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Background

1 Shimura’s concern: multivariate generalization of nearly
holomorphic forms. Motivated the study of differential
operators on a Hermitian symmetric space G/K.

2 Geometric Data: An irreducible Hermitian symmetric space
G/K of rank n.

3 Algebraic Data: (Complexified) Lie algebra pair (g, k)
admitting the Harish-Chandra Decomposition

g = p− ⊕ k⊕ p+(= k⊕ p)

k is the fixed point subalgebra of an involution θ.

This (−1, 0, 1)-grading (short grading) is given by the adjoint
action of a suitable central element in k, corresponding to the
complex structure of G/K, see [Hel01].

Facts: p± are abelian. k acts on both of them. May take a Cartan
t which lives in both k and g.
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Schmid Decomposition and Shimura Operators

H (n) := {λ = (λ1, . . . , λn) ∈ Nn : λi ≥ λi+1}.

Theorem (Schmid ([Sch70, FK90]))

Sd(p+) =
⊕

λ∈H (n)
|λ|=d

W (λ), Sd(p−) =
⊕

λ∈H (n)
|λ|=d

W ∗(λ)

Completely reducible and multiplicity free as k-modules. Highest
weight of W (λ):

∑
λiγi. γi ∈ t∗: Harish-Chandra strongly

orthogonal roots.

Shimura Operators

Endk (W (λ)) ∼= (W ∗(λ)⊗W (λ))k ↪→
(
S
(
p−
)
⊗S

(
p+
))k → U (g)k

1 7−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ Dλ

Dλ ∈ U(g)k = U(g)K ∼= DK(G) (right K-invariant differential
operators on G). Descends to the Shimura operator in D(G/K).

A slight abuse of name: call Dλ the Shimura operator associated
to λ.
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Okounkov Polynomials

Λ := C[x1, . . . , xn]
Sn⋉Zn

2 (ring of even symmetric polynomials)
ρ := (ρ1, . . . , ρn), ρi := τ(n− i) + α. τ, α: parameters.

Theorem ([Oko98], [OO06], c.f.[SZ19])

The Okounkov polynomial Pµ(x; τ, α) is the unique polynomial in
Λ satisfying

1 degPµ = 2|µ|;
2 Pµ(λ+ ρ) = 0 for λ ⊉ µ [the vanishing condition];

3 Some normalization condition.

ρ can be specialized to the half sum of positive roots for a root system

of Type BC. For the “usual” Type A symmetry, there are Knop–Sahi

polynomials [KS96].
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An Example

Consider the one-row partition (l) for l ∈ N.
Then ρ = α. We have [SZ19]:

P(l)(x; τ, α) =

l−1∏
i=0

(x2 − (i+ α)2) =

l−1∏
i=0

(x+ α− i)(x− α+ i).

Even symmetric;

Degree 2l;

Vanishes at (k + α) for k < l.

For (ln), we have

P(ln)(x; τ, α) =

l−1∏
i=0

n∏
j=1

(x2
j − (i+ α)2)
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Bridge

Iwasawa decomposition: g = k⊕ a⊕ n (a ⊆ p: a Cartan subspace,
n: sum of positive restricted root spaces)
Let W0 be the Weyl group of the restricted root system. For
Hermitian G/K, W0

∼= Sn ⋉ Zn
2 .

Harish-Chandra homomorphism Uk Γ−→ S(a)W0 ∼= P(a∗)W0

Endk (W (λ)) → U (g)
k Γ−→ P(a∗)W0

1 7−−−−−−−−−−−−−→ Γ(Dλ)

Theorem ([SZ19])

Γ(Dλ) = kλPλ for some kλ ̸= 0.1

Let V (µ) be the irreducible g-mod of highest weight
∑

µiγi. Then
V (µ) has a spherical vector vk, i.e. k.vk = 0. Dλ ∈ Uk acts on vk as
Γ(Dλ)(µ), hence the word EIGENVALUE!

1kλ can be explicitly written down with the help of Jack polynomials.
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Big Picture

In [Zhu22], I obtained a super analog of this result. Specifically,
we show the eigenvalues of the super Shimura operators are up
to constant equal to Type BC supersymmetric interpolation
polynomials developed by Sergeev and Veselov [SV09].

Big Picture

Okounkov Polynomials Sergeev–Veselov Polynomials

Shimura Operators
on Hermitian sym. sp.

