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Conformal field theories and tensor categories

@ Moore and Seiberg in 1988 observed an analogy between the
Moore-Seiberg equations derived from conjectures on rational
conformal field theories and tensor categories.
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Conformal field theories and tensor categories

@ Moore and Seiberg in 1988 observed an analogy between the
Moore-Seiberg equations derived from conjectures on rational
conformal field theories and tensor categories.

@ Motivated by the work of Moore and Seiberg, Kazhdan and
Lusztig in 1991 and 1993-1994 constructed rigid braided tensor
category structures on suitable module categories for affine Lie
algebras and proved their equivalence with the tensor categories
of modules for quantum groups. The levels of modules in these
categories are not in Q>o — h".
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Conformal field theories and tensor categories

@ Moore and Seiberg in 1988 observed an analogy between the
Moore-Seiberg equations derived from conjectures on rational
conformal field theories and tensor categories.

@ Motivated by the work of Moore and Seiberg, Kazhdan and
Lusztig in 1991 and 1993-1994 constructed rigid braided tensor
category structures on suitable module categories for affine Lie
algebras and proved their equivalence with the tensor categories
of modules for quantum groups. The levels of modules in these
categories are not in Q>o — h".

@ Beilinson, Feigin, and Mazur in early to mid 1990’s developed an
approach that was used by Bakalov and Killilov Jr. in 2001 to
construct a braided tensor category structures for the
Wess-Zumino-models.
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Vertex operator algebras and vertex tensor categories

@ H.-Lepowsky in 1991 and 1993-1994 and H. in 1995 formulated
and constructed a vertex tensor category structure on the
category of ordinary modules for a vertex operator algebra
satisfying suitable conditions, especially the semisimplicity of
modules and a convergence and extension property for
intertwining operators. In particular, the associativity of
intertwining operators is proved. Moreover, a vertex tensor
category structure gives a braided tensor category structure.
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Vertex operator algebras and vertex tensor categories

@ H.-Lepowsky in 1991 and 1993-1994 and H. in 1995 formulated
and constructed a vertex tensor category structure on the
category of ordinary modules for a vertex operator algebra
satisfying suitable conditions, especially the semisimplicity of
modules and a convergence and extension property for
intertwining operators. In particular, the associativity of
intertwining operators is proved. Moreover, a vertex tensor
category structure gives a braided tensor category structure.

@ This semisimple tensor category theory applies to the minimal
models (H., 1995), the moonshine module (H. 1995),
Wess-Zumino-Witten models (H.-Lepowsky, 1997), and N = 1
and N = 2 superconformal minimal models (H.-Milas, 1999,
2000), and a semisimple category of modules for affine Lie
algebras at admissible levels (Creutzug-H.-Yang, 2017).
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@ Zhu in 1990 introduced a condition C. This is what we call
C»>-cofiniteness now.

@ C»-cofiniteness: For a vertex operator algebra V and a V-module
W, let Co(W) be the subspace of W spanned by elements of the
form Resyx2Y (v, x)wforv e Vy =[],z Vinandwe W. Wis
Co-cofinite if dim W/ Co(W) < .

@ Vis Cy-cofinite if V as a V-module is Cy-cofinite.

@ If Vis Co-cofinite and of positive energy (meaning V(q) = 0 for
n < 0and V = C1), then every irreducible V-module is
Co-cofinite (Abe, Buhl and Dong, 20024).

«O0>» «F» «Z>» « E>» = Q>
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Co-cofiniteness

@ Zhu in 1990 introduced a condition C. This is what we call
C>-cofiniteness now.

@ C»-cofiniteness: For a vertex operator algebra V and a V-module
W, let Co(W) be the subspace of W spanned by elements of the
form Resxx2Y(v, x)w for v e Vi =[]z, Vinyand we W. Wis
Co-cofinite if dim W/Co(W) < oc.

@ Vis Cy-cofinite if V as a V-module is Cy-cofinite.

@ If Vis Cy-cofinite and of positive energy (meaning V/qy = 0 for
n < 0and V = C1), then every irreducible V-module is
C»-cofinite (Abe, Buhl and Dong, 20024).
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@ Nahm in 1994 introduced quasirationality for modules for
W-algebras.

@ Mathematically, YW-algebras mean vertex operator algebras and
quasi-rationality means C;-cofiniteness.

@ C;-cofiniteness: For a vertex operator algebra V and a V-module
W, let C;(W) be the subspace of W spanned by elements of the
form Resyx 'Y (v, x)w for v e Vy =[], Vinyand we W. Wis
Cj-cofinite if dim W/CQ(W) < oQ.

@ A C,-cofinite module is C;-cofinite but the converse is not true.

@ A vertex operator algebra as a V-module is always C;-cofinite.
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@ Mathematically, YW-algebras mean vertex operator algebras and
quasi-rationality means C;-cofiniteness.

