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Lecture 1

1 Notation and terminology

1.1 Groups and their modules:

Definition 1. Let G be a goup. A G-module A is an additive group with a
G-action.

A G-module clearly defines a ZG-module structure on A, and a ZG-module
structure on A clearly defines a G-module structure on A. The distinction will
be blurred in this regard, and one often just says that A is a G-module.

The free G-modules are up to isomorphism @ZG with basis X.

For an arbitrary G-module A, there exists a free G-module F' and a surjective
map €: F'— A, such that G = F'/ kere. This will be called a free presentation of
the G-module A.

1.2 Group actions on metric spaces:

Let (M, d) denote a metric space M with metric d.

Definition 2. A group G acts on the metric space (M, d) if G acts by isometries.
That is, there is a map p : G — Isom (M). We will often adopt the notation for
g€G7m€Ma gm:p(g)m:pg(m)

Important examples for our consideration are E™ and H2.

Example 1. We recall that Isom (E™) = Transl (E™) x O (n) where we identify
Transl (E") = R™ and the action of O (n) on Transl (E") is induced via matrix
multiplication on R™. That is, (a, A) * (b, B) = (a + Ab, AB).

However, for what follows we will be interested mainly in group actions p :
G — Transl (E™). In this case, we see that G’ C ker p, hence we have the in-
duced homomorphism g : Gap, = G/G’ — Transl (E™). If we consider VG’ =
{9 € G|3k € N, g* € G'}, we note that VG’ C ker p since Transl (E") is torsion
free. Thus we have the induced homomorphism p : G/v/G’ — Transl (E"). Note
that G/ V@ is torsion free and Abelian. Thus if we are concerned with finitely
generated groups G, it suffices those group actions where Q = G/ ker p = ZF.



For Q = Z"™, there is a canonical action of () on E™, namely, left translation on
the identification Q@ ®z R 2 R"™, i.e. g- (¢’ ® r) := (g¢’) ® r. This action satisfies
the following two helpful properties:

1. The orbit of the origin 0 € R™ under this action is the standard lattice Z*
which inherits the discrete topology.

2. Let W be the closed cube of unity in R™. Then the orbit of W under the
induced action covers R™. Such an action is called co-compact.

Not all actions satisfy these two conditions as we now demonstrate.

Example 2. Let p : Z™ — Transl (E") be the canonical action. Define p’ : Z™ —
Transl (E @ E™) by g (21, ..., Tnt1) = (X1,Z2 4+ g1, .oy Tnt1 + gn). This action is
not co-compact, but condition one is satisfied in the sense that the orbit of 0 is
discrete.

Example 3. Define p : Z? — Transl (E) via gr = r + g1 + v/2go. This is easily
seen to be an action which is co-compact, and one can verify that the orbit of 0
is indeed dense in R.

1.3 Boundary of (M, d) and horoballs:

In this paper, we make the convention that (M, d) is always a CAT(0) space.
We provide the basic definitions and important properties of CAT(0) spaces, and
refer the reader to the book by Bridson & Haefliger for a more precise treatment.

1.3.1 CAT(0) Spaces

Definition 3. Let A = (v1,72,73) be a geodesic triangle in (M, d) with corre-
sponding endpoints a;, where the 7; are the geodesic edges. Consider a compar-
ison triangle A’ = (v1,74,74) € E? with corresponding endpoints a, such that
d(ai,a;) =d (a’i,a;) for all 4,5 € {1,2,3}. The metric space (M,d) is then said

to be of type CAT(0) if d (v; (t),7; (s)) < d (v} (t) N (s)). for all choices of i,
and all ¢ € [0,d (ai,ai+1 moa 3)] and s € [0,d (a;,aj4+1 mod 3)]-

One can generalize the definition of CAT(0) to CAT(k) by simply replacing
the comparison space E? with the model surface M]f of constant curvature k.
Then a metric space (M, d) is CAT (k) if triangles in M are not fatter than those
in M ,f

In particular, the Euclidean and hyperbolic spaces are CAT(0) and we will
soon drop the generality and concentrate on the Euclidean case.

1.3.2 Horoballs

Definition 4. A geodesic ray is an isometric embedding of the metric space
[0,00), v : [0,00) — M.

