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The First Funadamental Theorem of Invariant Theory

G :“ GLnpCq , V :“ Cn , G naturally acts on V (hence on V ˚).

Ek,l :“ V ‘k ‘ pV ˚q‘l.

G acts on the polynomial algebra P
`

Ek,l
˘

:

g ¨ φpxq :“ φpg´1 ¨ xq for g P G, x P Ek,l.

Classical Problem: Find concrete generators and relations for PpEk,lqG.

Define φi,jpv1, . . . , vk, v
˚
1 , . . . , v

˚
l q :“ xv˚j , viy for 1 ď i ď k and 1 ď j ď l.

In coordinates: φi,j “
řn
r“1 v

˚
j,rvi,r.

Theorem (Schur, Weyl, . . .)

PpEk,lqG is generated by the φi,j for 1 ď i ď k, 1 ď j ď l.
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The operator commutant FFT (à la Roger Howe)

P :“ Pmˆn :“ PpMatmˆnq.

GLmpCq ˆGLnpCq naturally acts on Matmˆn:

pg, g1q ¨X :“ pg´1qTXg1

Passing to Lie algebras, we obtain an action of glm ‘ gln on Matmˆn:

pA,Bq ¨X :“ ´ATX `XB.

GLm ˆGLn and glm ‘ gln naturally act on P.

Observation: glm and gln act by polarization operators:

Eij ù

n
ÿ

r“1

xir
B

Bxjr
for 1 ď i, j ď m

and

E1ij ù

m
ÿ

r“1

xri
B

Bxrj
for 1 ď i, j ď n..
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The operator commutant FFT (à la Roger Howe)

Weyl algebra on Matmˆn

PD :“ PDmˆn: the C-algebra generated by the xi,j and the Bi,j for
1 ď i ď m and 1 ď j ď n, modulo the relations

Bi,jxk,l ´ xk,lBi,j “ δi,kδj,l.

P is a PD-module.

Set Upgq :“ T pgq{I, where I is the ideal generated by the elements

xb y ´ y b x´ rx, ys , x, y P g.

Every Lie theorist knows: g´mod – Upgq ´mod.

Set Um,n :“ Upglmq b Upglnq. The polarization operators result in an
algebra homomorphism

φm,n : Um,n Ñ PD,
such that the following diagram commutes:

Um,n b P

xbf ÞÑφm,npxqbf
&&

xbf ÞÑx¨f
// P

PD b P
Dbf ÞÑDf

;;
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The operator commutant FFT (à la Roger Howe)

Um,n b P

xbf ÞÑφm,npxqbf
&&

xbf ÞÑx¨f
// P

PD b P
Dbf ÞÑDf

;;

Theorem (Howe, 1995)

(i) The subalgebras φm,npUpglmq b 1q and φm,np1b Upglnqq of PD are mutual
centralizers in PD.

(ii) The FFT for GLnpCq follows readily from (i).

Remark (trivial)

The mutual centralizer property does not hold in EndpPq.
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The operator commutant FFT (à la Roger Howe)

Um,n b P

xbf ÞÑφm,npxqbf
&&

xbf ÞÑx¨f
// P

PD b P
Dbf ÞÑDf

;;

Eigenvalues of Capelli operators

PD – P bD – P
`

V ‘m ‘ pV ˚q‘m
˘

as GLn-modules.

P –
À

λ Fλ Fλ – Vλ b Vλ as GLm ˆGLn-modules.

Vλ: GLm-module (or GLn-module) indexed by the Young diagram λ.

PDGLmˆGLn has a distinguished basis
 

Dλ : `pλq ď mintm,nu
(

.

m “ n ñ Dλ
ˇ

ˇ

Fµ
“ s˚λpµ1, . . . , µnq, where:

s˚λpx1, . . . , xnq :“

ˇ

ˇ

ˇ
pxi ` n´ iq

µj`n´j
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
pxi ` n´ iq

n´j
ˇ

ˇ

ˇ

(factorial Schur polynomial)

xk :“ xpx´ 1q ¨ ¨ ¨ px´ k ` 1q.
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The Hopf algebra Uqpglnq

k :“ Cpqq.

The quantized enveloping algebra Uqpglnq

Q :“ Zε1 ` ¨ ¨ ¨ ` Zεn (weight lattice of gln).

λ “
n
ÿ

i“1

λiεi, µ “
n
ÿ

i“1

µiεi ñ pλ, µq :“
ÿ

λiµi.

Φ :“ tεi ´ εju1ďi‰jďn : root system of type An , αi :“ εi ´ εi`1.