Super Shimura Operators
of Hermitian sym. superpairs

superization

[SZ19]

superization

[Zhu22]
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Things to address...

How do we superize G/K?

Superize the “algebraic data”
(g, k).

Is there a “superΓ : Uk → S(a)W0 ∼= P(a∗)W0”?
Yes.conditions may apply

Do Sergeev–Veselov polynomials live in ImΓ? Yes.
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Lie Superalgebras

General Principle of Superization

A (good) Z2-grading for everything!

Z2 =
{
0, 1

}
= {even, odd}



Eigenvalues
of Shimura
Operators
for Lie Su-
peralgebras

Songhao Zhu

Background

Lie Superal-
gebras

Super Recipe

Weyl
Groupoid
Invariance

Spherical
Representa-
tions

References

11/35

Lie Superalgebras

Definition

A vector superspace V is a Z2-graded vector space V = V0 ⊕ V1. A
vector v ∈ V0 (resp. V1) is said to be even (resp. odd) and write
|v| = 0 (resp. 1). Denote the vector superspace with even
subspace Cm and odd subspace Cn as Cm|n.

Definition ([Kac77])

A Lie superalgebra is a vector superspace g = g0 ⊕ g1 with a
bilinear map [−,−] : g⊗ g → g satisfying

1 [X,Y ] = −(−1)|X||Y |[Y,X]

2 [[X,Y ], Z] = [X, [Y,Z]]− (−1)|X||Y |[Y, [X,Z]]
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SVect Point of view

Definition

The category of vector superspaces SVect consists of vector
superspaces (objects) and degree-preserving/even linear maps
between vector superspaces (morphisms).

1 (V ⊗W )i :=
⊕

j+k=i Vj ⊗Wk, i, j, k ∈ Z2

2 sV,W : V ⊗W → W ⊗ V, v ⊗ w 7→ (−1)|v||w|w ⊗ v

1 [•, •] + [•, •] ◦ sg,g = 0

2 [•, •] ◦ ([•, •]⊗ 1g) =
[•, •] ◦ (1g ⊗ [•, •])− [•, •] ◦ (1g ⊗ [•, •]) ◦ (sg,g ⊗ 1g)

Hom(V,W ) does NOT contain odd maps, e.g. Vi
Π−→ Vi+1. To

include odd maps, we write Hom(V,W ) (resp. End(V )), which
consists of ALL linear maps between V,W (resp. V, V ).
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Super gl

End(Cm|n) is a LSA denoted as gl(m|n).

gl0:

(
A 0
0 D

)
preserves |v|. gl1:

(
0 B
C 0

)
reverses |v|.

[X,Y ] := XY − (−1)|X||Y |Y X.

Bad news for general LSA

No Weyl’s theorem on complete reducibility; Borels are not
conjugates; isotropic (restricted) roots...

Theorem (We still have PBW)

Let g be a f.d. LSA and {xi}ni=1 be a basis for g consisting of
homogeneous elements. Then the following set of monomials is a
basis for U(g) {

xk1
1 · · ·xkn

n

}
where ki ∈ N if |xi| = 0 and ki ∈ {0, 1} if |xi| = 1.
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Hermitian Symmetric Superpairs

Now let’s introduce the super twins for the superized problem.
First, let (g, k) be a pair of complex Lie superalgebras so k ⊆ g.

Definition (Hermitian Symmetric Superpair)

If there is an element J in the center of k whose adjoint action
gives the (−1, 0, 1)-eigenspace decomposition and grading

g = p− ⊕ k⊕ p+,

with p = p− ⊕ p+, then we say (g, k) is a Hermitian symmetric
superpair.
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The gl-pair

Our discussion focuses on

g = gl(2p|2q), k = gl(p|q)⊕ gl(p|q)

with the following embedding of k into g.((
A

(1)
p×p B

(1)
p×q

C
(1)
q×p D

(1)
q×q

)
,

(
A

(2)
p×p B

(2)
p×q

C
(2)
q×p D

(2)
q×q

))

7→


A

(1)
p×p 0p×p B

(1)
p×q 0p×q

0p×p A
(2)
p×p 0p×q B

(2)
p×q

C
(1)
q×p 0q×p D

(1)
q×q 0q×q

0q×p C
(2)
q×p 0q×q D

(2)
q×q


Here p+ (resp. p−) consists of matrices with non-zero entries only
in the upper right (resp. bottom left) sub-blocks in each of the
four blocks.
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The gl-pair

The involution θ can be given by Ad exp (iπJ) with

J =
1

2


Ip×p

−Ip×p

Iq×q

−Iq×q


Observe that J is central in k, and the above decomposition is the
eigenspace decomposition with respect to J , which also gives the
short grading.
Indeed a Hermitian symmetric superpair.
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Super Shimura Operators

Recall that the Schmid decomposition is needed to define the
Shimura operators Dµ. In [CW01], Cheng and Wang proved a
super analog of it. Let λ denote a partition.

