BASS’ NK GROUPS AND cdh-FIBRANT HOCHSCHILD
HOMOLOGY.

G. CORTINAS, C. HAESEMEYER, MARK E. WALKER, AND C. WEIBEL

ABSTRACT. The K-theory of a polynomial ring R[t] contains the K-theory
of R as a summand. For R commutative and containing @Q, we describe
K«(R[t])/K«(R) in terms of Hochschild homology and the cohomology of
Kaéhler differentials for the cdh topology.

We use this to address Bass’ question, on whether K,(R) = Kn(R[t])
implies Ky (R) = Kn(R[t1,t2]). We provide an example of a ring R for which
this fails; on the other hand, we show that the answer to this question is
affirmative when R is essentially of finite type over the complex numbers.

In 1972, H. Bass posed the following question (see [2], question (VI),):
Does K, (R) = K,(R[t]) imply that K,,(R) = K, (R][t1,t2])?

One can phrase the question in terms of Bass’ Nil groups as follows: “Does
NK,(R) = 0 imply that N2K,(R) = 07"

The notation N K,,, introduced in [1], is defined more generally for any functor
F from rings to an abelian category; NF(R) is the kernel of the map F(R[t]) —
F(R) induced by evaluation at t = 0, and N?F = N(NF). Bass’ question was
inspired by Traverso’s theorem [31], from which it follows that N Pic(R) = 0 implies
N2Pic(R) = 0.

In this paper, we give a fairly complete answer to Bass’ question for rings con-
taining Q. The answer breaks up into cases:

Theorem 0.1. a) For any number field K, there exists a normal surface singularity
R over K such that Ko(R) = Ko(R[t]) but Ko(R) # Ko(R[t1,t2]).

b) Suppose R is essentially of finite type over a field of infinite transcendence
degree over Q. Then NK,(R) = 0 implies that R is K,-regular and, in particular,
that Kn(R) = Kn(R[tl, tz]).

The proof of both these results relies on methods developed in [5] and [8], which
allow us to compute the groups NPK,, in terms of certain homological functors
derived from cyclic and Hochschild homology (see Theorem 5.5). One consequence
of our computation is the following structural result, implying that it suffices to
compute the groups N K, for various n to determine the groups NP K,,.

Theorem 0.2. Let R be a commutative ring containing Q.
a) K,(R) = K,(R[t1,t2]) iff NKn(R) = NK,,_1(R) =0 iff N>K,(R) = 0.
b) K,(R) = K,(R[t1,...,tp]) iff NK4(R) =0 for all ¢ such thatn —p < ¢ < n.
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c) Kn(R) = Kn(R[t1,...,tp]) iff
NK,(R)=0 and K,—1(R) = K,,—1(R[t1, ..., tp—1])-
This result allows us to reformulate Bass’ question as follows:
(0.3) Does NK,(R) =0 imply that NK,,_1(R) = 0?

We obtain the promised computation of the groups NK,(R) in terms of the
Hochschild homology of R, and of the cdh-cohomology of the higher Kahler differ-
entials QP both relative to Q. A special case is that for R essentially of finite type
over a field of characteristic zero,

dim(R)—1
(0.4) NKo(R) = | (RY/Rred) ® H?\ (R, Q) | ®@q tQlt].

p=1

Here R*' is the seminormalization of R,eq; we show in Proposition 2.5 that
Rt = HY, (R,0). The length of Hl,, (R,QP) for ¢ > 0 is the du Bois invariant
bP>1 of [29] when both are defined; see (7.8).

Here are two more important examples of our general calculations: the dimension
zero case (0.5) and the normal surface case (0.6), which will be used to construct
the counterexample (with %! =1 and ! = 0) in Theorem 0.1.

Ezample 0.5. If dim(R) = 0 then we get NK,,(R) =2 HH,,_1(R,I)®qtQ][t] for all n,
where [ is the nilradical of R. It is illuminating to compare this with Goodwillie’s
Theorem [15], which implies that NK,(R) 2 NK,(R,I) 2 NHC,,_1(R,I). The
identification comes from the standard observation (1.2) that the map HH, — HC,
induces NHC,.(R,I) =2 HH.(R,I) ®q tQlt].

Theorem 0.6. Let R be normal domain of dimension 2 and essentially of finite
type over Q. Then

a) NKo(R) = H! (R, Q') ®¢ tQ[t], and

b) NK_i(R) = HY;, (R, O) ®q¢ tQlt].

As (0.4) illustrates, the groups N K,,(R) have a natural bigraded structure when
Q C R, and it is convenient to take advantage of this bigrading in stating our
results. The bigrading comes from the A-filtration and the homothety operations,
and will be explained in Sections 1 and 5; the general decomposition has the form:

(0.7) NKY(R) = TK{"(R) ®q tQ[t].

Here i is the Adams weight, and TKff) denotes the typical piece of N K,(f)(R)
under the decomposition by the action of homothety operators.

When dim(R) = 2, our calculations for small n are summarized in Table 1 below;
the general result is stated in Theorem 5.1 and Corollary 5.2.

Here is an overview of this paper: Section 1 reviews the well known bigrading
on the Hochschild and cyclic homology of R[t] (and X x Al), and Section 2 reviews
the cdh-fibrant analogue. Section 3 describes the sheaf cohomology of the fibers
Fuu(X), Fuc(X), etc. of HH(X) — Hean(X, HH), etc. In Section 4 we use these
fibers to prove Theorem 0.2, by relating N K, +1(X) to H ™ "Fgg(X). We also show
(easily) that Bass’ question is negative for schemes in Lemma 4.5.

In Section 5, we give the detailed computations of the typical pieces TK,(J)(R)
needed to establish (0.4), Theorem 0.6 and Table 1; these computations employ the
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=1 1=2 1=3 i1=4 1=5H |1=6
TK{(R) HY(R) | torsQ3, | 034,(R)/9% | HL,01 0
TK2Z (R) 0 torsQh | Q2 (R)/Q% | HY, 08 0
TE{(R) | nil(R) | QL (R)/Qk|  H1y,02 0
K\ (R)| RY/R| HL, Q! 0
TKY)(R)| H., O 0
(R)| 0

Table 1. The groups TKY(R) for n < 3, dim(R) = 2.

main result of [9]. In Section 6, we prove Theorem 0.1(b), that the answer to Bass’
question is positive provided we are working over a sufficiently large base field.

The final three sections (7-9) concern the construction of the counterexample
mentioned in Theorem 0.1(a). The necessary calculations of the du Bois invariants
(that is, edh-cohomology groups of differentials) are provided in Sections 7 and 8,
drawing on Wahl’s paper [33]; it is then an easy step to obtain the actual example,
which we do in Theorem 9.1. Section 9 also contains a closer look at the Bass Nil
groups of normal surfaces over general fields of characteristic zero.

Notation. All rings considered in this paper should be assumed to be commutative
and noetherian, unless otherwise stated. Throughout this paper, k denotes a field
of characteristic 0 and F is a field containing k as a subfield. We write Sch/k for
the category of separated schemes essentially of finite type over k. If H is a functor
on Sch/k and R is an algebra essentially of finite type, we occasionally write H(R)
for H(Spec R). For example, H*;, (R, Q) is used for H;, (Spec R, ).

