λ1 + 0Λ2))

17



Andrews–Schilling–Warnaar

Example: Andrews–Schilling–Warnaar
Level 6, Modulus 9

∑qr
2
1−r1s1+s21 + r22−r2s2+s22 + r1+r2+s1+s2(1− qr2+s2+1)

(q)r1−r2(q)s1−s2(q)r2+s2(q)r2+s2+1

[
r2 + s2

r2

]
q3

=
1

(q)∞
χ(Ω(6Λ0 + 0Λ1 + 0Λ2))
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Andrews–Schilling–Warnaar

Example: Andrews–Schilling–Warnaar
Level 6, Modulus 9

∑qr
2
1−r1s1+s21 + r22−r2s2+s22 + r1+r2+s1+s2(1− qr2+s2+1)

(q)r1−r2(q)s1−s2(q)r2+s2(q)r2+s2+1

[
r2 + s2

r2

]
q3

=
1

(q)∞
χ(Ω(6Λ0 + 0Λ1 + 0Λ2))

18



Andrews–Schilling–Warnaar

Location of L(aΛ0 + bΛ1 + cΛ2) with a ≥ b ≥ c, a+ b+ c = 16

16, 0, 0

15, 1, 0 14, 1, 1

14, 2, 0 13, 2, 1 12, 2, 2

13, 3, 0 12, 3, 1 11, 3, 2 10, 3, 3

12, 4, 0 11, 4, 1 10, 4, 2 9, 4, 3 8, 4, 4

11, 5, 0 10, 5, 1 9, 5, 2 8, 5, 3 7, 5, 4 6, 5, 5

10, 6, 0 9, 6, 1 8, 6, 2 7, 6, 3 6, 6, 4

9, 7, 0 8, 7, 1 7, 7, 2

8, 8, 0
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4. Our recent work



Our recent work

Kanade–Russell, 2022
1. At every level, explicit conjectures for modules “above the line”.

2. These are “truncations” of our “infinite level” conjectures.

3. Identities for modules “below the line” are determined by
Corteel–Welsh recursions for cylindric partitions.

4. At levels divisible by 3, explicit forms for “below the lines” using
an identity of Weierstraß.

5. Some (not all!) new “sum=product” identities using these
methods.

6. Can prove our conjectures for level 3 and 7

(levels 2, 4, 5 were known before, due to Andrews–Schilling–
Warnaar, Corteel–Welsh, Corteel–Dousse–Uncu).
Level 6 still remains!
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Infinite level A2

Location of L(∞Λ0 + aΛ1 + bΛ2):

∞, 0, 0

∞, 1, 0 ∞, 1, 1

∞, 2, 0 ∞, 2, 1 ∞, 2, 2

∞, 3, 0 ∞, 3, 1 ∞, 3, 2 ∞, 3, 3

∞, 4, 0 ∞, 4, 1 ∞, 4, 2 ∞, 4, 3 ∞, 4, 4

∞, 5, 0 ∞, 5, 1 ∞, 5, 2 ∞, 5, 3 ∞, 5, 4 ∞, 5, 5
...

...
...

...
...

...
. . .

L(∞Λ0 + aΛ1 + bΛ2) can be viewed as generalized Verma module
induced from L(aΛ1 + bΛ2)
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Infinite level A2

Warnaar 2021
Corresponding to χ(Ω(∞Λ0 + 0Λ1 + 0Λ2))

∑ qr1−r1s1+s21+r2−r2s2+s22+···+ r1+r2+···+s1+s2+···

(1− q) · (q)r1−r2(q)r2−r3 · · · (q)s1−s2(q)s2−s3 · · ·

=
(1− q)(1− q)(1− q2)

(q)3∞

Also proved identities corresponding to

χ(Ω(∞Λ0 +∞Λ1 + 0Λ2))

χ(Ω(∞Λ0 +∞Λ1 +∞Λ2))
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Infinite level A2

Kanade–Russell 2022
Conjectures for all a, b.

At finite levels, the identities “above the line” are appropriate
truncations.

Kanade–Russell 2022 (Conjecture)
Corresponding to χ(Ω(∞Λ0 + 2Λ1 + 1Λ2))

∑ qr1−r1s1+s21+r2−r2s2+s22+···+ r3+r4+···+s2+···

(1− q) · (q)r1−r2(q)r2−r3 · · · (q)s1−s2(q)s2−s3 · · ·

−q
∑ qr1−r1s1+s21+r2−r2s2+s22+···+ r2+r3+···+s1+···

(1− q) · (q)r1−r2(q)r2−r3 · · · (q)s1−s2(q)s2−s3 · · ·

=
(1− q3)(1− q2)(1− q5)

(q)3∞
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Some new identities: Level 3