We now define an equivalence relation on the geodesic rays of a metric space
which generalizes the notion of parallel rays in E™.

Definition 5. Two geodesic rays 71,72 are parallel (or 3 ~ 79) if and only if
d(y1 (t),72 (¢)) is bounded.



Definition 6. We now define OM := {7 |~ a geodesic ray} / ~.

One can also define a topology on M, (which I will hopefully explain shortly).
With this, we have the following computations of OM.

Example 4. Let M = E". Then 9E" = S"~1.

Example 5. Let M = H?. Then 0H? = S!, as in the circle model, equivalence
classes of parallel lines are determine by the points along the boundary of the
disc.

Before we define half spaces in (M, d), we note that for a point A € M,
there is a unique geodesic ray in each equivalence class (one can also say in the
direction e), written -y, 4 which satisfies v, 4 (0) = A. If we consider the case
M = E2?, when given v, 4 we can consider for a point ¢ € im~, 4, the open ball
B (t;d(t, A)) centered at ¢ with radius d (¢, A). The union (¢, , B (t:d (¢, A))
then gives us a subspace whose closure is the closed half space in E2. This idea
is formalized in the following definition.

Definition 7. In a CAT(0) metric space (M, d), we define the open horoball with
respect to ve,4 = 7y, a geodesic ray with base point A in the direction e to be

Hen:= |J B(td(tA)).

t€im y o
For the closed horoball, we simply take the closure of the open horoball H, 4.

Example 6. In M = H? seen as the circle model, we can compute H, 4 to be
the intersection of the Euclidean disc which is tangent to M at e and whose
boundary passes through A.

Example 7. In S?, there do not exist any geodesic rays, and hence, we cannot
define a boundary or horoballs in this manner.

1.3.3 Properties of CAT(0) Spaces
CAT(0)-1. For all B € 0H. 4, we have He 4 = He .
CAT(0)-2. The set of horoballs based at e € OM is linearly ordered by C.

CAT(0)-3. For horoballs H a» C He 4 and all B,C € OH, 4, we set B’ (resp. C’)
equal to im~. g N OH, 4. We then have d (B, B’) = d (C,C").

2 The Invariant ¥°(G; A)

2.1 Control functions:

We begin with a few examples of control functions, and then give an explicit
definition.

Example 8. Consider the map h : G — M defined by choosing an origin b € M
and setting h (g) = gb. This then satisfies h (gg’) = gh (¢’), i.e. h is a G-map.

Definition 8. fM = {A € P (M) | card A < oo} where P (M) denotes the power
set of M.



Definition 9. We can consider an element A € RG of the group ring over R to
be a function A : G — R in the following way. When A = Y

A(g) = ng.

Definition 10. Define the support of an element A € RG to be supp (\) :=
{g€GIA(g) # 0}

Hence with this language, we can consider RG to be all functions A : G — RG
with finite support. One can define the operations in the obvious manner and
show that the notions are equivalent.

g Ngg, We set

Example 9. Cousider h : ZG — fM defined by h (\) = {gb|g € supp (A\)}. This
once again is a G-transformation when we define g {ayo, ..., ax} = {gao, ..., gay } for
{ag, ...,ar} € M.

Definition 11. Let F' be a finitely generated free G-module with basis X. We
define YV := GX = {gz|g € G,x € X}. Thus Y is a Z-basis of F' on which G
operates freely, hence F' = ZY = ©,cyZy. We also have for any w € F' a unique
expression in terms of the basis w = Zer NyY.

We now come to our main definition of a control function.
Definition 12. To construct a control function h : F' — fM, do the following:
1. choose for each = € X an arbitrary h (z) € fM \ {0}
2. for y = gz € Y define h (y) := gh (z);
3. for w € F', define h (w) = U, csupp(u) P (¥)-
We note that such functions fulfill the following properties:
h(0) =
ii. h(gw) = gh(w) for all g € G and all w € F;
ili. h(mw)=h(w) form e Z\ {0};
iv. h(w+w') Ch(w)Uh@W).

Control functions don’t work nicely with addition. In some circumstances, we do
however have h (w+ w') = h (w) U h (w'). A few examples are:

L. supp (w) Nsupp (w') = 0;
2. w(y)>0forallyeY.

Remark 1. Note that a control function h depends on the choice of basis X and
the assignment X — fM.
We will find it convenient to define generalized control functions.