If H is a functor from Sch/k to spectra, (co)chain complexes, or abelian groups
that commutes (up to natural equivalence) with inverse limits of schemes over
diagrams with affine transition morphisms whenever it is defined (as for example
K, HH, Hean(—, HH), and Fgpg), then for any k-algebra R, we abuse notation
and write H(R) for the direct limit of the H(R,) taken over all subrings R, of R
of finite type over k. (If R is essentially of finite type but not of finite type, the two
definitions of H(R) agree up to canonical isomorphism.) In particular, we will use
expressions like Heq, (R, HH) for general commutative Q-algebras even though we
do not define the cdh-topology for arbitrary Q-schemes.

We use cohomological indexing for all chain complexes in this paper; for a com-
plex C, C[p]? = CP™4. For example, the Hochschild, cyclic, periodic, and negative
cyclic homology of schemes over a field k can be defined using the Zariski hyper-
cohomology of certain presheaves of complexes; see [40] and [5, 2.7] for precise
definitions. We shall write these presheaves as HH(/k), HC(/k), HP(/k) and
HN(/k), respectively, omitting k from the notation if it is clear from the context.

It is well known that there is an Eilenberg-Mac Lane functor C — |C| from chain
complexes of abelian groups to spectra, and from presheaves of chain complexes of
abelian groups to presheaves of spectra. This functor sends quasi-isomorphisms
of complexes to weak homotopy equivalences of spectra, and satisfies 7, (|C|) =
H~"(C). For example, applying 7, to the Chern character K — |H N| yields maps
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K,(R) - H™HN(R) = HN,,(R). In this spirit, we will use descent terminology
for presheaves of complexes.

Finally, we set V' = tQ]t], the vector space used to decompose functors into
typical pieces, which was introduced in (0.4) and (0.7). We also set dV = QQ[t]/Q
Observe that d : V — dV is an isomorphism.

1. THE BIGRADING ON NHH AND NHC

Recall that k denotes a field of characteristic 0. In this section, we consider
the Hochschild and cyclic homology of polynomial extensions of commutative k-
algebras. No great originality is claimed. Throughout, we will use the chain level
Hodge decompositions HH = [[,5o HH® and HC = [[;», HCY.

Recall the notation V' = tQ[t] and dV = Qé[t]' Asd:V — dV is an isomorphism,
the Kiinneth formula for Hochschild homology yields

(1.1) NHHD(R) = (HEO(R) 2 V) o (HHZ (R)@ av ).

From the exact SBI sequence 0 — NHC,_1—>NHH,—NHC, — 0 (see [39,
9.9.1]), and induction on n, the map I induces canonical isomorphisms for each i:
(1.2) NHCW(R) =~ HH)(R)® V.

Remark 1.3. Both (1.1) and (1.2) generalize to non-affine quasi-compact schemes
X over k. Indeed, NHH and N HC satisfy Zariski descent because HH and HC

do and because, for any open cover {U; — X}, the collection {U; x A! — X x Al}
is also a cover. Thus we have

NHH(X) = Hyzq, (X, NHH®Y)
2 Hyo(X, HH) @V @ Hye (X, HH ")) @ dV
=IO X))oV @© HHCY(X)[1]odV,
and NHC®(X) = Hy o (X, NHCD) 2 Hyzo (X, HHD) @ V 2 HHD(X)® V.
It is easy to iterate the construction F' +— NF. For example, we see from (1.1)
and (1.2) that
(14)  N2HCW(R) = <HH§;'> (R) @V ® V> & <HHS‘11)(R) RV dv>.

By induction, we see that HHS__].j) (R) @ V&= @ (dV)® will occur (p;l) times
as a summand of N?HC" (R) for all j > 0. We may write this as the formula:

(1.5) NPHC(R QBHH“ D(R) @ NEP~1 @ VEP=D) @ (dV)®)

Cartier operations on NHH and NHC. Let W(R) denote the ring of big Witt
vectors over R; it is well known that in characteristic 0 we have W(R) = [[{° R
Cartier showed in [3] that the endomorphism ring Cart(R) of the additive functor
underlying W consists of column-finite sums > V;, [rmn] Fr, using the homotheties
[r] (for r € R), and the Verschiebung V,,, and Frobenius F,, operators.

We will be interested in the intermediate subring Carf(R) of all row and column-
finite sums > Vi, [Fmn]Fy. As observed in [11, 2.14], there is an equivalence between
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the category of R-modules and the category of continuous Carf(R)-modules given
by the constructions in the following example:

Ezample 1.6. Set V = tQJt]. If M is any R-module, N = M ® V is a continuous
Carf(R)-module via the formulas:

mt™ if mli,

[Pt = r't',  Viu(t") =t™, F(t") =
0 else.

The subring W(R) = [[{° R actson M @V by (r1, ..., T, ...) % > mit" = > (rymy)t.
Conversely, every continuous Carf(R)-module N has a “typical piece” M, defined
as the simultaneous eigenspace {r € N : [rlx =rz, r€ R},and N2 M V.

Recall that we can define operators [r] on NHH,(R) and NHC,(R), associated
to the endomorphisms t — rt of R[t]. There are also operators V,,, and F,,, defined
via the ring inclusions R[t™] C R|[t] and their transfers. These operations commute
with the Hodge decomposition. The following result follows immediately from [11,
4.11] using the observation that everything commutes with Adams operations.

Proposition 1.7. The operators [r], Vi, and F,, make each NHC) (R) into a
continuous Carf(R)-module, and hence a W(R)-module. The R-module HH,(,i)(R)
1s 1ts typical piece, and the canonical isomorphism NHC,(f) (R) = HH,(,i)(R) @V
of (1.2) is an isomorphism of Carf(R)-modules, the module structure on the right
being given in Example 1.6.

A similar structure theorem holds for NHH,, (R) and its Hodge components,
using (1.1). However, it uses a non-standard R-module structure on the typical
piece HH,(R) ® HH,,_1(R); see [11, 3.3] for details.

Remark 1.7.1. If X is a scheme and R = H°(X, O), then the conclusions of Propo-
sition 1.7 still hold. This is because NHC” (X) is a continuous Carf(R)-module,
isomorphic to HHS (X)® V.

This scheme version of 1.7 is not stated in [11], which was written before the
cyclic homology of schemes was developed in [40]. However, the proof in [11] is
easily adapted. Since the operators V,,,, F,,, and [r] are defined on the underlying
chain complexes in [11, 4.1], they extend to operations on the Hochschild and cyclic
homology of schemes. The identities required to obtain continuous Carf(R)-module
structures all come from the Kiinneth formula for the shuffle product on the chain
complexes (see [11, 4.3]), so they also hold for the homology of schemes.

2. ¢dh-FIBRANT HH AND NHC

Now fix a field F' containing k; all schemes will lie in the category Sch/F (es-
sentially of finite type over F'), in order to use the cdh topology on Sch/F of [30].
All rings will be commutative F-algebras; because they are filtered direct limits of
affine schemes in Sch/F, we can consider their edh-cohomology.

