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The First Funadamental Theorem o_

@ G:=GL,(C) , V:=C" , G naturally acts on V (hence on V*).
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The First Funadamental Theorem of I_

@ G:=GL,(C) , V:=C" , G naturally acts on V (hence on V*).
0 &= VO @ (V)@
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The First Funadamental Theorem of Invariant Theory

@ G:=GL,(C) , V:=C" , G naturally acts on V (hence on V*).
(] gk:,l = YOk D (V*)@l.
@ G acts on the polynomial algebra P (gk,l)3

g o) :=¢(g - -2) forgeG, ze Eppjio
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The First Funadamental Theorem of Invariant Theory

@ G:=GL,(C) , V:=C" , G naturally acts on V (hence on V*).
(] gk:,l = YOk D (V*)@l_
@ G acts on the polynomial algebra P (5k,l)3

g-o(z) = ¢>(g_1 -x) forge G, x €&y

@ Classical Problem: Find concrete generators and relations for P(é’k’l)c.
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The First Funadamental Theorem of Invariant Theory

G:=GL,(C) , V:=C" , G naturally acts on V (hence on V*).
Epy = VO @ (V)L
G acts on the polynomial algebra P (5k,l)3

g-dx):=¢(g"' x) forgeG, ze&y.

Classical Problem: Find concrete generators and relations for P(Sk’l)c.
l

Define ¢; j(v1,. .., vk, vf, ..., vf) = <v;?‘,vi> forl<i<kand1<j<lI.

In coordinates: ¢; ; = > U;F,,.'Ui,%
5
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The First Funadamental Theorem of Invariant Theory

G:=GL,(C) , V:=C" , G naturally acts on V (hence on V*).
Epy = VO @ (V)L
G acts on the polynomial algebra P (5k,l)5

g o) :=¢(g7t z) forgeG, ze&,.

Classical Problem: Find concrete generators and relations for P(SM)G.
l

Define ¢; j(v1,. .., vk, vf, ..., vf) = <v;‘,vi> forl<i<kand1<j<l

In coordinates: ¢; ; = > U;‘,ﬂii,r»
5

Theorem (Schur, Weyl, . ..)

P(Ek,1)C is generated by the ¢; j for 1 <i <k, 1<j <Ll
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The operator commutant FFT (a 1_

@ P:=Ppxn = PMatmxn)-
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The operator commutant FET (a la Roge_

@ P:=Ppxn = PMatmxn)-

@ GL(C) x GL,(C) naturally acts on Maty, xn:

(9.9) X = (g HT'Xxg

DA
9/104



The operator commutant FFT (a la Roger Howe)

@ P:=Ppxn = PMatmxn)-
@ GL(C) x GL,(C) naturally acts on Maty, xn:

(9.9 X = (g HTXd
@ Passing to Lie algebras, we obtain an action of gl,,, @ gl,, on Mat, xn:

(A,B)- X = —ATX + XB.
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The operator commutant FFT (a la Roger Howe)

P = Pmxn = P(Matmxn)-
GL, (C) x GL,(C) naturally acts on Maty, xn:

(9.9) X :=(gHTXg

@ Passing to Lie algebras, we obtain an action of gl,,, @ gl,, on Mat, xn:

(A,B)- X = —ATX + XB.

GLm» x GLy, and gl,,, @ gl,, naturally act on P.
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The operator commutant FFT (a la Roger Howe)

P = Pmxn = P(Matmxn)-
GL, (C) x GL,(C) naturally acts on Maty, xn:

(9.9 X = (g HTXd
Passing to Lie algebras, we obtain an action of gl,,, ® gl,, on Mat,, xn:
(A,B)-X := —ATX + XB.
GLm» x GLy, and gl,,, @ gl,, naturally act on P.

Observation: gl,, and gl,, act by polarization operators:

n
0
Eijwv»inr— forl <i,5<m

r=1 aCer
and
o 0
Eéj (uues 2 Tri—— forl<i,j<n.
r=1 6IT]'
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The operator commutant FFT (a la Roger Howe)

Weyl algebra on Mat, xn

@ PD := PDmxn: the C-algebra generated by the z; ; and the 0;,; for
1 <i<mand 1< j<mn, modulo the relations

03,5%Tk,1 — Th,105,7 = 03,1051
@ P is a PD-module.
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The operator commutant FFT (a la Roger Howe)

Weyl algebra on Mat, xn

@ PD := PDpmxn: the C-algebra generated by the x; ; and the 0; ; for
1 <i<mand 1< j<mn, modulo the relations

0i,jTh,l — Tk,10i,5 = 04 k05,1-
@ P is a PD-module.

@ Set U(g) := T'(g)/I, where I is the ideal generated by the elements
r®y—-—y®z—[z,y] , zyeg

Every Lie theorist knows: g — mod = U(g) — mod.

144
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The operator commutant FFT (a la Roger Howe)

Weyl algebra on Mat, xn

@ PD := PDpmxn: the C-algebra generated by the x; ; and the 0; ; for
1 <i<mand 1< j<mn, modulo the relations

03,5%Tk,1 — Th,105,7 = 03,1051
@ P is a PD-module.

@ Set U(g) := T'(g)/I, where I is the ideal generated by the elements
r®y—-—y®z—[z,y] , zyeg

Every Lie theorist knows: g — mod = U(g) — mod.

@ Set Upyyn := U(gl,,) ® U(gl,,). The polarization operators result in an

algebra homomorphism
¢mn : Un,n — PD,

such that the following diagram commutes:

Unn ® P wOred P

2Qf > bm,n(2)Qf ADf

PDQP
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The operator commutant FFT (a la Roger Howe)

®f -
Umn @ P il P

I@f’_’iﬁnL,TL(T)@f A’Df

PDQP

Theorem (Howe, 1995)

(i) The subalgebras ¢m n(U(gl,,) ® 1) and ¢m,»(1 ® U(gl,,)) of PD are mutual
centralizers in PD.

(i) The FFT for GL,(C) follows readily from (i).

16 /104



The operator commutant FFT (a la Roger Howe)

@ frox-
Unn®P it P
I@f’_’qbnz,nm A’Df
PDRP

Theorem (Howe, 1995)

(i) The subalgebras ¢m n(U(gl,,) ® 1) and ¢m,»(1 ® U(gl,,)) of PD are mutual
centralizers in PD.