Uqpglnq : k-algebra generated by xEi, Fi,Kλ : 1 ď i ď n´ 1, λ P Qy modulo:

KλKµ “ Kλ`µ.

KλEi “ qpλ,αiqEiKλ , KλFi “ q´pλ,αiqFiKλ.

rEi, Fjs :“ δi,j
Ki´K

´1
i

q´q´1 , Ki :“ Kαi .

E2
i Ei˘1 ´ pq ` q

´1qEiEi˘1Ei ` Ei˘1E
2
i “ 0.

F 2
i Fi˘1 ´ pq ` q

´1qFiFi˘1Fi ` Fi˘1F
2
i “ 0.

Uqpglnq is a Hopf algebra

∆pEiq :“ Ei bKi ` 1 b Ei , ∆pFiq :“ Fi b 1 `K´1
i b Fi , ∆pKλq :“ Kλ bKλ.

SpEiq :“ ´EiK
´1
i , SpFiq :“ ´KiFi, SpKiq :“ K´1

i , εpKλq “ 1, εpEiq “ 0, εpFiq “ 0.
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i , εpKλq “ 1, εpEiq “ 0, εpFiq “ 0.
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Quantized coordinate ring of Matmˆn

The FRT bialgebra

R “
ř

RklijEki b Elj P Endkpkn b knq.

ApRq :“ x tij , 1 ď i, j ď n : RT1T2 “ T2T1R y

T :“ rtijs , T1 “ T b I , T2 “ I b T

The algebra Pnˆn

Set Pnˆn :“ ApRq for the R-matrix given by:

Riiii “ q, Rijij “ 1 for i ‰ j, Rjiij “ pq ´ q
´1
q for i ă j.

ApRq is the algebra generated by tij for 1 ď i, j ď n modulo the
relations:

tijtik “ qtiktij , tjitki “ qtkitji pj ă kq

tiltkj “ tkjtil , tijtkl ´ tkltij “ pq ´ q
´1
qtiltkj pi ă k, j ă lq
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Quantized coordinate ring of Matmˆn

Pnˆn ãÑ Uqpglnq
˝ (matrix coefficients of the “standard module”)

Pnˆn is a bialgebra:

∆pti,jq “
ÿ

ti,k b tk,j .

Uqpglnq acts on Pnˆn by left and right translation:

x ¨L u :“
ÿ

xu1, xyu2 , x ¨R u “
ÿ

u1xu2, x
6y,

where x ÞÑ x6 is the Hopf isomorphism Uqpglnq Ñ Uqpglnq
op given by

E6i :“ qKiFi , F
6

i :“ q´1EiK
´1
i , K6εi :“ Kεi ,

and ∆puq “
ř

u1 b u2 (Sweedler notation).

Formulas for right translation of Uqpglnq on Pnˆn

Ek ¨ ti,j “ ´δk,jq
´1ti,k`1 , Fk ¨ ti,j “ ´δk`1,jqti,k , Kεk ¨ ti,j “ q´δk,j ti,j
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Quantized coordinate ring of Matmˆn

From Pnˆn to Pmˆn

Pmˆn: The subalgebra of PNˆN , N :“ maxtm,nu, generated by the
tij satisfying 1 ď i ď m and 1 ď j ď n.

Pmˆn is a Uqpglmq b Uqpglnq-module algebra.

The algebra Dmˆn

Set Dnˆn :“ ApRq for the R-matrix given by:

Riiii “ q, Rijij “ 1 for i ‰ j, Rjiij “ pq ´ q
´1
q for i ą j.

Dnˆn – Pop,cop
nˆn .

Dnˆn ù Dmˆn

We denote the generators of Dmˆn by Bij where 1 ď i ď m, 1 ď j ď n.

Dmˆn is also a Uqpglmq b Uqpglnq-module algebra.
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The quantized Weyl algebra PDmˆn

PDmˆn :“ Pmˆn bDmˆn as vector spaces.

Universal R-matrix

Cn: Category of finite dimensional Uqpglnq-modules (with some mild
restrictions).

Fact: Cn is a braided monoidal category.

V bW
– //

R

$$

W b V

V bW

σ : vbw ÞÑwbv

::

R :“
´

eh
řn
i“1 HibHi

¯

npn´1q{2
ź

i“1

Expq
`

pq ´ q´1qEβi b Fβi
˘

,

Eεi´εj :“ ˘rEi, r. . . , Ej´1s´s´ and Fεi´εj :“ ˘rFj´1, r. . . , Fis`s`

where 1 ď i ă j ď n and rx, ys˘ :“ xy ´ q˘1yx.

ehHi :“ Kεi ; eh :“ q; Expqpxq :“
ř

rě0 q

´

r
2

¯

xr

rrsq !
;

βi`jpj´1q{2 :“ εi ´ εj`1 for 1 ď i ď j ď n ´ 1.
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The quantized Weyl algebra PDmˆn

∆cop
“ R∆R

´1 , p∆b idqpRq “ R13R23 , pidb∆qpRq “ R13R12.