If C is any (pre-)sheaf of cochain complexes on Sch/F, we can form the cdh-
fibrant replacement X +— Heqn (X, C) and write HZy, (X, C) for the nth cohomology
of this complex. For example, the cdh-fibrant replacement of a cdh sheaf C' (con-
centrated in degree zero) is just an injective resolution, and H7;, (X, C) is the usual
cohomology of the cdh sheaf associated to C.
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Hochschild and cyclic homology will be taken relative to k. For C = HH®, it
was shown in [8, Theorem 2.4] that

(2.1) Hean (X, HH®) 2 Hean (X, Q)[4].
This has the following consequence for C = NHH® and NHC®.

Lemma 2.2. Let H® denote either HH® or HC™, taken relative to a subfield
k of F. Then Heqn(X x A', HD) = Hean(X, HY) & Heqn(X, NHD), and:

Hean(X, NHHY) 2 (Hean(X, Q)[i]] @ V) @ (Hean(X, QN[ @ dV) ;
Hean (X, NHCW) = Hegqn (X, Q)i @ V.

Proof. The product of any smooth cdh cover of X with A! is a smooth cdh cover
of X x A', and both HH® and HC® satisfy scdh-descent by [8, Thm. 2.4], so:

Hean(X x A, HO) 2 Hegn(X, HO (= x AY)) & Heqn(X, HD) @ Heqn(X, NH®),

The displayed formulas follow from (1.1), (1.2) and (2.1), using the fact that — @V
commutes with Hqp. [l

Remark 2.2.1. If R is any commutative F-algebra, the formulas of Lemma 2.2 hold
for X = Spec(R) by naturality. This is because we may write R = 1£>n R, where R,
ranges over subrings of finite type over F', and Heqn (X, —) = h_n)l Hean(Spec(Rq), —)-

Corollary 2.3. If X = Spec(R) is in Sch/F, the modules H"y, (X, HH®") and
H”,, (X, NHC®) are zero unless 0 < n +i < dim(X) and i > 0.
If n > dim(X) and n > 0 then HZ, (X, HH) = 0.

Proof. Because H",, (X, Q)[i] = H'1"(X,Q), this follows from (2.1), Lemma 2.2
and the fact that H?, (X,Q%) =0 for n > dim(X), n > 0. This bound is given in
[5, 6.1] for ¢ = 0, and in [8, 2.6] for general i. O

Here is a useful bound on the cohomology groups appearing in Lemma 2.2. Given
X, let @ denote the total ring of fractions of X,.q; it is a finite product of fields
@Q;, and we let e denote the maximum of the transcendence degrees tr. deg(Q,;/k).

Lemma 2.4. Let X be in Sch/F. If i > e then H™, (X,Q%) =0 for all n.

Proof. By [23, 12.24], we may assume X reduced. Since we may write X as an
inverse limit of a sequence of affine morphisms with the same ring of total factions
@, and cdh-cohomology commutes with such an inverse limit, we may also assume
that X is of finite type over F. This implies that e = dim(X) + tr. deg(F/k).

The result is clear if dim(X) = 0, since H}, (X, —) = H%,,.(X, —) in that case.
Proceeding by induction on dim(X), choose a resolution of singularities X' — X
and observe that the singular locus Y and Y x x X’ have smaller dimension. The
hypothesis implies that Q¢ = 0 on X/, so H™, (X', Q%) = 0 by [8, 2.5]. The result
now follows by induction from the Mayer-Vietoris sequence of [30, 12.1]. O

If R is a commutative ring, we write R,.q and R for the associated reduced ring
and the seminormalization of Ryeq, respectively. These constructions are natural
with respect to localization, so that we may form the seminormalization X of
Xieq for any scheme X. Because XT — X is a universal homeomorphism, we
have HYy, (X, —) = H%,, (X T, =) for every X in Sch/k, for any field k of arbitrary
characteristic. In particular, H” (X, 0) = H", (X*,0) for all n. The case n =0
is of special interest:
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Proposition 2.5. For any algebra R, we have H2, (Spec R, O) = RT. Moreover,
for every X in Sch/F we have HY; (X,0) = O(XT).

Proof. We may assume R and X are reduced. Writing R = lim R, as in Remark
2.2.1, we have RT = lim R} and Hy, (R, O) = lim HQy, (Ra, O), so we may assume
that R is of finite type. Thus the second assertion implies the first. Since H,, (—, O)
and O(—71) are Zariski sheaves, it suffices to consider the case when X is affine.

Let X = SpecR be in Sch/F, with R reduced. There is an injection R — @
with @ regular (for example, @ could be the total quotient ring of R). By [5, 6.3],
H?,, (SpecQ,0) = Q, so R injects into HY, (Spec R, O). This implies that Oyeq is
a separated presheaf for the cdh topology on Sch/F. Thus, the ring H;, (X, O) is
the direct limit over all cdh-covers p : U — X of the Cech H°. (See [SGA4, 3.2.3].)

Fix an element b € HY,, (Spec R, 0) and represent it by b € O(U) for some cdh
cover U — X. Now recall from [23, 12.28] or [30, 5.9] that we may assume, by
refining the cdh cover U — X, that it factors as U — X’ — X where X' — X
is proper birational cdh cover and U — X' is a Nisnevich cover. If the images of
be OU) agree in U x x U, i.e., bis a Cech cycle for U/X, then its images agree in
U xx/ U, i.e., it is a Cech cycle for U/X’. But by faithfully flat descent, b descends
to an element of O(X’). Thus we can assume that U is proper and birational over
X.

Next, we can assume that the Nisnevich cover p : U — X is finite, surjective
and birational. Indeed, since p is proper and birational we may consider the Stein
factorization U——Y ——X. By [EGAIII, 4.3] or [20, IIL.11.5 & proof], ¢.(Oy) =
Oy and r is finite surjective and birational. By [30, 5.8], r is also a cdh cover.
Because ¢.(Oy) = Oy, the canonical map Oy (Y) — ¢.(Op)(Y) = Opy(U) is an
isomorphism. Hence b descends to an element of O(Y). By Lemma 2.6, b lies in
the seminormalization of R. (|

Lemma 2.6. Let A be a seminormal ring and B a ring between A and its normal-
ization. Then the Cech compler A— B — B ®4 B is exact.

Proof. We use Traverso’s description of the seminormalization (see [31, p. 585]):
the seminormalization of a ring A inside a ring B is

At ={be B | (VP €SpecA) b€ Ap +rad(Bp)}.

Let b € B such that 1 ® b = b® 1. We have to show that b € Ap + rad(Bp), for
all primes P of A. Let J = rad(Bp); since Bp/J is faithfully flat over the field
Ap/P, the image of b in Bp/J lies in Ap/P by flat descent. That is, b € Ap + J,
as required. [l

Remark 2.7. Even if X is affine seminormal, it can still happen that H!;, (X, O) # 0
for some ¢ > 0. For example, if R denotes the subring F[z, g,yg] of F[z,y] for g =
x3—y? then it is easy to show that R is seminormal and that H};, (Spec(R),0) = F,
because the normalization of R is F[x,y] and the conductor ideal is gF[x,y]. For
another example, the normal ring of Theorem 0.1 has H'y, (X, O) # 0, by Theorems
0.2(a) and 0.6(b).
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3. THE FIBERS Fyg AND Fyco

If C is a presheaf of complexes on Sch/F', we write F¢ for the shifted mapping
cone of C'— Heqn(—, C), so that we have a distinguished triangle:

(3.1) Hean(X, C)[—1] — Fo(X) — C(X) — Heqn(X, C)

Ezample 3.1.1. When C'is concentrated in degree 0 we have H"F¢ = 0 for alln < 0.
For C' = O and X = Spec(R), we see from Proposition 2.5 that HYFo(X) = nil(R),
H'Fo(X) = RY/R, and H"Fo(X) = H';'(X,0) for n > 2. Note that, if
X = Spec R € Sch/F, then H"Fo(X) = 0 for n > dim(X) by [5, 6.1].