(i) The FFT for GL,(C) follows readily from (i).

Remark (trivial)

The mutual centralizer property does not hold in End(P).
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The operator commutant FFT (a la Roger Howe)

Unon @ P a@fa-f P
ac@fwbm,nm4 A»Df
PDRP

Eigenvalues of Capelli operators

@ PD2PRD=P (V®m ® (V*)®m) as GL,-modules.

v
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The operator commutant FFT (a la Roger Howe)

Unon @ P a@fa-f P
z@fwm,nm A»Df
PDRP

Eigenvalues of Capelli operators

@ PD2PRD=P (V®m ® (V*)®m) as GL,-modules.
P =@, F\ F\ >V, ®V) as GL;, x GL,-modules.

Vi: GL;,-module (or GLy-module) indexed by the Young diagram .

v
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The operator commutant FFT (a la Roger Howe)

Unon @ P a@fa-f P
z@fwm,nm A»Df
PDRP

Eigenvalues of Capelli operators

@ PD2PRD=P (V®m ® (V*)®m) as GL,-modules.
P =@, F\ F\ >V, ®V) as GL;, x GL,-modules.

Vi: GL;,-module (or GLy-module) indexed by the Young diagram .
@ PDCLmXGln hag a distinguished basis {Dx : £(X) < min{m,n}}.

v
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The operator commutant FFT (a la Roger Howe)

Unon @ P a@fa-f P
z@fwm,nm A»Df
PDRP

Eigenvalues of Capelli operators

@ PD2PRD=P (V®m ® (V*)®m) as GL,-modules.
P =@, F\ F\ >V, ®V) as GL;, x GL,-modules.

Vi: GL;,-module (or GLy-module) indexed by the Young diagram .
@ PDCLmXGln hag a distinguished basis {Dx : £(X) < min{m,n}}.

@ m=n = D>‘|Fu :si(ul,..,,un), where:

‘(:cz +n— i)ty l

s;‘f(:cl, 000y @p)) 5= (factorial Schur polynomial)

‘ (zi +n—i)"=d ‘

=gz —1)--(z—k+1).

v
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The Hopf algebra U,(gl,)

k := C(q).

The quantized enveloping algebra Uy (gl,,)

Q:=Ze1 + -+ Ze, (weight lattice of gl,).
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The Hopf algebra U,(gl,)

k := C(q).

The quantized enveloping algebra Uy (gl,,)

Q:=Ze1 + -+ Ze, (weight lattice of gl,).

n n
A= ;Mai, w= Zl/.biai = (A 1=2>\im.
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The Hopf algebra U,(gl,)

k := C(q).

The quantized enveloping algebra Uy (gl,,)

Q:=Ze1 + -+ Ze, (weight lattice of gl,).
n n
A= Z Ai€iy = 2 wigi = (A p)
i=1 i=1

® := {g; —€j}1<i#j<n : root system of type A, , o

=& — €it1.
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The Hopf algebra U,(gl,)

k := C(q).

The quantized enveloping algebra Ug(gl,,)

Q:=Ze1 + -+ Ze, (weight lattice of gl,).
n n
A= Z Ai€iy = 2 wigi = (A p) = ZMM\
i=1 i=1
® := {g; —€j}1<i#j<n : ToOt system of type An , a; :=¢e; —€gi41.

Uq(gl,,) : k-algebra generated by (E;, F;, K) : 1 <i<n—1,X€Q) modulo:
0 Kh\K, = K/\+“.
@ Ky\E; = ¢(MIEK, , KxF; = ¢~ M) FK,.

K;—K; '
0 g—g=T

[Es, F5] =4 , K := Kq,.
@ E?Eit1 — (q+q Y EiEi+1E; + Ei1E? = 0.

Fleiil — (¢ + q_l)FiFiJ_rlFi + FiilFiz =0.

25 /104



The Hopf algebra U,(gl,)

k := C(q).

The quantized enveloping algebra Ug(gl,,)

Q:=Ze1 + -+ Ze, (weight lattice of gl,).
n n
A= Z Ai€iy = 2 wig; = (A p):= ZMM\
i=1 i=1
® := {g; —€j}1<i#j<n : ToOt system of type An , a; :=¢e; —€gi41.

Uq(gl,,) : k-algebra generated by (E;, F;, K) : 1 <i<n—1,X€Q) modulo:
0 Kh\K, = K/\+“.
@ Ky\E; = ¢(MIEK, , KxF; = ¢~ M) FK,.

K;—K; '
0 g—g=T

[Ei, Fy] =6 , Ki = Ka,.
@ E?Eit1 — (q+q Y EiEi+1E; + Ei1E? = 0.

F1'2Fi4_f1 — (¢ + q_l)FiFiilFi + FiilFiz =0.

Uq(gl,,) is a Hopf algebra

@ A(E) =E;®K;+1QE; , A(F;) =F;®1+K;  @F; , A(Ky) = Kx ®Kj.

@ S(B;) = —B;K; ', S(F;) = —K;F;, S(K;) = K; ', e(Ky)) =1, e(B;) = 0, e(F;) = 0.
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Quantized coordinate ring of Mat,, x,

The FRT bialgebra

® R =Y RFEy; ® Ej; € Endg(k” ®k").
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Quantized coordinate ring of Mat,, x,

The FRT bialgebra

® R =Y RFEy; ® Ej; € Endg(k” ®k").
o A(R) o= <tij, 1<i,5<n : RIh'T> = T2T1R>

T:=[ti] , i =T®I , To=IQT
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Quantized coordinate ring of Mat,, x,

The FRT bialgebra

® R =Y RFEy; ® Ej; € Endg(k” ®k").
o A(R) o= <tij,1 <i,j<n : RT'Ih = T2T1R>

T:=[ti] , i =T®I , To=IQT

The algebra & xn

@ Set P xn := A(R) for the R-matrix given by:
Rii=q R} =1fori#j Rl=(q—q ") fori<j.
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Quantized coordinate ring of Mat,, x,

The FRT bialgebra

® R =Y RFEy; ® Ej; € Endg(k” ®k").
@ A(R):=(ti;,1<4,j<n : RT'T» =ToTWR)