Definition 13. A generalized control function is a map h : F — fM which
satisfies conditions i.—iv. above.



A control function satisfies h (w) = 0 iff w = 0, whereas a generalized control
function may not. One reason why the study of generalized control functions will
be useful is because for a control function h : F' — fM and a homomorphism
¢ : F' — F, the composition h o ¢ is a generalized control function, but will not
be a control function in general.

Definition 14. We define an e-neighborhood (Umgebung) of a set S C M to be
Ue (S):=U(S;¢):={aec M|3s € S,d(s,a) < €}

Proposition 1. Let F' be a finitely generated free G-module with respect to the
bases X. Then for a control function h : F — fM defined with respect to X and
a generalized control function h' : F — fM, there exists 6 > 0 such that for any
w € F, we have h' (w) C Us (h (w)).

Proof. Choose § := max {d(a,b) |a € U,cx b (2),b€ U,ex #' (z)}. The max-
ima are defined as the sets X, h (z) and h’ (z) are all finite sets. From this choice,
it is clear that A’ (z) C Us (h(z)) for all z € X.

Note that for all g € G, we have for A, B € M, gUs (A) = Us (gA) as G acts
by isometries.

Now let w = }° conow) My With y € GX. By definition we have h (w) =

Uyesupp(w) h (y) and A/ (U)) - UyEsupp(w) w (y) As W (l’) - U5 (h (JJ)), we have
K (gx) C Us (h(gx)) for all g € G. Hence

rwe U Kwe U Usth(y) =Us(hw)
y€Esupp(w) y€supp(w)

as desired. O

Corollary 1. Let h,h/ : F — §fM be control functions defined with respect to X
and X' respectively. There then exrists & > 0 such that for any w € F, we have
B (w) CUs (h(w)) and h (w) C Us (b (w)).
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2.2 Limit points in OM

Definition 15. Let F' be a finitely generated free G-module, and S C F. We
say that S has an accumulation point at e € M if for every horoball H, there is
s € S such that h(s) C He.

This definition is actually independent from the control function h, which we
formulate in the following proposition.

Proposition 2. If h, i/ : F — {M are two control functions, then h(s) C He
implies h' (s) C He.

Proof. O

Definition 16. Let A be a finitely generated G-module, and € : FF — A a G-
homomorphism. For a € A define

L4 (a) := {e € OM | e is acc. point of e (a) C F}.

This definition is independent of the choice of €. To prove this, we require a
couple of simple observations, namely:



i. LY (a) LS (b) C LY (a+0);
ii. L (ga) = gL (a).

Proposition 3. If f : A — A’ is a G-homomorphism, with A and A’ finitely
generated G-modules, and there exist finite presentations e : F'— A and € : F' —
Al, then LY (a) € LY, (f (a)).

Proof. O
Corollary 2. L€ (a) is independent of the choice of €.
Proof. O
Because of this result, we write L4 (a) := L% (a).
Definition 17. X° (p; A) = (N, La (a).
Recall that for this definition, G is a group and A is a finitely generated

G-module given by the action p of G on A.

2.3 Explicit Interpretation of e € X0 (p, A)
2.3.1 Interpretation via a condition on finite generation

As our definition of X° is independent of the choice of h, we pick a simple one that
will be easy to work with. With « € X, define h (z) = {b} where b € M is a chosen
origin, or base point. Thus we compute quite easily h (y) = h(gx) = {gb} for all
y € Y. Thus h (Az) = supp (A) - b, and furthermore h (> A;z;) = U;supp (A\;) b
for all Y~ N\jz; € F.

We now investigate exactly what it means in this case for e € L4 (a). The
condition e € L4 (a) means that for every horoball H, there exists w € e (a)
such that h (w) C H.. To make this more concise, define

Gn, ={9€G|gbeH}.
Thus h (w) C H. means that w € ZGy, X. We thus can conclude:
Proposition 4. e € L (a) if and only if a € ZGy € (X) for all horoballs He.
Remark 2.
Theorem 1. X (p,Z) = OM if and only if p is co-compact.
Proof. No proof given. O

Theorem 2. Suppose the orbit Gb is discrete in M, with G} # ) for all e € IM
and set K := ker p. Then X° (p, A) = OM if and only if A is a finitely generated
as a K-module.