1 λ′: transpose of λ.

2 ⟨x⟩ := max{x, 0} for x ∈ Z.
3 H (p, q) := {λ : λp+1 ≤ q} ((p, q)-hooks)

4 λ♮ =
(
λ1, . . . , λp, ⟨λ′

1 − p⟩ , . . . ,
〈
λ′
q − p

〉)
For example, consider (3, 2, 2, 1, 1) ∈ H (2, 2), then
(3, 2, 2, 1, 1)♮ = (3, 2, 3, 1)

· · ·
· · ·

...
...

7−−−−−→
(

,

)
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Super Shimura Operators

For (gl(2p|2q), gl(p|q)⊕ gl(p|q)):

Theorem (Cheng–Wang ([CW01]))

Sd(p+) =
⊕

λ∈H (p,q)
|λ|=d

W
(
λ♮
)
, Sd(p−) =

⊕
λ∈H (p,q)

|λ|=d

W ∗ (λ♮
)

Completely reducible and multiplicity free as k-modules. Highest
weight of W

(
λ♮
)
described similarly by λ♮ instead of λ.

Super Shimura Operators

Endk (W (λ)) ∼= (W ∗(λ)⊗W (λ))k ↪→
(
S
(
p−
)
⊗S

(
p+
))k → U (g)k

1 7−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ Dλ

Dλ ∈ U(g)k is called the super Shimura operator associated with
the partition λ.
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Iwasawa Decomposition and Harish-Chandra
Homomorphism

Goal: relate the “Harish-Chandra image” of Dλ with some
polynomial.

Σ = Σ(g, a): restricted root system
m(α) := sdim gα = dim(gα)0 − dim(gα)1
ρ = 1

2

∑
α∈Σ+ m(α)α

Iwasawa Decomposition g = k⊕ a⊕ n (n− for our purpose)
a: even Cartan subspace, n :=

⊕
α∈Σ+ gα: the nilpotent

subalgebra for some positive system Σ+ of Σ
Can be explicitly written for our pair.
Does NOT always exist in general.

Harish-Chandra projection. PBW gives
U = (Uk+ n−U)⊕S(a). Let π be the projection onto S(a).

π depends on a choice of positivity.

Harish-Chandra homomorphism. Γ(D)(λ) = π(D)(λ− ρ).
The minus sign is due to the opposite n−.
DOES NOT DEPEND ON POSITIVITY.
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The minus sign is due to the opposite n−.
DOES NOT DEPEND ON POSITIVITY.
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Iwasawa Decomposition and Harish-Chandra
Homomorphism

Alldridge ([All12]) introduced certain subalgebra Jα ⊆ S(a), and
described the map Γ.

Σ: (restricted) root system

0Σ: set of isotropic roots

W0: Weyl group generated by the even simple rootsgood roots

We specialize the result to our pair as follows:

Theorem (Alldridge, [All12])

The kernel of Γ is kU ∩ Uk and the image of Γ is J(a), where

J(a) = S (a)
W0

⋂
α∈0Σ

Jα.

All these Jα can be written out explicitly!
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Symmetry

Groups are used to study symmetries.

Symmetric polynomials/functions

Weyl groups for root systems

Issues with LSAs:

Supersymmetric polynomials satisfy additional PARTIAL
symmetries

Existence of isotropic (restricted) roots (0-length).

One can use groupoids to capture supersymmetries!
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Groupoids

Definition (Groupoid)

A groupoid is a small category whose morphisms are invertible.

Definition (Affine Groupoid)

Let V be a vector space. The affine groupoid AF(V ) is the
category whose objects are V and its affine subspaces, morphisms
are the affine isomorphisms between the affine subspaces.