T:=[ti] , i =T®I , To=IQT

The algebra Znxn

@ Set P xn := A(R) for the R-matrix given by:
R = g, RZ =1 for i # 7, RZ; =(qg—q ") fori<j.
@ A(R) is the algebra generated by t¢;; for 1 < 4,j < n modulo the
relations:
tigtic = qliktij , tjitei = qtritje (5 < k)
tatkj = it , tijte — toti; = (@ — ¢ Dtatr; (0 < k,j <)
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Quantized coordinate ring of _

Q@ Pryn — Uvq(g[,n)O (matrix coefficients of the “standard module”)

DA
1/104

o



Quantized coordinate ring of Mat_
@ Prxn — Uq(g[n)o (matrix coefficients of the “standard module”)
@ P, «n is a bialgebra:

A(tig) = Zti,k @tk -

DA
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Quantized coordinate ring of Mat,, x,

Q@ Ppyn — Uq (g[n)o (matrix coefficients of the “standard module”)

@ P, «n is a bialgebra:
A tz,] thk®tk,]

@ Uy(gl,) acts on P, xn by left and right translation:
T g ui= Z(ul,x>uz , T-pu= Zu1<u2,a}h>,
where x > z is the Hopf isomorphism Uq(gl,,) — Uq(gl,,)°P given by

EY:=qKF; , Fl:=q 'EK; ', Ki =K.,

and A(u) = Y u1 ® ug (Sweedler notation).

33 /104



Quantized coordinate ring of Mat,, x,

o gznxn = Uq (g[n)o (matrix coefficients of the “standard module”)

@ P, «n is a bialgebra:
Altig) = D tik ®tr,j

@ Uy(gl,) acts on P, xn by left and right translation:
T g ui= Z{ul,x>uz , T pu= Zu1<u2,xh>,
where x > z is the Hopf isomorphism Uq(gl,,) — Uq(gl,,)°P given by
EY:=qKF; , Fl:=q 'EK; ', Ki =K.,

and A(u) = Y u1 ® ug (Sweedler notation).

Formulas for right translation of Uq(g[”) on Zoxn

Brtij=—0k;q "iks1 » Fr-tij=—0ps1,atir , Kep -tij=aq %%it;;
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Quantized coordinate ring of Mat,, x,

From 2, xn t0 Prxn

@ Y, xn: The subalgebra of Pnxn, N := max{m,n}, generated by the
ti; satisfying 1 <i<mand 1 < j <n.
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Quantized coordinate ring of Mat,, x,

@ Y, xn: The subalgebra of Pnxn, N := max{m,n}, generated by the
ti; satisfying 1 <i<mand 1 < j <n.

@ Prxn is a Ug(gl,,) ® Uy(gl, )-module algebra.
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Quantized coordinate ring of Mat,, x,

From 2, xn t0 Pmxn

@ Y, xn: The subalgebra of Pnxn, N := max{m,n}, generated by the
ti; satisfying 1 <i<mand 1 < j <n.

@ Prxn is a Ug(gl,,) ® Uy(gl, )-module algebra.

The dlgebla Giossm

@ Set Dnxn := A(R) for the R-matrix given by:
Ri = ¢, RY =1 for i # j, RZ; =(qg—q ") fori>j.

ij
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Quantized coordinate ring of Mat,, x,

From 2, xn t0 Pmxn

@ Y, xn: The subalgebra of Pnxn, N := max{m,n}, generated by the
ti; satisfying 1 <i<mand 1 < j <n.

@ Prxn is a Ug(gl,,) ® Uy(gl, )-module algebra.

The dlgebla Giossm

@ Set Dnxn := A(R) for the R-matrix given by:
R = ¢, RZ =1 for i # j, RZ; =(qg—q ") fori>j.
@ Dpxn = PP,

nxn
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Quantized coordinate ring of Mat,, x,

From 2, xn t0 Pmxn

@ Y, xn: The subalgebra of Pnxn, N := max{m,n}, generated by the
ti; satisfying 1 <i<mand 1 < j <n.

@ Prxn is a Ug(gl,,) ® Uy(gl, )-module algebra.

The dlgebla Giossm

@ Set Dnxn := A(R) for the R-matrix given by:
R = ¢, RZ =1 for i # j, RZ; =(qg—q ") fori>j.
@ Dpxn = PP,

nxn

@ Dnxn > Dmxn
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Quantized coordinate ring of Mat,, x,

From 2, xn t0 Pmxn

@ Y, xn: The subalgebra of Pnxn, N := max{m,n}, generated by the
ti; satisfying 1 <i<mand 1 < j <n.

@ Prxn is a Ug(gl,,) ® Uy(gl, )-module algebra.

The dlgebla Giossm

@ Set Dnxn := A(R) for the R-matrix given by:

R = ¢, RZ =1 for i # j, RZ; =(qg—q ") fori>j.
@ Drxn = PP SP
@ Dnxn v Dmxn

@ We denote the generators of Zp,xn by 0;; where 1 <i<m, 1 <j <n.
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Quantized coordinate ring of Mat,, x,

From 2, xn t0 Pmxn

@ Y, xn: The subalgebra of Pnxn, N := max{m,n}, generated by the
ti; satisfying 1 <i<mand 1 < j <n.

@ Prxn is a Ug(gl,,) ® Uy(gl, )-module algebra.

The dlgebla Giossm

@ Set Dnxn := A(R) for the R-matrix given by:

R = ¢, RZ =1 for i # 7, RZ; =(qg—q ") fori>j.
Drxn = Poo0P,

Drxn > Dmxn

We denote the generators of Zp,xn by 0;; where 1 <i<m, 1 <j < n.

e 6 o6 o

Dmxn is also a Ug(gl,,) ® Uy(gl, )-module algebra.
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P Dmxn = Pmxn® Pmxn as vector spaces.

nac
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The quantized Weyl algebra & Z,,,x»,

P Dmxn = Pmxn® Pmxn as vector spaces.

Universal R-matrix

@ C,: Category of finite dimensional Ug(gl,,)-modules (with some mild
restrictions).

a9
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The quantized Weyl algebra & Z,,,x»,

P Dmxn = Pmxn® Pmxn as vector spaces.

Universal R-matrix

@ C,: Category of finite dimensional Ug(gl,,)-modules (with some mild
restrictions).

@ Fact: C,, is a braided monoidal category.