@ C;-cofiniteness: For a vertex operator algebra V and a V-module
W, let C{(W) be the subspace of W spanned by elements of the
form Resyx 'Y (v, x)wfor v e Vi =[],z Vinyand we W. Wis
Cq-cofinite if dim W/CQ(W) < oQ.

@ A Cs-cofinite module is Cq-cofinite but the converse is not true.

@ A vertex operator algebra as a V-module is always C;-cofinite.
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C»-cofinite reductive vertex operator algebras
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C»-cofinite reductive vertex operator algebras

@ H. in 2002 proved the convergence and extension property for
intertwining operators by derive differential equations under the
condition that modules involved are all Cq-cofinite. In particular,
the convergence and extension property for intertwining operators
holds for a Cs-cofinite vertex operator algebra.
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C»-cofinite reductive vertex operator algebras

@ H. in 2002 proved the convergence and extension property for
intertwining operators by derive differential equations under the
condition that modules involved are all Cq-cofinite. In particular,
the convergence and extension property for intertwining operators
holds for a Cs-cofinite vertex operator algebra.

@ This result together with the result of H.-Lepowsky shows that the
category of modules for a C,-cofinite finite reductive vertex
operator algebra has vertex and braided tensor category
structures and that the associativity of intertwining operators
holds.
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C»-cofinite reductive vertex operator algebras

@ H. in 2005 proved the rigidity and modularity of the braided tensor
category of modules for a Co-cofinite finite reductive vertex
operator algebra of positive energy with a nondegenerate invariant
bilinear form.
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C»-cofinite reductive vertex operator algebras

@ H. in 2005 proved the rigidity and modularity of the braided tensor
category of modules for a Co-cofinite finite reductive vertex
operator algebra of positive energy with a nondegenerate invariant
bilinear form.

@ A different proof of rigidity part of the result above is obtained by
Etingof and Penneys (2024). But this proof cannot give the
connection between the Hopf link and the modular
transformations of the characters.
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Logarithmic tensor category theory

@ H.-Lepowsky-Zhang in 2003 and 2010-2011 constructed vertex
and braided tensor category structures on nonsemisimple
category of suitable modules for a vertex operator algebras (or
more generally a Mdbius vertex algebra) under certain
assumptions. In particular the associativity of intertwining
operators is proved.
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Logarithmic tensor category theory

@ H.-Lepowsky-Zhang in 2003 and 2010-2011 constructed vertex
and braided tensor category structures on nonsemisimple
category of suitable modules for a vertex operator algebras (or
more generally a Mdbius vertex algebra) under certain
assumptions. In particular the associativity of intertwining
operators is proved.

@ H. in 2007 verified the assumptions to use the logarithmic tensor
category theory of Huang-Lepowsky-Zhang for a Cs-cofinite
vertex operator algebra of positive energy.
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Logarithmic tensor category theory

@ H.-Lepowsky-Zhang in 2003 and 2010-2011 constructed vertex
and braided tensor category structures on nonsemisimple
category of suitable modules for a vertex operator algebras (or
more generally a Mdbius vertex algebra) under certain
assumptions. In particular the associativity of intertwining
operators is proved.

@ H. in 2007 verified the assumptions to use the logarithmic tensor
category theory of Huang-Lepowsky-Zhang for a Cs-cofinite
vertex operator algebra of positive energy.

@ In fact, the assumptions are also verified in the same paper for a
vertex operator algebra satisfying weaker conditions than
C»-cofiniteness (including, in particular, the C;-cofiniteness of
irreducible modules). But the other conditions are too strong to be
useful.
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C;-cofiniteness and Nahm’s inequality
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C;-cofiniteness and Nahm’s inequality

@ Nahm in 1994 argued that if a suitable fusion product W, of two
V-modules Wi and W, exists, then

dim(Wi2/C1(Wi2)) < dim(Wy/Ci(Wh)) dim(W2/Cy(W2)).

@ If the fusion product is constructed and Nahm’s inequality is
proved mathematically, we see that the fusion product of two
C;-cofinite modules must be C;-cofinite.
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type (W1 W)
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C;-cofiniteness and Nahm’s inequality

@ Nahm in 1994 argued that if a suitable fusion product W, of two
V-modules Wi and W, exists, then

dim(Wi2/C1(Wi2)) < dim(Wy/Ci(Wh)) dim(W2/Cy(W2)).

@ If the fusion product is constructed and Nahm’s inequality is
proved mathematically, we see that the fusion product of two
C;-cofinite modules must be C;-cofinite.