We now consider the Hochschild and cyclic homology complexes, taken relative
to a subfield k of F. For legibility, we write ‘7:;311 for Fypay, etc. By the usual
homological yoga, Fg g is the direct sum of the ]—"};)H, 1 > 0, and similarly for Fyc.

FEzxample 3.1.2. If X is smooth over F' then Frp(X) ~ 0 by [8, 2.4].

Lemma 2.2 and Remarks 2.2.1 and 1.3 imply the following analogue for NF.
Lemma 3.2. If X is in Sch/F, or if X = Spec(R) for an F-algebra R, we have

quasi-isomorphisms:
N x) = (F0ev) o (AR e )
NFjie(X) = Fiy(X) @ V.
Mimicking the argument that establishes (1.4) and (1.5) yields:
Corollary 3.3. If X is in Sch/F, or if X = Spec(R) for an F-algebra R,
N2FOL(X) = (Fg(X) o Ve V) e (Fuy (X1 eV edV)

and

=

NPFQL (X)) = P FU (X)) @k MK @ VORI @ (dV)®,

S

<
Il
o

The cohomology of the typical pieces ]—'}}}{ (R) is given as follows.
Lemma 3.4. If R is an F-algebra and i > 0, then there is an exact sequence:
0 — H™'Fip, (R) — O — Hy (R, Q1) — H' 7 F{7),(R) — 0.
Forn #1i,i — 1 we have:

N _ [HHE (R) ifi<mn,
e T L A
TR, YY) difi>n42.
Proof. As in Remark 2.2.1, we may assume R is of finite type. Since HHZ-(i)(R)
Qi for all i > 0, and HH\(R) = 0 when i > n (see [39, 9.4.15] or [22, 4.5.10]
it suffices to use (2.1) and to observe that H_J" (R, HH") = H'["(R, Q) vanish

when n > 1.

~

)

S

DCD
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Example 3.5. Let X = Spec(R) be in Sch/F. Since HH® = 0, F) (R) is
described in Example 3.1.1. Applying Corollary 2.3 and Lemma 3.4 for ¢ > 0, and
using [8, 2.6] to bound the terms, we see that if d = dim(R) then H"Fpp(X) =

0 for n > d. If d = 1, then the only nonzero positive cohomology of Fgp is
H'Fyu(R) = RT/R; if d > 1, we have:

H'Fyu(R)= (RT/R) @& Hl(X,QY e e X, Q,
H?Fup(R) = HEyW (X, 0) 0 HA (X, QY @ - @ HEHX, Q472),

HYFyu(R) =2 HILH (X, 0).

Ezample 3.6. When R is essentially of finite type over F' and tr.deg(F/k) < oo,
H™Fru(R) is Hochschild homology for large negative m. To see this, observe that
e = tr.deg(R/k), the maximum transcendence degree of the residue fields of R at

its minimal primes, is finite. Using Lemmas 2.4 and 3.4, we get H_"]:I(;)H (R)=0
and H’”f}}ll){(R) = Q} for i > n > e, and hence

H "Fup(R) = HH,(R) for all n > e.

IfR=k®R, ®Ry®... is graded, and HC,(R) = HC,(R)/HC,(k), it is well

known that the map I%’*(R)LI%'*,Q(R) is zero. In Lemma 3.8 below, we prove
a similar property for Fgpy and Frc, which we derive from Lemma 3.2 using the
following trick.

Standard Trick 3.7. If R is a non-negatively graded algebra, there is an algebra
map v : R — R[t] sending r € R, to rt™. The composition of v with evaluation at
t = 0 factors as R — Ry — R, and so if H is a functor on algebras taking values

in abelian groups, then the composition H(R)L»H(R[t])tqu(R) is zero on the
kernel H(R) of H(R) — H(Ry). Similarly, the composition of v with evaluation
at t = 1 is the identity. That is, v maps H (R) isomorphically onto a summand of
NH(R), and H(R) is in the image of (t = 1) : NH(R) — H(R).

Lemma 3.8. I[f R=k® Ry ®--- is a graded algebra then for each m the map

TmFHC (R)i»wm,szc (R) is zero, and there is a split short exact sequence:

0 = Tm1Frc(R)mmFuu(R)—=mmFuc(R) — 0.
Similarly, there are split short exact sequences:
0 — H" (R, HO)-5H (R, HH)—SHT (R, HO) — 0.
and
0 — H, (R, Q) Higy (R, Q) - Hil, (R, Q%) — 0.

Proof. It suffices to show that I is onto and split. By [8, 2.2], Fuu (k) = Fuc(k) =
0, so Fuyg = Fyg and Fgc = Fuco. By the standard trick 3.7, it suffices
to show that the maps Nm,Fuyg(R) — NmpFuc(R) and NHT, (R, HH) —
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NHZ, (R, HC) are split surjections. But this is evident from the respective de-
compositions of their terms in Lemmas 3.2 and 2.2, such as
Hean(R, NHCY) ~ Hequ (R, Q%)[i] ®¢ tQl1]
NFjie(R) = Fijjy (R) 9o QI
NFuyc ~ Fuu o29%0) t@[t].

The third sequence is obtained from the second one by taking the i*" component
in the Hodge decomposition, described in Lemma 2.2. ([l

Ezxample 3.9. Splicing the final sequences of Lemma 3.8 together, we see that the
de Rham complexes are exact:

(3.9a) 0— k — R-LH%, (R, Q-5 a2, (R, 0Q2) — -

d rrn

(3.9b) 0 — Hegn(R, O)i) cndh(Rvgl)—> can (12, 92) — n > 0.

An analogous exact sequence

ce—= 7Tm—1—7:HH(R)i)wm]:HH(R)i’Wm-i-l]:HH(R) — -

is obtained by splicing the other sequences in Lemma 3.8. Using the interpretation
of their Hodge components, described in Lemma 3.4, produces two more exact
sequences:

(39C) 0 — Illl(R) — tors Q}% — tors Q% — tors Q?I)?, e
(3.9d) 0 — (R"/R) = QL (R)/Q% — Q%L (R)/Q% — - .

Here we have written !y, (R) for H, (R, Q%), and if R is not reduced then tors Q%
should be interpreted as the kernel of Q% — Q¢ (R).

4. Bass’ GRoOupPs NK,(X)

In this section, we relate algebraic K-theory to our Hochschild and cyclic ho-
mology calculations relative to the ground field £ = Q. Consider the trace map

NKn41(X) = NHC,(X) = NHC,(X/Q)

induced by the Chern character. In the affine case, it is defined in [35]; for schemes it
is defined using Zariski descent. As explained in [35], it arises from the Chern char-
acter from the spectrum N K (X) to the Eilenberg-Mac Lane spectrum | N HC/(X)[1]|
associated to the cochain complex NHC(X)[1]. Note that our indexing conventions
are such that 7,11 |NHC(X)[1)|= H "NHC(X) = NHC,(X).