VW > WV
92 a VRwi—>w®v
VW

a7
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The quantized Weyl algebra & Z,,,x»,

P Dmxn = Pmxn® Pmxn as vector spaces.

Universal R-matrix

@ C,: Category of finite dimensional Ug(gl,,)-modules (with some mild
restrictions).

@ Fact: C,, is a braided monoidal category.

VW > WV
92 a VRwi—>w®v
VW

n(n—1)/2
o Ri— (eh2i=1 Hi®Hi> [ Exp,((a—a")Es ®Fg,),
=il

Esifa- 8= i[Ei,[-..,Ej71]7]7 and Faifs

j s 8= i[ijla[uwFi]Jr]Jr

J
where 1 < i < j <n and [z, y]; = 2y — = 'ya.

=
hH; ._ . h._ . L T
e"i = Kc.5 e i=¢q; Expg(z) :i=Y,>0 4(2) {_qu!’

Bivji—1)/2 ‘=€ —€jt1forl<i<js<mn-—1

a9
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AP = RART' | (A®id)(R) = RizRes , (iId® A)(R) = RizRioa.



The quantized Weyl algebra & Z,,,x»,

AP = RART' | (A®id)(R) = RisRas , (Id®A)(R) = RizRao.

Proposition

Suppose we are given:
@ H: any Hopf algebra with a universal R-matrix Re H ® H.
@ A, B: H-module algebras.

W
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The quantized Weyl algebra & Z,,,x»,

AP = RART' | (A®id)(R) = RisRas , (Id®A)(R) = RizRao.

Proposition

Suppose we are given:
@ H: any Hopf algebra with a universal R-matrix Re H ® H.
@ A, B: H-module algebras.

Then the following hold:

@ A® B can be equipped with an associative algebra structure with
multiplication defined by

(a®b)e(ad @) :=(a®1) (ﬁ(b@a')) 1®0b),

where R := g o R.

W
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The quantized Weyl algebra & Z,,,x»,

AP = RART' | (A®id)(R) = RisRas , (Id®A)(R) = RizRao.

Proposition

Suppose we are given:
@ H: any Hopf algebra with a universal R-matrix Re H ® H.
@ A, B: H-module algebras.

Then the following hold:

@ A® B can be equipped with an associative algebra structure with
multiplication defined by

(a®b)e(ad @) :=(a®1) (ﬁ(b@a')) 1®0b),

where R := g o R.

@ The new algebra A ®3 B is an H-module algebra.

v
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The quantized Weyl algebra & Z,,,x»,

Theorem (NoumifYamadafl\slimachi ’93; Baumann ’98, R. Zhang 02, ...

P = P Va®@Va  and  Dxn = P V¥V

£(A) < min{m, n} £(A) < min{m, n}

as Uq(gl,,) ® Uq(gl,)-modules.

Vi v g i Aiei (lowest weight module).
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The quantized Weyl algebra & Z,,,x»,

Theorem (NoumifYamadafl\slimachi ’93; Baumann ’98, R. Zhang 02, ...

e @ Vi@V and Drxn = @ VA*®V)\*
£(A) < min{m, n} £()) < min{m, n}

as Ug (8l ) ® Uq(al,)-modules.

Vi v g~ 2 Nigi

‘@@iﬁxn o= e@an ®jg @mxn

(lowest weight module).
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The quantized Weyl algebra & Z,,,x»,

Theorem (NoumifYamadafl\slimachi ’93; Baumann ’98, R. Zhang 02, ...)
D = P VZ@Va  and  Dmxn = P V¥V
£(X\) < min{m,n} £(A) < min{m, n}

as Uq(gl,,) ® Uq(gl,)-modules.
Vi v g~ 2% (Jowest weight module).
‘@@iixn = «@mxn ®j2 @mxn

Towards deformed twisted tensor product

@ H: any Hopf algebra with a universal R-matrix R e H ® H.
@ A, B: H-module algebras.

V.
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The quantized Weyl algebra & Z,,,x»,

Theorem (NoumifYamadafl\slimachi ’93; Baumann ’98, R. Zhang 02, ...)
D = P VZ@Va  and  Dmxn = P V¥V
£(X\) < min{m,n} £(A) < min{m, n}

as Uq(gl,,) ® Uq(gl,)-modules.
Vi v g~ 2% (Jowest weight module).
‘@@iixn = «@mxn ®j2 @mxn

Towards deformed twisted tensor product

@ H: any Hopf algebra with a universal R-matrix R e H ® H.
@ A, B: H-module algebras.
@ E4 S Aand Ep € B: H-stable generating subspaces.

A;T(EA)/IA and B;T(EB)/IB.

V.
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The quantized Weyl algebra & Z,,,x»,

Theorem (NoumifYamadafl\slimachi ’93; Baumann ’98, R. Zhang ’02, ...

D = P VZ@Va  and  Dmxn = P V¥V

£(A) < min{m, n} £(A) < min{m, n}
as Uq(gl,,) ® Uq(gl,)-modules.
— 2 Aigi

Vi v g (lowest weight module).

ggixfn = e@mxn ®jz @mxn

Towards deformed twisted tensor product

@ H: any Hopf algebra with a universal R-matrix R e H ® H.
@ A, B: H-module algebras.
@ E4 S Aand Ep € B: H-stable generating subspaces.

A;T(EA)/IA and B;T(EB)/IB.

@ Proposition. A®y B = T(Es ® Ep)/I1a,B, where 14 p is generated by
14, Ig, and the relations

ba —R(a®b), acAbeB.

V.
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The quantized Weyl algebra & Z,,,x»,

The deformed twisted tensor product

@ H: any Hopf algebra with a universal R-matrix R e H ®Q H.
@ A, B: H-module algebras.
@ Ej4 € Aand Eg € B: H-stable generating subspaces.

A;T(EA)/IA and BET(EB)/IB
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The quantized Weyl algebra & Z,,,x»,

The deformed twisted tensor product

@ H: any Hopf algebra with a universal R-matrix R e H ®Q H.
@ A, B: H-module algebras.
@ Ej4 € Aand Eg € B: H-stable generating subspaces.

A;T(EA)/IA and BET(EB)/IB

Y : Ep ® E4 — k such that
Z’l[)(iﬂl -b,xg - a) = e(x)p(b,a) for xz € H,

where A(z) = Y, z1 ® z2.
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The quantized Weyl algebra & Z,,,x»,

The deformed twisted tensor product

@ H: any Hopf algebra with a universal R-matrix R e H ®Q H.
@ A, B: H-module algebras.
@ Ej4 € Aand Eg € B: H-stable generating subspaces.