@ Miyamoto in 2014 proved a weak version of Nahm’s inequality
dim(W3/C1(W3)) < dw, w,, Wwhere dy, w, € N depends only on
W, and W2 and Wj is the image of an intertwining operator ) of
type (W1 W)

@ A full proof of the Nahm’s inequality is given by H. in 2025.
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Category of Ci-cofinite grading-restricted generalized
V-modules
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Category of Ci-cofinite grading-restricted generalized
V-modules

@ By verifying the assumptions to use the logarithmic tensor
category theory of H.-Lepowsky-Zhang, Creutzig-Jiang-Orosz
Hunziker-Ridout-Yang (2020), Creutzig-Yang (2021), McRae
(2023), and Creutzig-McRae-Orosz Hunziker-Yang (2024) proved
that if the category of C;-cofinite grading-restricted generalized
V-modules is closed under the contragredient functor, then this
category has a natural structure of vertex and braided tensor
category structures.
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Category of Ci-cofinite grading-restricted generalized
V-modules

@ By verifying the assumptions to use the logarithmic tensor
category theory of H.-Lepowsky-Zhang, Creutzig-Jiang-Orosz
Hunziker-Ridout-Yang (2020), Creutzig-Yang (2021), McRae
(2023), and Creutzig-McRae-Orosz Hunziker-Yang (2024) proved
that if the category of C;-cofinite grading-restricted generalized
V-modules is closed under the contragredient functor, then this
category has a natural structure of vertex and braided tensor
category structures.

@ Problem: If the category of Cy-cofinite grading-restricted
generalized V-modules is not closed under the contragredient
functor, does it still have vertex and braided tensor category
structures?
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A generalization of the logarithmic tensor category
theory of H.-Lepowsky-Zhang
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A generalization of the logarithmic tensor category
theory of H.-Lepowsky-Zhang

@ One of the main assumption in the logarithmic tensor category
theory of H.-Lepowsky-Zhang is that the category of modules is
closed under the contragredient functor.
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A generalization of the logarithmic tensor category
theory of H.-Lepowsky-Zhang

@ One of the main assumption in the logarithmic tensor category
theory of H.-Lepowsky-Zhang is that the category of modules is
closed under the contragredient functor.

@ To solve the problem above, we need to generalize the logarithmic
tensor category theory of H.-Lepowsky-Zhang to the case that the
category is not closed under the contragredient functor.
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A generalization of the logarithmic tensor category
theory of H.-Lepowsky-Zhang
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A generalization of the logarithmic tensor category
theory of H.-Lepowsky-Zhang

@ Indeed, by going through the work of H.-Lepowsky-Zhang
carefully, we obtain a generalization in this case.
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A generalization of the logarithmic tensor category
theory of H.-Lepowsky-Zhang

@ Indeed, by going through the work of H.-Lepowsky-Zhang
carefully, we obtain a generalization in this case.

@ In this case, Wjtlp;) W is not an object of the category. Instead,
Witlp(z) W is grading-restricted generalized module whose
contragredient is an object of the category.
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A generalization of the logarithmic tensor category
theory of H.-Lepowsky-Zhang

@ Indeed, by going through the work of H.-Lepowsky-Zhang
carefully, we obtain a generalization in this case.

@ In this case, Wjtlp;) W is not an object of the category. Instead,
Witlp(z) W is grading-restricted generalized module whose
contragredient is an object of the category.

@ The assumptions of this generalization are the same as the
assumptions in the work of H.-Lepowsky-Zhang except for the
closedness under the contragredient functor.
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Differential equations for products of intertwining
operators among C;-cofinite grading-restricted
generalized modules
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Differential equations for products of intertwining
operators among C;-cofinite grading-restricted
generalized modules

@ The differential equations derived by H. in 2002 should also be
generalized since in that paper, we need the contragredient of an
object in the category to be Cy-cofinite.
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Differential equations for products of intertwining
operators among C;-cofinite grading-restricted
generalized modules

@ The differential equations derived by H. in 2002 should also be
generalized since in that paper, we need the contragredient of an
object in the category to be Cy-cofinite.

@ But the results and proofs in that paper also works when two
modules placed at oo and 0 are quasi-finite-dimensional but not
necessarily Cq-cofinite.
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Differential equations for products of intertwining
operators among C;-cofinite grading-restricted
generalized modules

@ The differential equations derived by H. in 2002 should also be
generalized since in that paper, we need the contragredient of an
object in the category to be Cy-cofinite.

@ But the results and proofs in that paper also works when two
modules placed at oo and 0 are quasi-finite-dimensional but not
necessarily Cq-cofinite.