Proposition

Suppose we are given:

H: any Hopf algebra with a universal R-matrix R P H bH.

A, B : H-module algebras.

Then the following hold:

AbB can be equipped with an associative algebra structure with
multiplication defined by

pab bq ‚ pa1 b b1q :“ pab 1q
`

Řpbb a1q
˘

p1b b1q,

where Ř :“ σ ˝ R.

The new algebra AbŘ B is an H-module algebra.
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The quantized Weyl algebra PDmˆn

Theorem (Noumi–Yamada–Mimachi ’93; Baumann ’98, R. Zhang ’02, . . . )

Pmˆn –
à

`pλq ď mintm,nu

VλbVλ and Dmˆn –
à

`pλq ď mintm,nu

V ˚λ bV
˚
λ

as Uqpglmq b Uqpglnq-modules.

Vλ ù q´
ř

i λiεi (lowest weight module).

PDgr
mˆn :“ Pmˆn bŘ Dmˆn

Towards deformed twisted tensor product

H: any Hopf algebra with a universal R-matrix R P H bH.

A, B : H-module algebras.

EA Ď A and EB Ď B: H-stable generating subspaces.

A – T pEAq{IA and B – T pEBq{IB .

Proposition. AbŘ B – T pEA ‘ EBq{IA,B , where IA,B is generated by
IA, IB , and the relations

ba´ Řpab bq, a P A, b P B.
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A – T pEAq{IA and B – T pEBq{IB .

Proposition. AbŘ B – T pEA ‘ EBq{IA,B , where IA,B is generated by
IA, IB , and the relations

ba´ Řpab bq, a P A, b P B.
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The quantized Weyl algebra PDmˆn

Explicit mixed relations of PDmˆn

PDmˆn is generated by tij and Bij for 1 ď i ď m and 1 ď j ď n satisfying
the relations in Pmˆn, in Dmˆn, and

Bletdf “
ÿ

j,a,n,b

R̂fbeaR̂
dn
lj tjaBnb` δl,dδe,f .

(i) Bcbtda “ tdaBcb if b ‰ a and c ‰ d.

(ii) Bcbtca “ qtcaBcb `
ř

c1ącpq ´ q
´1qtc1aBc1b if b ‰ a.

(iii) Bcatda “ qtdaBca `
ř

a1ąapq ´ q
´1qtda1Bca1 if c ‰ d.

(iv) Bcatca “ 1`
ÿ

c1ěc

ÿ

a1ěa

q
δc1,c`δa1,a pq ´ q´1q

2´δc1,c´δa1,a tc1,a1Bc1,a1 .

Remark

The algebra PDmˆn was also introduced by Shklyarov–Sinelschchikov–Vaksman
(circa 1998) and Bershtein (2007), with a completely different construction.
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A no-go theorem

UL :“ Uqpglmq , UR :“ Uqpglnq , ULR :“ UL b UR.

ULR
φU

ÝÝÝÝÝÑ EndpPmˆnq
φPD

ÐÝÝÝÝÝÝ PDmˆn

Unfortunately, φU pULRq Ę φPDpPDmˆnq.

Proposition (Letzter–Sahi–S.)

There does not exist a k-algebra ĆPDmˆn with the following properties:

(i) ĆPDmˆn is a locally finite ULR-module.

(ii) Pmˆn is a ĆPDmˆn-module and the map ĆPDmˆn bPmˆn Ñ Pmˆn

is a homomorphism of ULR-module.

(iii) There exists a homomorphism of algebras rφ : ULR ÑĆPDmˆn such that
the following diagram commutes:

ULR bPmˆn

xbf ÞÑ rφpxqbf ((

xbf ÞÑx¨f
// Pmˆn

ČPDmˆn bPmˆn

Dbf ÞÑD¨f

77
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Double centralizer property: the q-version

UL :“ Uqpglmq , UR :“ Uqpglnq , ULR :“ UL b UR.