Definition (Invariance)

We say a groupoid G acts on a v.s. V if there is a functor
C : G → AF(V ). For a function F defined on V , we say F is

G-invariant if for all x
f−→ y in G, we have

F |C(x) = F |C(y) ◦ C(f) ⇐⇒ F |C(x)(x) = F |C(y)(C(f)(x))



Eigenvalues
of Shimura
Operators
for Lie Su-
peralgebras

Songhao Zhu

Background

Lie Superal-
gebras

Super Recipe

Weyl
Groupoid
Invariance

Spherical
Representa-
tions

References

22/35

Groupoids

Definition (Groupoid)

A groupoid is a small category whose morphisms are invertible.

Definition (Affine Groupoid)

Let V be a vector space. The affine groupoid AF(V ) is the
category whose objects are V and its affine subspaces, morphisms
are the affine isomorphisms between the affine subspaces.

Definition (Invariance)

We say a groupoid G acts on a v.s. V if there is a functor
C : G → AF(V ). For a function F defined on V , we say F is

G-invariant if for all x
f−→ y in G, we have

F |C(x) = F |C(y) ◦ C(f) ⇐⇒ F |C(x)(x) = F |C(y)(C(f)(x))



Eigenvalues
of Shimura
Operators
for Lie Su-
peralgebras

Songhao Zhu

Background

Lie Superal-
gebras

Super Recipe

Weyl
Groupoid
Invariance

Spherical
Representa-
tions

References

22/35

Groupoids

Definition (Groupoid)

A groupoid is a small category whose morphisms are invertible.

Definition (Affine Groupoid)

Let V be a vector space. The affine groupoid AF(V ) is the
category whose objects are V and its affine subspaces, morphisms
are the affine isomorphisms between the affine subspaces.

Definition (Invariance)

We say a groupoid G acts on a v.s. V if there is a functor
C : G → AF(V ). For a function F defined on V , we say F is

G-invariant if for all x
f−→ y in G, we have

F |C(x) = F |C(y) ◦ C(f) ⇐⇒ F |C(x)(x) = F |C(y)(C(f)(x))



Eigenvalues
of Shimura
Operators
for Lie Su-
peralgebras

Songhao Zhu

Background

Lie Superal-
gebras

Super Recipe

Weyl
Groupoid
Invariance

Spherical
Representa-
tions

References

23/35

Why does it make sense?

1 A group is just a groupoid with one object.

2 If G has only one object ∗ and C(∗) = V , then this
degenerates to the usual definition of group invariance.

3 E.g. The symmetric group Sn permutes the standard
basis/coordinates of an n-dim vector space, and F is
symmetric iff F (x) = F (σx), for σ ∈ Sn.

Why do we care?
Provides a better formulation of ImΓ.
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Weyl Groupoids

Denote the set of isotropic roots as 0Σ. Let W0 be the Weyl group.

The isotropic roots groupoid 0S is a groupoid such that
Obj(0S) = 0Σ, with non-trivial morphisms τ̄α : α → −α. Thus

Hom
0S(α, β) =


∅ if β ̸= ±α

{τ̄α} if β = −α

{idα} if β = α

.

One can define the semidirect product of W0 and 0S via the
action of W0 on 0Σ. Weyl groupoid:

W := W0 ⊔W0 ⋉ 0S
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Weyl Groupoids

An action ([SV11]) of W = W0 ⊔W0 ⋉ 0S on a∗ is given by
(loosely speaking),

1 sending ∗ ∈ Obj(W0) to the entire a∗, and W0 acts on a∗ as
usual;

2 sending α ∈ Obj(0S) = 0Σ to Πα := {µ ∈ a∗ : (µ, α) = 0},
and τ̄α to τα : µ 7→ µ+ α in Πα;

3 making sure that W0’s action and 0S’s action are compatible.
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Punchline

Proposition ([Zhu22] Weyl Groupoid Formulation of ImΓ)

ImΓ = S (a)
W ∼= P(a∗)W

Here the upper W refers to the function invariance defined before.

Endk
(
W

(
λ♮
))

→ U (g)
k Γ−→ P(a∗)W

1 7−−−−−−−−−−−−−→ Γ(Dλ)

=?
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Interpolation Polynomials

By a change of variable, we rephrase the original statement in
[SV09] as follows:

Theorem (Sergeev and Veselov)

For each µ ∈ H (p, q), there exists a unique (suitably normalized)
polynomial Iµ ∈ ImΓ ∼= P(a∗)W of degree 2|µ| such that

Iµ(λ
♮ + ρ) = 0

for any λ ⊉ µ ( the vanishing condition).
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Result

Theorem ([Zhu22])

Assuming a conjecture, the Harish-Chandra image of the super
Shimura operator associate with µ, Γ(Dµ), is equal to some
non-zero multiple of Iµ.