Proof. O
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2.3.2 Dynamic Interpretation

Roughly said, in this section we will come up an equivalence with e € X° (p; A)
and the existence of a function f : F — F which satisfies for y € YV

i e(0(y) =e(y) and
ii. h(f (y)) is closer to e than h (y).

To make this precise, we need to utilize the properties of CAT(0) spaces
mentioned above.

Definition 18. Let b € M be a chosen origin, and e € M. The Busemann
function with respect to b and e is B, : M — R which is defined for A € M by
computing d (b, A’) where A’ = v, N OH, 4 and b € im~.. Then by convention,
if Hea € Hep we set B (A) = d(b,A’) and if Hep C Heoa we set G (A) =
—d (b, A").

Definition 19. We extend the Busemann functions to be defined on fM by
setting for L € fM
Be (L) := max {B. (m) |m e L}.

Definition 20. Let F' be a finitely generated free ZG-module and f: F — F a
Z-endomorphism. We say that f pushes F' towards e if there exists § > 0 such
that

Be (h(f (w))) = Be (h(w)) +6
for all w € F'. Alternatively, we say that f pushes F' in the direction e.

Theorem 3.
Y0 (p;A) ={e|3f: F - F 3 eo f = f and f pushes in direction e}

2.3.3 Pushing with G-homomorphisms

Observation 1. The action p : G — Isom (M) induces an action on the geodesic
rays, and furthermore, an action on M.

Proposition 5. Supposing that e € X°(p; A), the Z-epimorphisms pushing F
towards e are G-homomorphisms if and only if Ge = e.

Proof. O

Example 10. In the case where M = E™ and G acts by translations, we have
Ge =e.

Definition 21. Let b € M be a chosen origin, a € M and let e € 9M. We then
define x% : G — R by x% (9) := Be,a (gb) — Be.a ().

Proposition 6. The map x? is a group homomorphism into the additive group
R and independent of the choice a. We thus write x. = Xx2.



Proof.

Xe (9192) = Be.a(91920) — Be,a (b)
= Be,a(9192b) + (—Be,a (920) + Be,a (92D)) — Bea (b)
= (Be,a (9192b) = Be,a (920)) + (Be,a (920) — Bea (b))
= Xe(91) +x¢ (92)

From CAT(0)-3, we obtain for ¢ € M the equation [ 4 (A) = Be,c (A) —fe.c (a).
We now compute

Xg (g) = 66,a (gb) - ﬁe,a (b)

It is helpful to note that we can define an action of G on R which makes x.
G-equivariant. We define for r € R the action g - r = x. (g9) + 7.
O

Definition 22. We define a useful monoid

Ge:={9€G|xe(g9) >0}

and the associated semi-group
G¢={9€G|xe(9) >0}

The geometric interpretation of G is that all of its elements push in the
direction of e, i.e. gb is closer to e than b. We likewise see that G, is the set of
all elements which satisfy gb is not further away from e than b.

If we assume Ge = e for all e € OM, we obtain yet another description of
%0 (p; A). Suppose A = Zle ZGa; and set @ = (aq,as, ...,ar). Then

Proposition 7.

0 (p; A) = {e|3A € M,, (ZG}) > Aa =a}

2.4 The Euclidean Case

We now drop the generality and focus on the case where G is finitely generated
and acts via left translation on G/G’ ®z R =2 E™. That is, the action is given by
7 : G — Transl (G/G’ @ R) where 7(g) (h®7r) = g® 1+ h®r. In this case, we
make the convention that

Y0 (G5 A) = X0 (1; A)

as is only depends on the choice of G and the G-module A now.
With this added restriction, we gain intuition and a few nice properties which
we list here:

1. Via the vector space isomorphism M = G/G' @ R =2 R"™, we get an induced
inner product (—, —) on G/G' @ R.



2. We also have the association OM = S™~!, and thus every direction e is
given by the unit vector u, € S*~1.

3. We take the base point b to be b = 0.

4. Furthermore, Gue = u, for all v, € OM, and the additive character y.
takes the form x. (¢) = (e, g - b).

5. The description of X0 in Proposition 7 is valid in this case. If the group G
is Abelian, we can then formulate a more convenient description of X9 by
the use of determinants.