Proposition 4.1. Suppose that X is in Sch/F, or that X = Spec(R) for an F-
algebra R. Then for all n, the Chern character induces a natural isomorphism

NKn+1(X) = Hﬁn]:HH(X) QR V.

This is an isomorphism of graded R-modules, and even Carf(R)-modules, identi-
fying the operations [r], Vi, and Fy, on NK.(X) with the operations on the right
side described in Example 1.6.
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Proof. By Remark 2.2.1, we may suppose X € Sch/F. By [8, 1.7], the Chern
character K — H N induces weak equivalences Fx (X) ~ |Frgco(X)[1]] and Fg (X x
AY) ~ |Fyco(X x AY)[1]]|. Since for any presheaf of spectra E we have a natural
objectwise equivalence E(— x A') ~ E x NE, we obtain a natural weak equivalence
from NK(X) to |NFuc(X)[1])]. Now take homotopy groups and apply Lemma 3.2.

As observed in [11, 4.12], the Chern character also commutes with the ring maps
used to define the operators [r], V,,, and with the transfer for R[t"] — R][t] defining
F,,. That is, it is a homomorphism of Carf(R)-modules. Since the transfer is
defined via the ring map R[t] — M, (R[t"]), followed by Morita invariance, there is
no trouble in passing to schemes. 0

Corollary 4.2. For alln, N*K,(X) = (NK,(X)®V)® (NK,—1(X)®dV), and
p . . .
NPHEL(X) 2 P NE,(X) @ NQP o VEP—D) @ (dV)®/.
=0

This holds for every X in Sch/F, as well as for Spec(R) where R is an arbitrary
commutative F-algebra.

Proof. This is immediate from 4.1 and Corollary 3.3. O

Remark 4.2.1. Jim Davis has pointed out (see [10]) that a computation equivalent
to 4.2 can also be derived — for arbitrary rings R — from the Farrell-Jones con-
jecture for the groups Z". This particular case is covered by F. Quinn’s proof of
hyperelementary assembly for virtually abelian groups; see [27].

We now come to one of our main results, which implies Theorem 0.2, and which
is immediate from 4.2 and [1, XTI(7.3)].

Theorem 4.3. Suppose that X is in Sch/F, or that X = Spec(R) for an F-algebra
R. Then:
a) If NK,(X) = NKn_1(X) =0 then N2K,(X) = 0.
b) IFNK,(X) =0 and Kp_1(X) = Kn_1(X x AP) then Kn(X) = Kp(X x APT1).
c) K, (X)=K,(X x AP) if and only if NK,(X) = 0 for all ¢ such that n —p <
g<n.

Recall that X is called K,,-reqular if K,,(X) = K, (X x AP) for all p.
Corollary 4.4. Suppose that X is in Sch/F, or that X = Spec(R) for an F-algebra

R. Then the following conditions are equivalent:

a) X is K,-reqular;
b) NK,(X) =0 and X is K,,_1-reqular;
c) NKy(X)=0 for all ¢ <n.

Remark 4.4.1. This gives another proof of Vorst’s Theorem [32, 2.1] (in character-
istic 0) that K,-regularity implies K, _;-regularity, and extends it to schemes.

The assumption that the scheme be affine is essential in Bass’ question — here
is a non-affine example where the answer is negative.
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Negative answer to Bass’ question for nonaffine curves. Let X be a smooth
projective elliptic curve over a number field £ and let L be a nontrivial degree zero
line bundle with L®3 trivial. For example, if X is the Fermat cubic 2% + y? = 23,
we may take the line bundle associated to the divisor P — @, where P = (1:0: 1)

and @ =(0:1:1).

Lemma 4.5. Write Y for the nonreduced scheme with the same underlying space
as X but with structure sheaf Oy = Ox ® L = Sym(L)/(L?), that is, L is regarded
as a square-zero ideal.

Then NK7(Y) =0 but N2K7(Y) =2 NKs(Y) ® dV is nonzero.

Proof. Since Q% = Ox we see from Lemma 5.3 of [8] that the relative Hochschild
homology sheaf HH, (Y, L) is: L®3 @ L® if n = 4; L® @ L® if n = 5; and
L® @ L®7 if n = 6. By Serre duality, H*(X,L®%) = 0 if 3 i (cf. [8, 5.1]). By
Zariski descent, this implies that HH5(Y, L) & HY(X,HH4) & H'(X,L®3) > k
and HHg(Y,L) = 0. Since Fyy(Y) = HH(Y, L), it follows from 4.1 and 4.2 that
NE(Y)=0but NKg(Y) 2V and N2K(Y) 2 NKs(Y)@dV =V ®dV. O

We conclude this section by refining Proposition 4.1 and Theorem 4.3 to take
account of the Adams/Hodge/A-decompositions on K-theory and Hochschild ho-
mology, and by establishing the triviality of K ® (X) for i <0.

Recall that by definition, K\ (X) = {2z € K,(X) ® Q : ¥*(z) = kiz}. For
n < 0, the Adams operations cannot be defined integrally. However, it is possible
to define the operations ¥* on K, (X)® Q for n < 0 using descending induction on
n and the formula *{z,t} = k{y*(x),t} in K,11(X x (Al —0)) for z € K, (X).
This definition was pointed out in [38, 8.4].

By [14, 2.3] or [9, 7.2], the Chern character NK,,41(X) — NHC,(X) commutes

with the Adams operations ¥* in the sense that it sends NKSLD (X) to NHC (X)
for all i« <n (and to 0 if ¢ > n). Here is the A-decomposition of the isomorphism in
Proposition 4.1:

Proposition 4.6. Suppose that X € Sch/F, or that X = Spec(R) for an F-algebra
R. Then for all n and i, the Chern character induces a natural isomorphism:

NKD(X)= H' " Fi D (X) e V.
In particular, if i <0 then NEY (X) =0 for all n.

Proof. By [9], the Chern character K — HN sends K (X) to HN®(X). The
proof in [9] shows that the lift Fr (X) — Fun(X), shown to be a weak equivalence
in [8, 1.6], may be taken to send ]—"I(? (X) to fggv(X) Since HC' — HN sends
HCU=Y to HN®), the weak equivalence Fyc[l] ~ Fuy identifies f}}gl)[l] and
F. Finally FipY =0 for i <0. O

Corollary 4.7. K\)(X) = K\(X x A?) if and only if NK{")(X) = 0 for all
j=0,...p—1.

Theorem 4.8. For X in Sch/F or X = Spec(R), and all integers n, we have:
(1) Fori <0, K\ (X)=0.
(2) Fori=0, K{(X)~ KH" (X) = H(X,Q).

C
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This answers Question 8.2 of [38].

Proof. We first show that K (X) = KHS)(X) when i < 0. Covering X with affine
opens and using the Mayer-Vietoris sequences of [37, 5.1], it suffices to consider the
case X = Spec(R).