@ Here by a quasi-finite-dimensional generalized V-module, we
mean a generalized V-module W =[], W, such that for any
N S N, d|m H|Re(n)€(C VV[n] < Q.
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Differential equations for products of intertwining
operators among C;-cofinite grading-restricted
generalized modules
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Differential equations for products of intertwining
operators among C;-cofinite grading-restricted
generalized modules

@ More precisely, let Wy, W5 be C;-cofinite grading-restricted
generalized modules, W, W3 quasi-finite-dimensional, and W, a
lower-bounded generalized module, and let )y and )» be

intertwining operators of types (W':V3V4) and (W'gvﬁvs), respectively, .
Then the series

(Wo, V1(wy, Z1)Vo(Wo, Z2)Ws)

satisfies differential equations of regular singular points.
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By verifying the assumptions in the generalization above using the
results discussed above and some other results, we obtain the
following general result:

Theorem

Let V be a vertex operator algebra, or more generally, a
grading-restricted Mdbius vertex algebra and C the category of

Cq -cofinite grading-restricted generalized V-modules. Then the
associativity of (logarithmic) intertwining operators among objects of C
holds and the category C has a natural vertex tensor category
structure. In particular, the category C has a natural braided tensor
category structure with a twist.

«0>» «F>» « Tr» « > Q>
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results discussed above and some other results, we obtain the
following general result:

Theorem

Let V be a vertex operator algebra, or more generally, a
grading-restricted Mdbius vertex algebra and C the category of

C1 -cofinite grading-restricted generalized V-modules. Then the
associativity of (logarithmic) intertwining operators among objects of C
holds and the category C has a natural vertex tensor category
structure. In particular, the category C has a natural braided tensor
category structure with a twist.
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Beyond C;-cofiniteness
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Beyond C;-cofiniteness

@ For universal Virasoro vertex operator algebras, grading-restricted
generalized modules in general are not C;-cofinite. For example,
the Verma modules for the Virasoro algebra.
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Beyond C;-cofiniteness

@ For universal Virasoro vertex operator algebras, grading-restricted
generalized modules in general are not C;-cofinite. For example,
the Verma modules for the Virasoro algebra.

@ In this case, we need to further generalize the tensor category
theory.
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@ For universal Virasoro vertex operator algebras, grading-restricted
generalized modules in general are not C;-cofinite. For example,
the Verma modules for the Virasoro algebra.

@ In this case, we need to further generalize the tensor category
theory.

@ Kupiainen, Rhodes, and Vargas in 2020 and Guillarmou,
Kupiainen, Rhodes, and Vargas in 2020 and 2021 constructed the
Liouville copnformal field thelry.
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Beyond C;-cofiniteness

For universal Virasoro vertex operator algebras, grading-restricted
generalized modules in general are not C;-cofinite. For example,
the Verma modules for the Virasoro algebra.

In this case, we need to further generalize the tensor category
theory.

Kupiainen, Rhodes, and Vargas in 2020 and Guillarmou,
Kupiainen, Rhodes, and Vargas in 2020 and 2021 constructed the
Liouville copnformal field thelry.

The Liouville theory corresponds to a conformal field theory
described by the Verma modules for the Virasoro algebra and
their intertwining operators.

We conjecture that we might be able to reformulate some part of
the infinite-dimensional analysis used in the construction of
Liouville theory as a theory of differential equations in
infinite-dimensional spaces.
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Beyond C;-cofiniteness

@ For universal Virasoro vertex operator algebras, grading-restricted
generalized modules in general are not C;-cofinite. For example,
the Verma modules for the Virasoro algebra.

@ In this case, we need to further generalize the tensor category
theory.

@ Kupiainen, Rhodes, and Vargas in 2020 and Guillarmou,
Kupiainen, Rhodes, and Vargas in 2020 and 2021 constructed the
Liouville copnformal field thelry.

@ The Liouville theory corresponds to a conformal field theory
described by the Verma modules with central charge larger than
25 for the Virasoro algebra and their intertwining operators.
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Beyond C;-cofiniteness

@ We conjecture that some part of the infinite-dimensional analysis
used in the construction of Liouville theory can probably be
reformulated as a theory of differential equations in
infinite-dimensional spaces.
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Beyond C;-cofiniteness

@ We conjecture that some part of the infinite-dimensional analysis
used in the construction of Liouville theory can probably be
reformulated as a theory of differential equations in
infinite-dimensional spaces.

@ If such a theory can be developed in the future, non-Cj-cofinite
modules for vertex operator algebras can also be studied using
the representation theory of vertex operator algebras.
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Beyond C;-cofiniteness

@ We conjecture that some part of the infinite-dimensional analysis
used in the construction of Liouville theory can probably be
reformulated as a theory of differential equations in
infinite-dimensional spaces.

@ If such a theory can be developed in the future, non-Cj-cofinite
modules for vertex operator algebras can also be studied using
the representation theory of vertex operator algebras.

@ Since every vertex operator algebra has a Virasoro vertex vertex
operator subalgebra, it is possible that in the future we can use

the Virasoro vertex operator subalgebra to construct and study
general conformal field theories.

Yi-Zhi Huang Analytic compatibility condition October 3, 2025 18/19



THANK YOU!
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