A g-module V is spherical if V k := {v ∈ V : k.v = 0} is non-zero.
Recall: in the non-super setting, Γ(Dµ) is realized as the
eigenvalue of Dµ with eigenvector vk (spherical in V (λ), the
irreducible g-mod of highest weight

∑
λiγi)

Which Borel?

This weight is highest w.r.t the Borel subalgebra of g extended
from the one of k by p+.
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Spherical Representations

For our (gl(2p|2q), gl(p|q)⊕ gl(p|q)):

Conjecture

Every irreducible g-module V
(
λ♮
)
for λ ∈ H (p, q) is spherical.

We proved a partial result:

Theorem ([Zhu22])

For p = q = 1, all the irreducible g-modules V
(
λ♮
)
are spherical.
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Spherical Representations

Classically, the Cartan–Helgason Theorem characterizes spherical
representations.

Cartan–Helgason

Given g = k⊕ a⊕ n, we extend a to a Cartan h of g. Then
λ ∈ h∗ is the highest weight of an irr. f.d. spherical g-rep.

IF AND ONLY IF
λ(i(h ∩ k)) = 0 and λ is integral.

The second condition loosely translates to some “evenness”
property. E.g. for (sl(2), so(2) = diag. Cartan = t), sphericity
⇐⇒ 0 is a weight. This happens iff the highest t-weight is even!
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Super Case

In the super picture:

Theorem (Alldridge, [AS15])

Let V be a g-module of highest weight λ ∈ h ⊇ a. Then V is
spherical if

1 λ satisfies the usual “evenness” condition; and

2 λ is high enough.

1 Sufficient but not necessary;

2 The high enough condition is a purely odd condition.
Technical. Involves root multiplicities.

3 The trivial rep (λ = 0) is spherical, but is not high enough;

For λ ∈ H (p, q), this is NOT enough to deduce that each V (λ♮) is
spherical!
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2 The high enough condition is a purely odd condition.
Technical. Involves root multiplicities.

3 The trivial rep (λ = 0) is spherical, but is not high enough;

For λ ∈ H (p, q), this is NOT enough to deduce that each V (λ♮) is
spherical!
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Spherical Representations

Example (p, q) = (1, 1):
We proved: V (λ♮) is spherical for all λ ∈ H (1, 1).

What Alldridge’s high enough requires:

· · ·

...

· · ·

...

· · ·

...

· · ·

...

· · ·

...

. . .

The arm must be longer than the leg. Not god enough!
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Spherical Representations

Theorem ([Zhu22])

For p = q = 1, all the irreducible g-modules V
(
λ♮
)
are spherical.

Sketch of the proof.

U : g-module; M : maximal submodule. We define 0 ̸= v ∈ U to be
quasi-spherical if

1 k.v ⊆ M

2 U(g).v = U , i.e. cyclic.

V := U/M is the irr. quotient and spherical ! Motivation: Induced
reps might be quasi-spherical.
Key ingredient: Kac modules. For each λ ∈ H (1, 1), we set

K(λ̆) := Indgg0+g1
W̆ (λ̆) where W̆ is the irreducible g0-module

with highest weight λ̆, and we extend the action of g0 trivially to
r = g0 ⊕ g1.
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Spherical Representations

Sketch of the proof (cont.d).

K(λ̆) := Indgg0+g1
W̆ (λ̆)

This λ̆ is a result of changing the Borel of g to the distinguished
one. This step is non-trivial in the super scenario. This is what
essentially stops us from generalizing p, q.
Punchline 1: V (λ♮) is the irreducible quotient of K(λ̆).

Punchline 2: K(λ̆) is indeed quasi-spherical.
Only two possibilities for λ = (a, 1b) ∈ H (1, 1) are present. We

show when b ̸= a− 1, K(λ̆) has a spherical vector that descends to
V
(
λ♮
)
. For b = a− 1, by studying “degree 2” operators in U(g),

we prove that K(λ̆) is indeed quasi-spherical. The proof is
computational.
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Thank you!

https://arxiv.org/pdf/2212.09249.pdf
Submitted to the Journal of Lie Theory

https://arxiv.org/pdf/2212.09249.pdf
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