Since K (R) is the product of the eigen-components, the descent spectral sequence
El, = NPK,(R) = KHy,4(R) (see [37, 1.3]) breaks up into one for each eigen-
component. If ¢ < 0, the spectral sequence collapses by Proposition 4.6 to yield
K9(R) = KHY(R) for all n.

To determine the groups K Hr(f) (R) when i < 0, we use the cdh descent spectral
sequence of [19, 1.1]. If i < 0, then the cdh sheaf Kc(?h is trivial as X is locally
smooth, so we have KH,(Li)(R) =0 for all n. If i = 0 then the cdh sheaf K(Eg%l is the

sheaf Qcqn; see [28, 2.8]. Hence we have K,SO)(R) =Kk (R)=H_j(X,Q). O

5. THE TYPICAL PIECES TK,(f)(R)

In this section, R will be a commutative F-algebra. The default ground field &k
for Kahler differentials and Hochschild homology will be Q.
As stated in (0.7), the Adams summands NEY (R) of NK,,(R) decompose as

NK,(f)(R) = TK,(f)(R) ® V for each n and ¢; the decomposition is obtained from
an action of finite Cartier operators precisely as the corresponding one for NHC

and N HH, explained in Section 1. The typical pieces TK,(f)(R) are described by
the following formulas.

Theorem 5.1. Let R be a commutative F-algebra. For i = n,n+ 1, the typical
piece TKr(f)(R) is given by the exact sequence:

0 — TK D (R) — Qf — HY,(R, Q") — TK{™(R) — 0.

For i # n,n+ 1 we have:

HH'M(R), ifi<n,

TKO(R)={ " .
w () {H;gg—l(R,Qz—l) ifi>n+2.

Proof. By Proposition 4.6, TKS) = Hl’”}'}}]_{l). The rest is a restatement of
Lemma 3.4. O

Remark 5.1.1. If R is essentially of finite type over a field F' whose transcendence
degree is finite over Q, then the TK,(J)(R) are finitely generated R-modules. This
fails if tr. deg(F/Q) = oo because then Q% /g 18 infinite dimensional. For instance,
Example 0.5 implies that, for R = F[z]/(22), we have TK{?(R) = HH(R,z) =

1
F& Qg
Corollary 5.2. Suppose that R 1is essentially of finite type over F and has dimen-
sion d. If n <0 then NKr(f)(R) =0 unless 1 <i < d+n, in which case

NEKY(R) = H " YR, Q) e V.
In particular, NK,(R) =0 for alln < —d.



14 G. CORTINAS, C. HAESEMEYER, MARK E. WALKER, AND C. WEIBEL

If d > 2 then:
NKoR)= [(RY/R) @ HyW(R.QY) @ - o HLHR,QTY)] oV,
NE_y(R) = [HY,(R,0) & H2, (R, Q") & - & HE (R, Q)] 0V,

NK;_4(R) = HLHR,0) @ V.
Ifd=1 then NKo(R) = (RT/R)®@V and NK,(R) =0 for n <0.
Remark 5.2.1. The d = 1 part of Theorem 5.2 holds for any 1-dimensional noether-
ian ring by [34, 2.8].

Remark 5.2.2. Observe that 5.2 and 4.4 imply that R is K_g4-regular. This recovers
the affine case of one of the main results in [5].

Here is a special case of the calculations in Theorem 5.1, which proves Theorem
0.6. We will use it to construct the counterexample to Bass’ question in Section 9.

Theorem 5.3. Let F be a field of characteristic 0 and R a normal domain of
dimension 2, essentially of finite type over F'. Then
a) H'Fyp(R/F) = Hog (R, Q)p),
b) H*Fpn(R/F) = Higy (R, 0),
c) NKO( )= Hlyp(R,QY) @V, and
d) NK_1(R) = H.y,, (R, O) @ V.

Proof. Parts (a) and (b) are immediate from Example 3.5 and the fact that R is
reduced and seminormal. Parts (c) and (d) follow from (a) and (b) using Corollary
5.2. (]

We introduce some notation to make the statement of the next theorem more
readable. The letter e denotes the maximum transcendence degree of the component
fields in the total ring of fractions Q. of Rreq- For simplicity, we write Qédh(X ) for
HOY (X, Q7), and we have written QF;, (R)/Q%, for the cokernel of Q% — QF , (R).

Definition 5.4. For any commutative ring R containing Q, we define:
En(R) = Qoqn(R) /g & @ Hé)dh (R, Q""P);
HH,(R) = ker(HH,(R) — Q) = ker(Q} — Q) @l_ HH®
Theorem 5.5. Let R be a commutative ring containing Q. Then for all n:
NK,(R) = [HH, 1(R)® E,(R)] @ V.

If furthermore R is essentially of finite type over a field, and n > e + 2, then
NK,(R)2HH, 1(R)®V.

Proof. Assembling the descriptions of the TKS)(R) in Theorem 5.1 yields the first
assertion. The second part is immediate from this and 3.6. (|
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Remark 5.5.1. The isomorphism for n > e + 2 is given by the Chern character
NK,(R) - NHC,_1(R) 2 HH,_1(R) ® V. This part of Theorem 5.5 fails for
n<e+1, by 4.1, because H'""Fpyy(R) — HH,_1(R) need not be a surjection.

In order to compare the torsion submodules tors {2} with the typical pieces of
NK.(R), we need the affine case of the following lemma. Following tradition, we
write F'(X) for the total ring of fractions of X,eq. That is, F'(X) is the product
of the function fields of the components of X,eq. When X = Spec(R) is affine, we
write @ instead of F(X).

Lemma 5.6. Let X € Sch/F; for F(X) as above, the map Q! (X) — Q}(X) is
an injection.

Proof. We may assume X reduced, and proceed by induction on d = dim(X), the
case d = 0 being trivial. Choose a resolution of singularities X’ — X and let Y be
the singular locus of X, with Y’ =Y x x X’. By [30, 12.1], there is a Mayer-Vietoris
exact sequence

0 — Hogy (X, Q%) — Hogy (X', Q) © Hogy (Y, ) — Hogy, (Y, Q') — -+

Since F(Y) C F(Y'), Qp(yy © Qp(yr)- Because dim(Y”) < d, the inductive hypoth-
esis implies that Q% (V) — 9%, (Y’) is an injection. Hence Q7 4, (X) — QF,,(X)
is an injection. But X' is smooth, so by scdh descent for Q' (see [8, 2.5]) we have
Qean(X') = QX)) C Q) = Qpxy- -

Remark 5.6.1. Lemma 5.6 remains true if, instead of ¢, we use Ql/k for k C F.
In particular, if X = Spec(R) is reduced affine, then Q! (R/k) = Hgdh(R,ij)
injects into Qé/k; hence tors(Qlé/k) is the kernel of Qk/k — QL (R/E).

Corollary 5.7. For alln > 1, TK{(R) = ker(Q%,1 — Q7 1).
=1

R/Q Q/Q
In particular if R is reduced, then TK}(L”)(R) ors(Q7%L).

R/Q

Proof. By 5.1, TK,(In)(R) is the kernel of Q’;ﬁé — Q"1 (R), so 5.6 applies. O

The typical pieces of NK§2)(R) and NK§2) (R) of 5.1 and 5.7 may be described
as follows.