A;T(EA)/IA and B;T(EB)/IB
@ Y: Ep® E 4 — k such that
Z@b(rl -b,xg - a) = e(x)p(b,a) for xz € H,

where A(z) = Y, z1 ® z2.
@ Definition. We set

A®52,1/1 B~ T(EA @EB)/IA,B,zjm
where I 4 p q is generated by I4, Ig, and the relations

ba — R(a®@b) —Y(b,a)l, acAbeB.
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The quantized Weyl algebra & Z,,,x»,

The deformed twisted tensor product

@ H: any Hopf algebra with a universal R-matrix R e H ®Q H.
@ A, B: H-module algebras.
@ Ej4 € Aand Eg € B: H-stable generating subspaces.

A;T(EA)/IA and B;T(EB)/IB
@ Y: Ep® E 4 — k such that
Z@b(rl -b,xg - a) = e(x)p(b,a) for xz € H,

where A(z) = Y, z1 ® z2.
@ Definition. We set

A®52,1/1 B~ T(EA @EB)/IA,B,zjm
where I 4 p q is generated by I4, Ig, and the relations
ba — R(a®@b) —Y(b,a)l, acAbeB.

@ Proposition. A®4 & B is also an H-module algebra.
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The quantized Weyl algebra & Z,,,x»,

The deformed twisted tensor product

@ H: any Hopf algebra with a universal R-matrix R e H ®Q H.
@ A, B: H-module algebras.
@ Ej4 € Aand Eg € B: H-stable generating subspaces.

A;T(EA)/IA and B;T(EB)/IB
@ Y: Ep® E 4 — k such that
Z@b(rl -b,xg - a) = e(x)p(b,a) for xz € H,

where A(z) = Y, z1 ® z2.
@ Definition. We set

A®52,1/1 B~ T(EA @EB)/IA,B,zjm
where I 4 p q is generated by I4, Ig, and the relations
ba — R(a®@b) —Y(b,a)l, acAbeB.

@ Proposition. A®4 & B is also an H-module algebra.

LD

mxn

> ﬁgmxn
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The quantized Weyl algebra & Z,,,x»,

Explicit mixed relations of &P, xn

P Dmxn is generated by t;; and 0;; for 1 <i < m and 1 < j < n satisfying
the relations in P, xn, I D xn, and

Oletas = Z Rfﬁﬁ#t]—a@nb + 61,d0e, 1 -

J,a,n,b
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The quantized Weyl algebra & Z,,,x»,

Explicit mixed relations of &P, xn

P Dmxn is generated by t;; and 0;; for 1 <i < m and 1 < j < n satisfying
the relations in P, xn, I D xn, and

Oretas = Z Rﬁﬁfftjaanb + 01,d0e, 5.

J,a,n,b

(1) Ocbtda = tdaOcp if b # a and ¢ # d.
(i) Ocbtca = qtcalch + Zc/>c(q - q_l)tc’aac’b if b # a.
(iil) Ocatda = Gtdalca + Ygr=a(@ — @ DtaarOcqr  if ¢ # d.

(iV) Clemliem = 1l 4= Z Z qéclvc+6a,va (q = q_l)z_éc’,c_‘sa’,atc,’a,ac,’a,.

c'zc a’>a
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The quantized Weyl algebra & Z,,,x»,

Explicit mixed relations of 2%, xn

P Dmxn is generated by t;; and 0;; for 1 <i < m and 1 < j < n satisfying
the relations in @ixn, i Dmxn, and

Oretas = Z Rgg}%fjntjaanb + 01,d0e, 5.
j,a,m,b
(1) Ocbtda = tdaOcp if b # a and ¢ # d.
(i) Ocbtca = qtcalch + Zc/>c(q - q_l)tc’aac’b if b # a.
(iil) Ocatda = Gtdalca + Ygr=a(@ — @ DtaarOcqr  if ¢ # d.

(iV) acatca =1+ Z Z qacl’c+5a,‘a (q = q_1)2_60’vc_éa’»atc/}afﬁc/,a/.
’ ’
c'zc a’'=a )

Remark

The algebra &2, xn was also introduced by Shklyarov—Sinelschchikov—Vaksman
(circa 1998) and Bershtein (2007), with a completely different construction.
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UL = Uq(glm) ) UR = Uq(g[n) ) ULR = UL ®UR.

ULR ¢—U> End(.@an) ¢pPD y@mxn

DA
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UL = Uq(g[m) 5 UR = Uq(g[n) 5 ULR = UL ®UR.

ULR ¢—U> End(@an) ¢pPD gngn

@ Unfortunately, ¢y (ULr) € ¢pp (PP mxn)-

DA
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A no-go theorem

Up := UQ(g['m) ’ Ug = U‘I(g[n) ) ULr :=UL®Ur.

d End(ymxn) ¢rD PDmxn

ULr

@ Unfortunately, ¢y (ULr) € ¢pp (PP mxn)-

Proposition (Letzter—Sahi-S.)

There does not exist a k-algebra %mxn with the following properties:

i) P Drmxn i a locally finite U, p-module.

V.
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A no-go theorem

Ur := UQ(g[m) , Ur = U‘I(g['n) , ULr := UL ® Ug.

d End(ymxn) ¢rD PDmxn

ULr

@ Unfortunately, ¢y (ULr) € ¢pp (PP mxn)-

Proposition (Letzter—Sahi—S.)

There does not exist a k-algebra %mxn with the following properties:
i) P Drmxn i a locally finite U, p-module.

(ii) Pmxn is a %mxn-module and the map %mxn ® Prxn — Pmxn
is a homomorphism of U, g-module.

V.
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A no-go theorem

Ur := UQ(g[m) , Ur = U‘I(g['n) , ULr := UL ® Ug.

ULR v End(ymxn) oD PDmxn

@ Unfortunately, ¢y (ULr) € ¢pp (PP mxn)-

Proposition (Letzter—Sahi—S.)

There does not exist a k-algebra %mxn with the following properties:
i) P Drmxn i a locally finite U, p-module.

(ii) Pmxn is a %mxn-module and the map %mxn ® Prxn — Pmxn
is a homomorphism of U, g-module.