ULR
φU

ÝÝÝÝÝÑ EndpPmˆnq
φPD

ÐÝÝÝÝÝÝ PDmˆn

Set
L :“ φU pUL b 1q XPDmˆn , R :“ φU p1b URq XPDmˆn

Li,j :“
n
ÿ

r“1

tirBjr , 1 ď i, j ď m and Ri,j :“
m
ÿ

r“1

triBrj , 1 ď i, j ď n.

Theorem A (Letzter–Sahi–S.)

(i) L and R are mutual centralizers in PDmˆn.

(ii) L is generated by the Li,j , ď i, j ď m.

(iii) R is generated by the Ri,j , 1 ď i, j ď n.
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FFT : the q-version

UL :“ Uqpglmq , UR :“ Uqpglnq , ULR :“ UL b UR.

ULR
φU

ÝÝÝÝÝÑ EndpPmˆnq
φPD

ÐÝÝÝÝÝÝ PDmˆn

Set
L :“ φU pUL b 1q XPDmˆn , R :“ φU p1b URq XPDmˆn

Li,j :“
n
ÿ

r“1

tirBjr , 1 ď i, j ď m and Ri,j :“
m
ÿ

r“1

triBrj , 1 ď i, j ď n.

Theorem B (Letzter–Sahi–S.)

Let Ak,l,n denote the algebra generated by kn` ln generators tij and Bi1j , where
1 ď i ď k, 1 ď i1 ď l, 1 ď j ď n, subject to “same” relations as PDmˆn. Then:

(i)
`

Ak,l,n
˘Uqpglnq is generated by the Li,j for ď i ď k, 1 ď j ď l.

(ii) A similar assertion holds for grpAk,l,nq.

PpV ‘k ‘ pV ˚q‘lq q-deformation
ÝÝÝÝÝÝÝÝÝÑ grpAk,l,nq.
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FFT : the q-version

Comparing with the FFT by Lehrer–Zhang–Zhang (2010)

Algebra proposed by L–Z–Z:

Generators: tij for 1 ď i ď k and 1 ď j ď n; Bi,j for 1 ď i ď l and 1 ď j ď n.

Relations between the tij (or between the Bij): same as those of grpAk,l,nq.

Mixed relations:

(i) Bcbtda “ tdaBcb if b ‰ a.

(ii) Bcatba “ qtbaBca ` pq ´ q
´1q

ř

a1ąa tba1Bca1

Mixed relations of grpAk,l,nq

(i) Bcbtda “ tdaBcb if b ‰ a and c ‰ d.

(ii) Bcbtca “ qtcaBcb `
ř

c1ącpq ´ q
´1qtc1aBc1b if b ‰ a.

(iii) Bcatda “ qtdaBca `
ř

a1ąapq ´ q
´1qtda1Bca1 if c ‰ d.

(iv) Bcatca “
ÿ

c1ěc

ÿ

a1ěa

q
δc1,c`δa1,a pq ´ q´1q

2´δc1,c´δa1,a tc1,a1Bc1,a1 .
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Strategy of proof

The map Γk,l,n

Γn : Pnˆn
∆

ÝÝÝÑ Pnˆn bPnˆn
1bι
ÝÝÑ PDgr

nˆn

where ιptijq :“ Bji.

We define Γk,l,n by restricting Γn:

Pkˆl
//

Γk,l,n
((

Pnˆn

Γn // PDgr
nˆn

grpAk,l,nq

) 	

66

The ‹ product on Pkˆl

u ‹ v :“
ÿ

@

ιpv1q
6
b ιpu3q

6,R
D@

ιpv3q b ιpu2q,R
D

u1v2.

Proposition

(i) Γk,l,n is a bijection onto grpAk,l,nq
Uqpglnq.

(ii) Γk,l,npu ‹ vq “ Γk,l,npuqΓk,l,npvq.
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Elements of Weyl type

UL :“ Uqpglmq , UR :“ Uqpglnq , ULR :“ UL b UR.

ULR
φU

ÝÝÝÝÝÑ EndpPmˆnq
φPD

ÐÝÝÝÝÝÝ PDmˆn

Problem. Set PD :“ PDmˆn. Characterize the subalgebras

UL :“ tx P UL : φU pxb 1q P PDu and UR :“ tx P UR : φU p1b xq P PDu .

Cartan subalgebra of Uqpglnq: For U :“ Uqpglnq we set

U˝ :“ krKεi ,K
´1
εi

: 1 ď i ď ns.
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Elements of Weyl type

q-Capelli operators in PDmˆn

»

—

—

–

‹1,1 ¨ ¨ ¨ ‹1,n´k ‹1,n´k`1 ¨ ¨ ¨ ‹1,n
‹2,1 ¨ ¨ ¨ ‹2,n´k ‹2,n´k`1 ¨ ¨ ¨ ‹2,n

.