Proposition 5.8. For all reduced F-algebras R, the typical pieces TK?)(R) =
QL (R)/Q%, and TK§2)(R) = tors(Q}) fit into an exact sequence:
Ly (B) QL (R/F)

Ok 5p

0 — tors(}) — tors(Q}%/F) — QL ® (RY/R) —

Proof. We may assume Spec R € Sch/F. The spectral sequence of [8, 4.2] degen-
erates for p = 1 to yield exactness of the bottom row in the following commutative
diagram; the top row is the First Fundamental Exact Sequence for Q! [39, 9.2.6].

Qp®R Ok Qpp 0

— |

0 — Q2 ® BT —— Qg (R) — Qe (R/F) —=0.
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The upper left horizontal map is an injection because the left vertical map is an
injection. Now apply the snake lemma, using Remark 5.6.1. O

6. BASS’ QUESTION FOR ALGEBRAS OVER LARGE FIELDS.

We will now show that the answer to Bass’ question is positive for algebras R
essentially of finite type over a field F' of infinite transcendence degree over Q.

Recall from Proposition 4.1 that NK,,41(R) & H "Fyu(R/Q) ® V. In light of
this identification, version 0.3 of Bass’ question becomes the case k = Q of the
following question:

(6.1) Does H™ Frrp(R/k) = 0 imply that H™ ™ Frp(R/k) = 0?

We also show that the answer to question (6.1) is positive provided R is of finite
type over a field F' that has infinite transcendence degree over k. The proof is
essentially a formal consequence of the Kiinneth formula in Lemma 6.3.

Lemma 6.2. Let R be a commutative F-algebra, and suppose k is a subfield of F'.
Then H*Fru(R/k) and H_j, (R, HH(/k)) are graded modules over the graded
ring Q%/k.

Proof. As in 2.2.1, we may suppose that R is of finite type over F. Consider
the functor on F-algebras that associates to an F-algebra A the Hochschild com-
plex HH(A/k). The shuffle product makes this into a functor to dg-HH (F/k)-
modules. Since the cdh-site has a set of points (corresponding to valuations),
we can use a Godement resolution to find a model for the cdh-hypercohomology
Hean(—, HH(/k)) which is also a functor to dg-H H (F/k)-modules. It follows that
there is a model for Fyy(R/k) that is a dg-H H(F/k)-module, functorially in R.
This implies the assertion, since Q3. = H *HH(F/k). O

Lemma 6.3. (Kinneth Formula) Suppose that Q C k C Fy C F are fields. Let Ry
be an Fy-algebra, and set R = F ®p, Ry.
i) Let T = {t;} be transcendence basis of F/Fy; write dT = {dt;}. Then
Fe =2 FAT] ®F, QF, /k
In particular, the graded algebra homomorphism Q;;O/k — Q;,/k is flat.
11) HH*(R/]{I) = Q;?‘/k ®Q;:0/k HH*(R()/IC)
Proof. Note F[dT] = Q3. /,; the tensor product decomposition of part i) follows
from the fact that the fundamental sequence
O—>F®FDQ};0—>Q};—>Q}7/FO—>O
is split exact. This proves i). To prove ii), choose a free chain dg-Fp-algebra A
and a surjective quasi-isomorphism of dg-algebras A S Ry. Then N = F® niA—
F ®p, Ry = R is a free chain model of R as a k-algebra. Write (13 for differential
forms; consider Q2% as a chain dg-algebra with the differential ¢ induced by that of
A. Note A and A’ are homologically regular in the sense of [4], so that Theorem
2.6 of [4] applies. Combining this with part (i), we obtain
HH.(R) =HH.(A") = H.(Q%)
=H,.(Q% ®as, Q%) = Q% ®qy, H. Q%)
= Q}; ®Q}0 HH*(R()) O
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Here is an easy consequence of Lemmas 6.2 and 6.3.

Proposition 6.4. Suppose Q C k C Fy C F are field extensions, that Ry is an Fy-
algebra and R = F ®@p, Ro. Then there is an isomorphism of graded Q;,/k-modules

Q;?/k ®qe  H *Fuu(Ro/k) 2 H *(Fuu(R/k)).

Fo/k
We also need the following lemma to prove the main result of this section.

Lemma 6.5. Let R be essentially of finite type over F O Q, and let H,(R) denote
either HHp(R) or H "Fuu(R). Assume that H,,(R) = 0 for some finite set
{n1,...,n.} of positive integers. Then there exist an F-algebra of finite type R’,
and a prime ideal P € Spec R, such that R = R and H,,(R') =0 for 1 <i<r.

Proof. Because R is essentially of finite type, we have R = R, for some finite
type F-algebra R”. Because R” is of finite type over F', we may write R =
F ®p, Ro for some finitely generated field extension Fy of Q and some finite type
Fy-algebra Ry. Note Ry is essentially of finite type over Q, whence Hp(Rp) is a
finitely generated Rg-module (p > 0). By 6.3 and/or 6.4, H,(R") is isomorphic,
as an R"”-module, to a direct sum of copies of R” ®pg, Hq(Rp) with ¢ < p. In
particular, M = @_, H,,(R") is a finite sum of R”-modules, each of which is a
— possibly infinite — direct sum of copies of one finitely generated module. Given
that M has this form, the hypothesis that Mp = 0 implies that there exists a
nonzero element f € Ann(M). Consider the finite type F-algebra R’ = R"[1/f].
Then P € Spec(R'), R = R, and we have @, H_,,(R') = M[1/f] = 0. O

Theorem 6.6. Suppose k C F is an extension with tr.deg(F/k) = oo, and R is
essentially of finite type over F. If H*(Fyu(R/k)) =0, then H™(Fuu(R/k)) =0
for allm >n.

Proof. By Lemma 6.5, we may assume that R is of finite type over F. There
is a finitely generated field extension Fy C F' of k and a finite type Fp-algebra
Ry such that R = Ry ®p, F. Note that tr.deg(F/Fy) = oco. By Proposition
6.4, Q}/k ®p, H"W(Fuu(Ro/k)) is a direct summand of H"(Fy g (R/k)) for each
i > 0. Since Q%/k # 0 for all i, all the H"*(Fp (R /k)) vanish as well. Similarly,
H"™(Fuu(R/k)) is a direct sum of copies of the groups Q%/k@)po H™ M (Frw(Ro/k))
for j > 0, all of which vanish when m > n, as we just observed. O

Corollary 6.7. Let Q C F be a field extension of infinite transcendence degree,
and suppose R is essentially of finite type over F. Then NK,(R) = 0 implies that
R is K, -reqular.

Proof. Combine Theorem 6.6 with Proposition 4.1 and Corollary 4.4. O

7. DU BOIS INVARIANTS, x” AND DEFORMATIONS

We now prepare for our counterexample by constructing generalized du Bois
invariants 6”7 and their Euler characteristic x?; for ¢ > 0 they coincide with the
du Bois invariants of [29]. We then show (Theorem 7.11) that the x? are invariant
under appropriate deformations; this result may be of independent interest. All
differential forms, Hochschild homology, etc, will be taken over F' for the rest of
this paper. We remark that several of the results we quote from here on — in
particular anything involving du Bois complexes — have been proved under the
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assumption that the base field is C; however, flat base change implies that they all
remain valid over arbitrary fields F' of characteristic 0.