Proposition 8. If the group G is Abelian, then

(@A) = {e|3n e ZGVae A> pa=a}
= {e|3p € ZG} 51— p € Annge (A)}
Proof. (adjoint matrix trick and the description of 3° in Prop. 7) O
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In addition to the above listed consequences of restricting our attention to
Euclidean metric spaces, we also have a few helpful descriptions of ¥° to work
with, which we list here:

1. X0(G; A) = {e| A'is fin. gen. over ZG.}
2. ¥9(G;A)={e|3 G-Hom ¢ : F — F > e¢) = ¢ and pushes F in direction e}
3. ¥0(G;A) ={e|FA e M,, (ZG}) > Aa=a > {a;} generate A}

Theorem 4. X% (G; A) = OM if and only if A is finitely generated as a module
over the kernel K = ker 7 of the operation 7 : G — Transl (M).

Proof. O

For G a finitely generated Abelian group, we have
20(G;A)={e € OM|3IN€ZGT 51—\ € Anngg A}.

Thus for finitely generated Abelian groups G, this description shows X° only
depends on the group G and the annihilator of A, hence we conclude X° (G; A) =
Y0 (G; ZG ) Anngg (A)).

We now make a few computational observations about ¥° (G; A).
1. X9(G;Z2G/1) = 2°(G; ZG/T) N X° (G ZG) J).

2. ¥0(G;2G/1T) =20 (G, ZG/ (I N J)).

3. %0 (G5 2G/1) = 3" (G:2G/VT)

4. Thus from observations 1-3 we conclude that when ZG is Noetherian, com-
puting X9 (G; ZG/I) for any ideal I is reduced to computing X° (G; ZG /p;)
where the p; are prime ideals in ZG such that v =p; N ---Np;.
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Example 11 (1-Relator Modules).

Definition 23. A one relator ZG-module is a module of the form ZG/I where
I =MG = (A) for X € ZG.

Observation 2. Given a specified direction e € M, we then recall x. : G — R
defined by xe (9) = (ue, h(g)) (where u, € S~ ! is the corresponding unit vec-
tor to the direction e) is a homomorphism. With this homomorphism, there is
an R-grading of ZG given by ZG = ®,erZ (G, \ G;). That is, for A € ZG,
we can write A = ) _p A, where x.()\.) = r. In particular, supp(A;) =
{g €supp (A) [xe (9) =7}

From the R-grading on ZG, we can define a valuation v, : ZG — Ry, as
follows: set ve (A) := min{r |\, # 0} for X\ # 0 and v, (0) = co. We also define
Ae i= Ay, (1), Which we also call the initial term of \. We observe that v, satisfies
the following properties which almost makes it into a valuation in the normal
sense:

1 Ve A+ /J) > min {ve ()‘) ; Ve (ﬂ)}v

3

2. ve (gp) = Xe (9) + ve (11);
. e (0) =00

(
(
(
(

4. ve (—A) = ve (V).

Lemma 1. If ZG does not have any non-trivial zero divisors, then v, (Au) =
Ve (A) + ve (1) and (M), = Aefte-

Proof. Write A = Ao + AT and u = pte + . Then A\ = Aepte + AT e + Aept +
Atut. By assumption, e # 0 and ve (A — Aepre) > ve (A) + ve (1), whence
the result follows. O

We now restrict our attention to the case where G is a finitely generated
Abelian group. In this case, we can utilize the description from Propositon 8 to
the following description of X0 (G;ZG/ (N\)):

YO (G ZG/ (V) = {e|I € ZG} 51— ¢ € Anny (4)}
= {e|Inel NHe€ZG s p=1-(}
= {e|3pel>pu =1}.
For especially nice group rings ZG, we can make the result even more precise.

Theorem 5. If ZG contains only trivial zero divisors and trivial units (those of
the form +g for g € G), then

YO (G ZG/ (V) = {e| \e € £G}.

Proof. As (A\) = {uX|p € ZG}, we need to determine when (uA), = 1 by the
above description of X% (G,ZG/ (\)). By Lemma ? we have (u\), = preAe. We
have peAe = 1 if and only if A, is a unit in ZG, and by assumption, the only units
are the elements of £G, whence the theorem holds. O
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Remark 3. If G contains a nontrivial element of finite order, then ZG contains
non-trivial zero divisors. If [g| = n, then (g —1) (14+g+¢*+---+g¢""') = 0.
The finitely generated free Abelian groups @ = Z" have group rings Z( which
do not contain non-trivial zero divisors and non-trivial units.