(iii) There exists a homomorphism of algebras q~5 :ULp — %mxn such that
the following diagram commutes:

zQ@f—x- f
ULr ® Pmxn > Pmxn

2®f > d(2)®F /@f

P Dmsn @ Prnxn

4
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Double centralizer propert_

Ur, :=Uq(9l,,) , Ur :==Uq(gl,) , UrLr :=Ur ® Ug.

Urr —2Y%— End(Zmxn)

¢PD

ygmxn

DA
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Double centralizer property: the g-version

UL = Uq(g[m) s UR = Uq(g[n) N ULR = UL®UR.

2 End(ymxn) ¢rp y-@mxn

UrLr

Set
L= ¢U(UL ®1) NP Dmxn , Ri= ¢U(1®UR) NP Dmxn

n m
Li7j = Z tirajr , 1<4,7<m and Ri’j = Z tm-a,«j , 1<4,5<n.

r=1 r=1
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Double centralizer property: the g-version

UL = Uq(g[m) s UR = Uq(g[n) N ULR = UL®UR.

U s Bnd(Posn) 222 P D

UrLr

Set
L= ¢U(UL ®1) (@) v@@mxn , R:= ¢U(1 ®UR) (@) y@mxn

n m
Lij:= Z tirOjr , 1<i,j<m and R;;:= Z triOrj , 1 <4,j <n.
r=1

r=1

Theorem A (Letzter—Sahi-S.)

(i) £ and R are mutual centralizers in X%y, xn.
(ii) £ is generated by the L; j, <i,j < m.
(iii) R is generated by the R; j, 1 <4,j < n.

70 /104



FFT : the g-version

Ur :=Uq(aly) , Ur :=Uq(aln) , ULr := UL ®Ur.
ULR (3%
Set

End('@mxn)

bpD

7
L= ¢U(UL ®1) NP Dmxn 5 R:= ¢U(1®UR) o

- m
Liji= Y tiwdir, L<ij<m and Riji= Y tpdrj, 1<ij<n
r=1 T=1

Q>
1/104
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FFT : the g-version

UL = Ull(g[m) ’ UR = Ul](g[n) ) ULR = UL ®UR

ULR v End(ymxn) oD PDmxn

Set
L = ¢U(UL®1) @) ggmxﬂ 5 :R = ¢U(1®UR) (@) y.@mx’n
n m
Li7j = Z tiTajr , 1<i,7<m and Ri’j = Z t”ﬁ,«j , 1<4,5 <n.
r=1

r=1

Theorem B (Letzter—Sahi-S.)

Let @1, denote the algebra generated by kn + In generators ¢;; and 0y ;, where
1<i<k, 1< <I,1<j<n,subject to “same” relations as Z P xn. Then:

i) (%k,l’n)Uq(g[") is generated by the L; ; for <i <k, 1<j <.

(ii) A similar assertion holds for gr(; i n ).
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FFT : the g-version

UL = Ull(g[m) ’ UR = Ul](g[n) ) ULR = UL ®UR

ULR v End(ymxn) oD PDmxn

Set
L = ¢U(UL®1) @) ggmxﬂ 5 :R = ¢U(1®UR) (@) y.@mx’n
n m
Li7j = Z tiTajr , 1<i,7<m and Ri’j = Z t”ﬁ,«j , 1<4,5 <n.
r=1

r=1

Theorem B (Letzter—Sahi-S.)

Let @1, denote the algebra generated by kn + In generators ¢;; and 0y ;, where
1<i<k, 1< <I,1<j<n,subject to “same” relations as Z P xn. Then:

i) (%k,l’n)Uq(g[") is generated by the L; ; for <i <k, 1<j <.

(ii) A similar assertion holds for gr(; i n ).

PV @ (V)@  Ldfommation, o 1 n).
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FFT : the g-version

Comparing with the FFT by Lehrer-Zhang—Zhang (2010)
Algebra proposed by L-Z-Z:

@ Generators: tijforl$i$kand1<j<n;6i,jf0r1$i$land1<j<n.

@ Relations between the t;; (or between the d;;): same as those of gr(& i n).

@ Mixed relations:

(1) Ocbtda = tdaOch if b # a.

(11) acatba = qtbaaca + (q - qil) Za’>a tba’aca/

Mixed relations of gr(« ;. ,)

(i) Ocbtda = tdaOcp if b+# a and ¢ # d.
(i) Ocbtca = qtcalch + Zc/>c(q - q_l)tc/aac’b if b # a.
(iii) Ocatda = qtdaOca + Za/>a(q — qil)tdul Ocat if ¢ # d.

(iv) Ocalca = Z Z qac/’C+5al‘a(q_q_l)2_601’0_5(1/’atc’,a’ac’,a"

c'=c a’=a
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Strategy of proof

The map 'k n

Pn:'@nxni"@nxn®a@nxn&)y@gr

nxn

where L(tij) o= aﬂ
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Strategy of proof

The map 'k n

Pn:'@nxni"@nxn®a@nxn&)y@gr

nxn

where L(tij) = aﬂ

We define I'x 1, by restricting I'y:
r
Prxi Prxn - 22

. nxn
Fk,l,n""'-v,__ /
A

gr(Hy,1,n)
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Strategy of proof

The map Tk »

Pn:'@ani,'@an®L@anL®b)9@gr

nxn

where L(tij) = aﬂ

We define I'x 1, by restricting I'y:
r
Prxi Prxn - 22

. nxn
Fk,l,n""'-v,__ /
A

er( K, 1,n)

The * product on &«

wxv =Y (u(v1)* @ e(us)*, R)(u(vs) @ L(ua), Ryuvs.

77 /104



Strategy of proof

The map Tk »

Pn:'@ani,'@an®L@anL®b)9@gr

nxn

where L(tij) = aﬂ

We define I'x 1, by restricting I'y:
r
Prxi Prxn - 22

. nxn
Fk,l,n""'-v,__ /
A

er( K, 1,n)

The * product on &«

UK* v = Z <L(1}1)u ® t(us)?, R 1(v3) @ t(uz), Ryurvs.

| N

Proposition

(i) Tk,i,n is a bijection onto gr(,;z(k,lm)U‘?(g[").
(ii) Fk’l,n(u * 1)) = I‘k,l,n(u)I‘k,l,n(v).