Kanade–Russell, 2022
Level 3, Modulus 6

∑
r,s≥0

qr
2−rs+s2+s

(q)r+s(q)r+s+1

[
r + s

r

]
q3

=
1

(q)∞

1

θ(q, q2; q6)

=
1

(q)∞
χ(Ω(2Λ0 + Λ1)).
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Some new identities: Level 6

Kanade–Russell, 2022
Level 6, Modulus 9

∑ qr
2
1−r1s1+s21+r22−r2s2+s22+r2+s2(1− 2q1+r1+s1)

(q)r1−r2(q)s1−s2(q)r2+s2(q)r2+s2+1

[
r2 + s2

r2

]
q3

=
1

(q)∞

1

θ(q, q2, q2, q3, q3; q9)∞

=
1

(q)∞
χ(Ω(3Λ0 + 3Λ1 + 0Λ2)).
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Some new identities: Level 7

Kanade–Russell, 2022
Level 7, Modulus 10

∑ qr
2
1−r1s1+s21+r22−r2s2+s22

(q)r1−r2(q)s1−s2(q)r2(q)s2(q)r2+s2+1

×
(
q−r1+s2 − qr2 + q1+r1+r2+s2 − q1−r1+r2+s1+s2 − qs1+s2

)
=

1

(q)∞

1

θ(q, q, q2, q3, q3, q5; q10)

=
1

(q)∞
χ(Ω(3Λ0 + 3Λ1 + Λ2)).

26



Proof in level 3, 7

1. Cylindric partitions (Gessel–Krattenthaler)

2. Their q-generating functions exactly equal the products in
principal characters of type A divided by (q)∞.
(Gessel–Krattenthaler, Borodin)

3. Their two-variable g.f.s satisfy nice recursions
(Corteel–Welsh) with respect to max-part statistic (z) and
total weight (q).

4. Soup up the conjectural ASW sum-sides by introducing z

(Thanks Ole!)

5. Prove that the conjectured ASW z, q sums satisfy the
Corteel–Welsh recursions.

6. Set z 7→ 1.

27
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total weight (q).

4. Soup up the conjectural ASW sum-sides by introducing z

(Thanks Ole!)

5. Prove that the conjectured ASW z, q sums satisfy the
Corteel–Welsh recursions.

6. Set z 7→ 1.

27



Note:

ASWc(z, q) =
(zq; q)∞
(q)∞

Fc(z, q)

Question
What exactly are the z, q ASW sum-sides counting?
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5. Cylindric partitions



Partitions

A partition such as:

7 + 4 + 3 + 2 + 2

is really a “linear partition”:

7 4 3 2 2

Or if you want, a 2-dimensional shape:
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Really really, a linear partition

7 4 3 2 2

is a lattice path:
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Plane partitions

A plane partition is a 2-dimensional partition:

7 4 3 2 2

5 4 1

2

Numbers in boxes as heights→ 3-dimensional shape.

(Credits: Jang Soo Kim)
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Really, a collection of non-intersecting lattice paths

7 4 3 2 2

5 4 1 0 0

2 0 0 0 0

•

•

•

•

•

•
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Counting plane partitions

MacMahon (1912)
Generating function for plane partitions is:∏

n≥1

1

(1− qn)n
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Modern approach – Lindström (1973), Gessel and Viennot (1985)

Count all lattice paths (intersecting or not)

that start somewhere on SW bullets and end on NE bullets

along with the sign they induce as the permutation of starting and
ending points.

We see the Weyl groups Sn controlling the counting.
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•

•

•

•

•

•
1

2

3

1

2

3

∑
sgn(π) · qwt(path)
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•

•

•

•

•

•
2

1

3

1

2

3

∑
sgn(π) · qwt(path)
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For every unwanted path, there is another one

that induces a permutation differing by a sign.

So, only non-intersecting paths remain.

Now, the sum over Sn is interpreted in terms of determinants.
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Cylindric Partitions

First introduced by Gessel and Krattenthaler, 1997

First connected to representation theory of ŝlr by Tingley, 2008.

38



Cylindric Partitions

First introduced by Gessel and Krattenthaler, 1997

First connected to representation theory of ŝlr by Tingley, 2008.
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Cylindric partition of profile (3, 1, 2)

Connected to L(3Λ0 + 1Λ1 + 2Λ2) for ŝl3 = A
(1)
2

7 6 2

5 5 4 3

6 5 3

7 6 2

Number of rows = rank = 3

Total “skew-ness” = level = 6.
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(1)
2

7 6 2

5 5 4 3

6 5 3

7 6 2

Number of rows = rank = 3

Total “skew-ness” = level = 6.