.

. ¨ ¨ ¨ ¨ ¨ ¨

.

.

.
‹m,1 ¨ ¨ ¨ ‹m,n´k ‹m,n´k`1 ¨ ¨ ¨ ‹m,n

fi

ffi

ffi

fl

Dk,r :“
ř

Xrˆr
detqpXtq detqpXBq 0 ď r ď k ď n

Xt : replace ‹i,j by ti,j .

XB : replace ‹i,j by Bi,j .

detqpXtq :“
ř

σp´qq
`pσqtiσp1qj1 ¨ ¨ ¨ tiσprqjr

detqpXBq :“
ř

σp´qq
´`pσqBiσp1qj1 ¨ ¨ ¨ Biσprqjr

We define D1k,r for 0 ď r ď k ď m similarly (w.r.t. last k rows).

Theorem C (Letzter–Sahi–S.)

(i) L˝ is generated by L1, . . . ,Lm, where Li :“
ři
r“0pq

2 ´ 1qrD1i,r.

(ii) R˝ is generated by R1, . . . ,Rn, where Ri :“
ři
r“0pq

2 ´ 1qrDi,r.

(iii) U˝L X UL is generated by K´2pεa`¨¨¨`εmq for 1 ď a ď m.

(iv) U˝R X UR is generated by K´2pεa`¨¨¨`εnq for 1 ď a ď n.
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Quantized Capelli operators

g: a reductive Lie algebra – θ: involution of g – k :“ gθ.

pg, kq ù pUqpgq,Bθq

Three symmetric spaces for gln

Assume g :“ gR bR C for gR :“ glnpFq, where F P tR,C,Hu.

Set k :“ kR bR C where kR is the maximal compact of gR.

F g k N
R gln on n
C gln ‘ gln gln n
H gl2n sp2n 2n

pUqpgq,Bθq ú RgJ1R
t1
g J2 “ J2R

t1
g J1Rg

Rg “
ř

pRgq
kl
ijEki b Elj .

pRt1g q
kl
ij “ pRgq

il
kj , J1 :“ J b I, J2 :“ I b J .

Set PD :“ PDNˆN .
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Quantized Capelli operators

F “ R: zPDg :“ PD .

F “ C: zPDg :“ PD bPD .

F “ H: zPDg :“ PD .

xij :“
ÿ

r,s

Jrstirtjs , dij :“
ÿ

r,s

q´2ŝJrsBirBjs for 1 ď i, j ď N

The relations between the xij are given by: RgX1R
t1
g X2 “ X2R

t1
g X1Rg and

other relations of the form xij “ γxji, γ P tq,´q
´1, 0u.

The relations between the dij are similar.

The mixed relations are:

dabxef “
ÿ

w,r,x,q,p,m,y,l

pRt2g q
wr
xq pR

t2
g q

pq
mapR

t2
g q

xy
fl pR

t2
g q

ml
eb xpwdry`q

´δef δaeδbf

The xij and the Bij are right Bθ-invariant.
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Quantized Capelli operators

Notation

Pθ: subalgebra of zPDg generated by the xij .

Dθ: subalgebra of zPDg generated by the dij .

PDθ: subalgebra of zPDg generated by the xij and the dij .

Pθ ú OpG{Kq , PDθ ú DpG{Kq

In all three cases F P tR,C,Hu, we have a Uqpgq-module decomposition

Pθ –
à

`pλqďn

Fλ.

Thus, we can construct a basis tDλ : `pλq ď nu for PDθ.

Problem. What is the eigenvalue of Dλ on Fµ?
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Quantized Capelli operators

Interpolation Macdonald polynomials (Sahi, 1996)

Let λ be a partition satisfying `pλq ď n. Then Rλ P Qpq, tqrx1, . . . , xns is the
unique polynomial satisfying the following:

degpRλq “ |λ|.

Rλ is symmetric in the xi. Furthermore Rλ “ mλ `
ř

µďλ cλ,µmµ.

Rλpq
´µτ, q, tq “ 0, where τ “ pτ1, . . . , τnq with τi :“ t´n`i,

for µ such that |µ| ď |λ| and µ ‰ λ.

Theorem. The top degree homogeneous component of Rλ is the
(usual) Macdonald polynomial Pλ.

Theorem D (Letzter–Sahi–S.)

The eigenvalue of Dλ P PDθ on the irreducible component Fµ of Pθ is
equal to Rλpq

´µτ, q, q2{d
q where d :“ dimF.
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