<
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Elements of Weyl type

U :=Ug(aly,) 5 Ur :=Uq(aly) , ULk := UL ® Ug.

Upr —2%— Bnd(Pmxn)

¢PD

P Dmxn

DA
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Elements of Weyl type

Ur :=Uq(gl,,) , Ur :=Uq(gl,) , ULr := UL ® Ur.

Urr —2Y%— End(Zmxn)

¢PD

P Dmxn
Problem. Set 2 := PP xn. Characterize the subalgebras
UL = {x S UL

du(z®1) e 29} and Ug :={x e Ugr : ¢y(1®z) € 29}

DA
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Elements of Weyl type

UL = Uq(g[m) y UR = Uq(gln) N ULR = UL®UR.

Urr —2%— End(Zmxn) <222 2D

Problem. Set 9 := PP, xn- Characterize the subalgebras
UL = {1) eUyr : ¢U(x®1) € ?@} and UR = {JZ'G Ugr : ¢U(1®:L‘) € W@} J

Cartan subalgebra of Uy(gl,,): For U := Ugy(gl,,) we set

U®:=k[K. ,K':1<i<n]
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Elements of Weyl type

UL = Uq(g[m) y UR = Uq(gln) N ULR = UL®UR.

Urr —2%— End(Zmxn) <222 2D

Problem. Set 9 := PP, xn- Characterize the subalgebras
UL = {1) eUyr : ¢U(x®1) € ?@} and UR = {JZ'G Ugr : ¢U(1®:L‘) € W@} J

Cartan subalgebra of Uy(gl,,): For U := Ugy(gl,,) we set

U®:=k[K. ,K':1<i<n]

Let Uy and Ug be the Cartan subalgebras of Uy, and Ug. Set

Lo = P9 ¢y Ug) and Ro:= 2T n dy(UR).

Problem. Characterize Lo, Ro, Uy N Uy, and Ug n Ug. J
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Elements of Weyl type

g-Capelli opera

*1,1 *1,n—k *1,n—k+1
*2,1 *2, n—k *2,n—k+1
*m,1 *m,n—k *m,n—k+1
Dk,r = ZXTXT detq(Xt) detq(Xp)

@ X : replace x; ; by t; ;.

@ X, : replace *; ; by 0; ;.

@ detg(Xy) := ZU(—Q)Z(U)tiG(nJ'l o 'tia(r)jT

@ detq(Xp) := ZU(—Q)_Z(U)&\%(UJ& “Oig (rydr

*1,n

*2,n

*m,n

0<r<k<n
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Elements of Weyl type

g-Capelli operators in %2, xn

*1,1 *1,n—k *1,n—k+1
*2,1 *2, n—k *2,n—k+1
*m,1 *m,n—k *m,n—k+1
Dk,r = ZXTXT detq(Xt) detq(Xp)

X¢ : replace *ij by tij-

Xa : replace *4,5 by ai,j.

detQ(Xt) = ZU(_q)e(a)tia(l)jl a .tia(r)j"“
detq(Xa) = ZU(_q)—Z(a)aZ_g(l)h T aid(r)]'r

*1,n

*2,n

*m,n

0<r<k<n

We define Dj, . for 0 < r < k < m similarly (w.r.t. last k rows).
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Elements of Weyl type

g-Capelli operators in Z %, xn

*1,1 *1,n—k *1,mn—k+1 *1,n

*2,1 *2, n—k *2 n—k+1 *2.n

*m,1 *m,n—k *m,n—k+1 *m,n
Dy, =2y detg(X¢)detg(Xp) 0<r<k<n

TXT

@ X : replace x; ; by t; ;.
@ X, : replace *; ; by 0; ;.
@ dety(Xy) :=, (_q)e(a)tia(l)jl
@ detq(Xp) := ZU(—Q)_Z(U)aig(l)J'l o

@ We define D), for 0 <7 < k < m similarly (w.r.t. last k rows).

" iy g

)

o

lo(r)dr

Theorem C (Letzter—Sahi-S.)

(i) Lo is generated by Li,. .., Ly, where L; := Y''_ (¢ — 1)'Dj ..
(ii) Ro is generated by Ri,..., Ry, where R; := Zi:o(qz —1)"Dj .
(iii) Ug n Uy is generated by K_o(c, 1 ...qe,,) for 1 < a < m.

(iv) Uy nUg is generated by K _o(cpttgen) forl<a<mn.

S5
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@ g: areductive Lie algebra — 6: involution of g

e:= g%

DA
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@ g: areductive Lie algebra — 6: involution of g

(9,9

Vs

e:= g%

(Uq (g)z 69)

Do
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oo I



Quantized Capelli operators

@ g: areductive Lie algebra — 6: involution of g — &:= g?.

(9,8) > (Uq(9),Bo)

Three symmetric spaces for gl,,

@ Assume g := gr ®g C for gr := gl,,(F), where F € {R,C, H}.

@ Set t:= tgp ®r C where g is the maximal compact of gg.

F g t N
R gl, 0n n
C gl,®gl, al, n
H g[2n 5p2n 2n

v

88 /104



Quantized Capelli operators

@ g: areductive Lie algebra — 0: involution of g — ¢:=g".

(gv E) hded (Uq(g)789)

Three symmetric spaces for gl,,

@ Assume g := gr ®g C for gr := gl,,(F), where F € {R,C, H}.

@ Set t:= tgp ®r C where g is the maximal compact of gg.

F g t N
R gl, 0n n
C gl,®gl, al, n
H 9[271. 5p2n 2n

(Uq(9),Bg) <~ RgJiRg'Jo = JaRg' J1Ry
® Ry = Y(Rq){}Er;i ® Ey;.
° (Rﬁl)f} = (Rg)gj: J1:=JQI, Ja:=1QJ.

v
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Quantized Capelli operators

@ g: areductive Lie algebra — 6: involution of g — &:= g?.

(gv E) hded (Uq(g)789)

Three symmetric spaces for gl,,

@ Assume g := gr ®g C for gr := gl,,(F), where F € {R,C, H}.

@ Set t:= tgp ®r C where g is the maximal compact of gg.