39



Cylindric partition of profile (3, 1, 2)

Connected to L(3Λ0 + 1Λ1 + 2Λ2) for ŝl3 = A
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(1)
2

7 6 2

5 5 4 3

6 5 3

7 6 2

Number of rows = rank = 3

Total “skew-ness” = level = 6.

39



Cylindric partition of profile (3, 1, 2)

Connected to L(3Λ0 + 1Λ1 + 2Λ2) for ŝl3 = A
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Counting

Cylindric condition→ affine translations

Counting is controlled by Ŝn = affine Weyl group of ŝln = A
(1)
n−1.

(See Gessel and Krattenthaler)
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Generating Functions

Generating Functions
Fix a profile c = (c0, c1, · · · , cr).

Let Cc be the set of all cylindric partitions of profile c

Fc(z, q) =
∑
π∈Cc

zmax(π)qwt(π)

41



Relations to Characters

Borodin, Gessel–Krattenthaler, Foda–Welsh
Let c = (c0, c1, · · · , cr)

Fc(1, q)

=
1

(q)∞
χ(Ω(c0Λ0 + · · ·+ crΛr))

=
1

(qr+1; qr+1)∞
χ(L(c0Λ0 + · · ·+ crΛr)).

Question
Representation-theoretic interpretation of z (max-part statistic)?
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Symmetries

By the very definition,

F(c0,c1,··· ,cr)(z, q) = F(cr,c0,c1,··· ,cr−1)(z, q)
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Symmetries

Outer automorphism / Dynkin diagram symmetry:

0 1

23

→

1 0

32

F(c0,··· ,cr)(1, q) =
1

(q)∞
χ(Ω(c0Λ0 + · · ·+ crΛr))

=
1

(q)∞
χ(Ω(crΛ0 + cr−1Λ1 · · ·+ c1Λr)) = F(cr,cr−1··· ,c0)(1, q).

But, in general:

F(c0,··· ,cr)(z, q) 6= F(cr,cr−1··· ,c0)(z, q).
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6. W algebras



W algebras

Given a (finite) simple Lie algebra g

a nilpotent element f ∈ g

and a k ∈ C

V (g, k) 99K Wk(g, f) → Wk(g, f)
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PrincipalW algebras of type A

PrincipalW algebras of A

g = sln

f =


0 0 0 · · ·
1 0 0 · · ·
0 1 0 · · ·
...


k = −n+

p

q
,

p

q
∈ Q>0, (p, q) = 1, n ≤ p < q

Denoted asWn(p, q)
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PrincipalW algebras of type A

n = 2

W2(p, p
′) = Vir(p, p′)

47



Relations to principal characters

Relations to principal characters

Set of principal characters of ŝln at level ℓ

=

Set of characters ofWn(n, n+ ℓ)

whenever (n, ℓ) = 1.

Andrews–Schilling–Warnaar + Our work
Combinatorics ofW3(3, 3 + ℓ)
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=

Set of characters ofWn(n, n+ ℓ)

whenever (n, ℓ) = 1.

Andrews–Schilling–Warnaar + Our work
Combinatorics ofW3(3, 3 + ℓ)

48



Relations to principal characters

Relations to principal characters

Set of principal characters of ŝln at level ℓ
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Relations to cylindric partitions

Relations to cylindric partitions
Let λ = c0Λ0 + · · ·+ cn−1Λn−1

be a dominant integral weight of level ℓ ∈ Z>0 for ŝln

1

(q)∞
χ
(
(Wn)

(n,n+ℓ)
0,λ

)
= F(c0,··· ,cn−1)(1, q)
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Rank→ ∞

W∞ rigorously constructed by Andy Linshaw (2017)

Such thatWn are “truncations” ofW∞ in a precise way.

Defined over the ring C [c, λ]

Character ofW∞

∏
n≥1

1

(1− qn)n−1

This is off by a factor of 1/(q)∞ from the character of plane
partitions.

1/(q)∞ = Character of rank 1 Heisenberg VOA.
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Rank→ ∞

Rank→ ∞

H ⊗W∞ = W1+∞ L9999K Plane partitions

Rank→ ∞
Plane partitions

L9999K

Cylindric partitions with infinitely many rows
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Questions

Todo
Why does Heisenberg make life easier?

Todo
Is there an explicit way to relate combinatorics ofW algebras to
cylindric partitions?

Question
What about the combinatorics of other truncations ofW∞?
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Other types?

Kanade–Linshaw 2018
There exists a universal objectWeven

∞ defined over C[c, λ]

whose truncations include principalW-algebras of type B, C
and Z2-orbifolds of principalW-algebras of type D.

Character:
1

(1− q2)(1− q3)(1− q4)2(1− q5)2(1− q6)3 · · ·

Question
What about the combinatorics ofWeven

∞ ?
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Thank you!
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