To give a very explicit example, we compute 3° (Zz; 772/ ()\)) where Z2? =
(w,y]| [x,y]) and A = 2- 1+ 2+ y + 2%y%. The set X° in this case is illustrated
in Figure 1. We make the association z — (1,0) and y — (0,1) for the following
computations. The actual computation of X° (Z2;Z22 / ()\)) lies in computing
X(a,b) ((0,0)); X(a,p) ((1,0)), X(a,p) ((0,1)) and x(a,p) ((2,2)) for all directions e =
(a,b) € S', and determining the which obtain the minimum value. It is easy to
verify the following chart:

e = (a,b) Ae in £G?
a,b>0 2-1 no
a=0Ab>0 2-1+x no
b=0Aa>0 2-1+4y no
b<OA-b/2<a Y yes
b<OA—-b/2=a y + 229> no
a<O0A—a/2<b x yes
a<O0A—-a/2=0b x + 2%y? no
—b/2>aN—-a/2>Db z?y? yes

from which Figure 1 follows by Theorem 5.

.

Figure 1: The solid black line represents the points in %° (ZQ; 772/ ()\)) while the
dotted line represents OR? which we are identifying with S*.

Figure 2: This polyhedron, namely, the convex hull of supp (\), enables an easy
way to compute X0 (Z2; ZZ?/ (X)).
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Example 12. We now look at the case when G is Abelian and A = ZG /p where
p is a prime ideal, or equivalently, ZG/p is an integral domain. Let L = x(A) be
the field of fractions of A.

Now given e € M, we have the additive character y.(—) = (u., — - b) where
u, is the unit vector representing the direction e and b is the origin. We can
extend an additive character to a valuation v, : ZG — R,. We generalize the
construction in the following proposition.

Proposition 9. For v € Hom(Q,R) an additive character, we extend v to a
valuation vy : ZQ — Ry by defining:

i. v4+(A) =min{v(q) : ¢ € supp(\)};
it. v4(0) = o0.
Proof. We need to show that for A\, u € ZQ) the equations
i (M) = ve(A) + vi(p) and
il ve( A+ p) > inf {v.(N), va(p)}

are satisfied.

We write A =" AqZq, likewise for p and we compute

g€supp(A)
A= Z (Aqhr)Tgtr-
g€supp(N)
We now see rEsupp(p)

v.(Ap) = min{v(g +r) : ¢ € supp(A), r € supp(p)}

V4 (A) + v (1) = min {v(q) : ¢ € supp(A)} + min {v(r) : r € supp(u)}
and it is clear that v(qr) = v(q) + v(r) will be minimal when v(q) and v(r) are
minimalwhence the first equation holds.
From the easily verified inclusion supp(A+ pu) C supp(A)Usupp(p), the second

equation follows.
O

With this construction, we can define A, := im7|z¢, and I, := im7r|ZGe+. We
thus obtain the following diagram:

Gt —>7G. —>7G

iﬂzcj LW\ZGE iﬂ'

IC A€ A€ L

ZG[p

Proposition 10. e € X°(G; A)¢ if and only if I, # Ae, or equivalently, e €
¥0(G; A) if and only if I, = A..
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Proof. We utilize the description of X°(G; A) from Proposition 8, namely X°(G; A) =
{e|3p € ZGF 51— p € Anngg(A)}.

Suppose I, = A.. Then 1 € I.—that is, there exists A\ € ZG such that T = ).
Thus there exists v € p such that 1 = A4+, and we have 1—\ = v € p = Ann(A).
Hence e € ¥0(G; A).

Now suppose e € X9(G; A). Then there exists A € ZGT such that 1 — \ €
Ann(A) = p, hence 1—\ =~ for some v € p. Now let @ € A, such that v.(u) = 0.
Then p = p(A+7y) = pA + py. We compute ve () = ve (1) + ve(A) = ve(A) > 0.
Thus 77 = pX + py = p) € I.. Clearly for those 77 € A, such that v.(u) > 0 we
have p € I, whence I, = A.. O

13