F g t N
R gl, 0n n
C gl,®gl, al, n
H 9[271. 5p2n 2n

(Uq(9),Bg) <~ RgJiRg'Jo = JaRg' J1Ry
Rg = Y(Rg){} Eri ® Eyj.
(Rﬁl)f} = (Rg)gj: J1:=JQI, Ja:=1QJ.

@ Set 9 = PINxN-

v
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Quantized Capelli operators

o F=R: 29,:= P9.

0 F=C: PP,:= PIQPY
o F=H: 29, := #9.

DA
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Quantized Capelli operators

o F=R: 29,:= P9.

0 F=C: 2%,:= PIQPY.
o F=H: 29, := #9.

Tij = Z Jrsliaiige o @y &= Zq_%,]rsairajs

for1<i,j <N

DA
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Quantized Capelli operators

o F=R: 29,:= P9.
O F=C: PPy:= POQ PY.
o F=H: 29, := #9.
Tij = Z JTStirtjs 5 dij o= Zq72§Jr58irajs for 1 < 1,] < N

T,8

@ The relations between the z;; are given by: RgX Rgl X9 = XQRSI X1R4 and
other relations of the form z;; = yzj;, v € {g, —¢~!,0}.
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Quantized Capelli operators

o F=R: 29,:= P9.
F=C: P9y:= PDR P9.
o F=H: 29, := #9.

Tig = ) Jratirtia , digi= ) G Jrebirdze  forl<ij< N

T,8

@ The relations between the z;; are given by: Rz X3 Rgl Xo = XQRSI X1Ry and
other relations of the form z;; = yzj;, v € {g, —¢~!,0}.

@ The relations between the d;; are similar.
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Quantized Capelli operators

o F=R: 29,:= P9.
F=C: P9y:= PDR P9.
o F=H: 29, := P9.

= Z Jrstirtjs 5 dij = Zqﬂgjrsairé‘js for 1 < ’L,] < N

T8
@ The relations between the z;; are given by: RgXlR 1Xo = X2R 1X1REl and
other relations of the form z;; = yzj;, v € {g, —¢~!,0}.
@ The relations between the d;; are similar.

@ The mixed relations are:

dapef = > (Rg)wr (RE)P8, (R )3 (R ) @puwdry+q %1 Sacbyy
w,r,z,q,p,m,Y,l
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Quantized Capelli operators

o F=R: 29,:= P9.
F=C: P9y:= PDR P9.
o F=H: 29, := P9.

= Z Jrstirtjs 5 dij = Zqﬂgjrsairé‘js for 1 < ’L,] < N

T8
@ The relations between the z;; are given by: RgXlR 1Xo = X2R 1X1REl and
other relations of the form z;; = yzj;, v € {g, —¢~!,0}.

@ The relations between the d;; are similar.

@ The mixed relations are:

dapef = > (Rg)wr (RE)P8, (R )3 (R ) @puwdry+q %1 Sacbyy
w,r,z,q,p,m,Y,l

@ The z;; and the 0;; are right Byg-invariant.
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Quantized Capelli operators

Notation

@ Hy: subalgebra of @g generated by the ;.
@ %y: subalgebra of @g generated by the d;;.
@ P %Py: subalgebra of @g generated by the z;; and the d;;.
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Quantized Capelli operators

Notation

@ Hy: subalgebra of @g generated by the ;.
@ %y: subalgebra of @g generated by the d;;.
@ P %Py: subalgebra of @g generated by the z;; and the d;;.

Py ernr O(G/K) , PPy > D(G/K)

98 /104



Quantized Capelli operators

@ Hy: subalgebra of @9 generated by the ;.
@ %y: subalgebra of @g generated by the d;;.

@ P %Py: subalgebra of @g generated by the z;; and the d;;.

Py ernr O(G/K) , PPy > D(G/K)

In all three cases F € {R, C, H}, we have a Uy(g)-module decomposition

Py >~ @ F.

L(A)<n
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Quantized Capelli operators

@ Hy: subalgebra of @9 generated by the ;.
@ %y: subalgebra of @g generated by the d;;.

@ P %Py: subalgebra of @g generated by the z;; and the d;;.

Py ernr O(G/K) , PPy > D(G/K)

In all three cases F € {R, C, H}, we have a Uy(g)-module decomposition

Py >~ @ F.

L(A)<n

@ Thus, we can construct a basis {Dy : €(\) < n} for £Ps.
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Quantized Capelli operators

Py: subalgebra of @9 generated by the z;;.

Yy subalgebra of @g generated by the d;;.
@ P %Py: subalgebra of @g generated by the z;; and the d;;.

Py ernr O(G/K) , PPy > D(G/K)

In all three cases F € {R, C, H}, we have a Uy(g)-module decomposition

Py >~ @ F.

L(A)<n

@ Thus, we can construct a basis {Dy : €(\) < n} for £Ps.

Problem. What is the eigenvalue of Dy on F},?
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Quantized Capelli operators

Interpolation Macdonald polynomials (Sahi, 1996)

Let A be a partition satisfying £(A) < n. Then Ry € Q(q,t)[x1,...,Xxs] is the
unique polynomial satisfying the following:

@ deg(Rx) = |A|.

@ R, is symmetric in the z;. Furthermore Rx =mx + ], exumu.
@ Ri(q *7,q,t) = 0, where 7 = (71,...,7,) with 7; := e
for p such that |p| < |A| and p # A.
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Quantized Capelli operators

Interpolation Macdonald polynomials (Sahi, 1996)

Let A be a partition satisfying £(A) < n. Then Ry € Q(q,t)[x1,...,Xxs] is the
unique polynomial satisfying the following:
@ deg(Rx) = |A|.

@ R, is symmetric in the x;. Furthermore Ry = my + Zusx Ca, My

@ RA(q7#7,q,t) = 0, where 7 = (71,...,7y) with 7; := t7"*,
for p such that |p| < |A| and p # A.

@ Theorem. The top degree homogeneous component of Ry is the
(usual) Macdonald polynomial Pj.
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@ RA(q7#7,q,t) = 0, where 7 = (71,...,7y) with 7; := t7"*,
for p such that |p| < |A| and p # A.

@ Theorem. The top degree homogeneous component of Ry is the
(usual) Macdonald polynomial Pj.

Theorem D (Letzter—Sahi-S.)

The eigenvalue of Dy € %4 on the irreducible component F,, of &y is
equal to Ry(q7"7,q,q%%) where d := dimF.
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