Fix a scheme X € Sch/F and choose a proper simplicial hyperresolution 7 :
Y, — X. Following [12] we fix p and we consider the p-th du Bois complex

QF = RW*Q%.

Du Bois shows in [12] that the assignment X — QF is natural in X up to unique
isomorphism in the derived category. The relevance for us lies in the fact that the
Zariski hypercohomology of the complex Q5 computes HY,, (X, QP):

Lemma 7.1. Let X € Sch/F and p > 0. Then there is a natural isomorphism
H:ar(Xv QS)() = :dh (XJ QP)
Proof. (Cf. the proof of [6, 4.1].) Recall that Hy, (X, Q) is the Zariski hyperco-
homology of the complex Ra.a*QP|x, where a : (Sch/F)can — (Sch/F),ar is the
morphism of sites and |x denotes the restriction from the big Zariski site (Sch/F)ay
t0 X,ar. Let Yo — X be a simplicial hyperresolution. By [8, 2.5], we have a quasi-
isomorphism on X,
a5y —Ra,a* Py,
since each Y;, is smooth. Using also [6, 4.3], we have a diagram of equivalences
Ra.a*QOP|x — R, (Ra*a*Qp|y.)<iR7r*Qf,. = 0Ff.

Applying HZ, (X, —) yields HX, (X, QP) = HZ, (X, QF). O

zar

Isolated singularities. Suppose that Sing(X) is an isolated point z. Choose a
good resolution m : Y — X, meaning that Y is smooth, 7 is proper and E =
7 1(Z)rea is a normal crossings divisor with smooth components. Then by [12, 4.8,
4.11] we have a distinguished triangle

0— Q:g( — RW*Q%D/ ek — RW*Q% — 0.
To rewrite this, let E4,..., Ey denote the (smooth) components of F, and define
Y =0
(7.2) Y, = o "
Hi1<~~~<in By xy---xy E;,, n>0.
By [12, 4.10], the complex QF, is quasi-isomorphic to (the total complex of)
Q?[ — Qg)/ [
—I1 —I2

The maps in this complex are given by the usual alternating sum of restriction
maps, since it arises from a coskeletal hyperresolution of E. Generically writing
7w :Y, — X for the canonical map from Y,, to X, we have

(7.3) QF ~ Tot <R7T*Q€/O — RW*Q& — RW*Q€,2 — )

Now suppose that dim(X) = 2. Because Q%U =0fori# jand p >0, (7.3)
reduces to: Q% ~ Tot (Rm, Q) — P, RW*Q%) for p > 0, and

0% ~ Tot (]R?T*Oy 0, — @RW*O& — @RW*(’)EmEj).
i i<j
In other words, in the notation of [33],
(74) Q% ~Rm.Oy(-E)@& 0O, and Q% ~Rm, (2.(logE)(-E)), p>0.
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Du Bois invariants. Suppose for simplicity that X = Spec R, where R is a do-
main, essentially of finite type over F. For any p > 0, there is a map from the
p-th higher cotangent complex L% to the p-th du Bois complex Q% , obtained by
composing the isomorphism Ho(L% ) = Q% and the natural map Q5 — H?(QF).

Definition 7.5. We define the cochain complex C% of quasi-coherent O x-modules
by
C% = cone(Lf, — Q).
That is, we have a triangle £5 — Q% — C% — L5 [1].
By Lemma 7.1, (2.1) and [22, 4.5.13],
(7.6) H'(CR) = HP(Fify (X)),

Note that because our Kéhler differentials are taken over F', the cohomology sheaves
of C% are coherent. Comparing with Lemma 3.4, we conclude that:

HY(X, QF) forg>1
coker (Q% — H(X,QF)) forg=0

7.7 HY(C%) =
(7.7 (C%) ker (% — HO(X,QPF))  forg=-1
D(_pl)_q(X) for ¢ < —2,
where D) denotes André- Quillen homology. Recall that D,(lp)(R) & HHISZJ)F)”(R).

In particular, if X has isolated singularities, then each of the homology modules
H™(C%) is of finite length. In this case we may define, following and expanding on
Steenbrink’s definition [29], the generalized du Bois invariants to be the numbers

(7.8) bP 1 = 7 = lengthHY(C% ), for p >0 and g € Z.
Ezample 7.8.1. Since R is a domain, b%? = lengthz(R™/R) and %7 = 0 for ¢ < 0.
And if ¢ > 0 then (7.4) yields 59 = h7(Oy (— E)).

If, moreover, X is locally a complete intersection, then H H,(,p ) (R)y=0forn>0
(see [13]); hence it follows from (7.7) that C% is homologically bounded. In this
case, we define x?(X) to be the Euler characteristic of C%:

7.9 P(X):= —1)%pP9,

(79) ) =3 (1)

Lemma 7.10. If X = Spec(R) for a ring R that admits a non-negative grading
with Ro = k, then > (—1)PbP4 =0 for all q.

Proof. The cases ¢ = —1, ¢ = 0, ¢ > 0 follow from (7.7) using (3.9¢), (3.9d)
and (3.9b), respectively. For ¢ < —1 it follows from Goodwillie’s Theorem [39,
9.9.1]. O

The invariants x? are invariant under deformations of the sort described in the
following theorem, where we write X for the fiber of X over a closed point s € S.

Theorem 7.11. Suppose X — S is a flat local complete intersection map of affine
varieties with S smooth and such that the singular locus Xgng of X is finite and
étale over S. Suppose, in addition, that one can find a projective map w:Y — X
such that'Y is smooth and such that the reduced, irreducible components Fq, ..., En,
of Y xx Xging are smooth over S and satisfy the property that each

Eil,...,it = Ei1 Xy Eig Xy -+ Xy Eit — S

is smooth (1<iy,...,i;<m). Then xP(Xs) is independent of the closed point s.
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Suppose in addition that a finite group G acts on both X and Y and that m and
X — S are equivariant, where we declare the action of G on S to be trivial. Assume
that X/G — S is a flat local complete intersection such that (X/G)sing is finite and
étale over S. Then xP(X;/G) is independent of the closed point s € S.

Proof. In analogy with Definition 7.5, we use (7.3) to define a relative version of
CP:

Cﬁ(/s := Tot (EZ))(/S — RF*Q%)/S — RW*QZ/S — RW*Q%/S — ) ,

where, as in (7.2),

YHXsin =0
(711&) Yn — g n
]—[i1<~~~<in Ei i, n>0

and L%, /5 is the p-th cotangent complex for X — S; the map L%, /s~ RTF*QZ;,O /s
is induced by the composite of the natural maps E’;(/S — Q?(/S — W*QZ;,O/S.

The complex C% /s is a complex of quasi-coherent O x-modules with only finitely
many non-zero homology sheaves, each of which is coherent. Moreover, each such
homology sheaf is supported on the singular locus of X, which maps finitely to S.
By restriction of scalars along the affine map X — S, we may therefore regard
Cc% /58S a complex of quasi-coherent Og-modules whose homology is coherent. As
such, this complex determines a class [C.Z;(/S] in Go(S) = Ko(S). Explicitly, this
class is the alternating sum of these homology modules.

For any point s € S, let js : s — S be the induced map of schemes and let
¥ Ko(S) — Ko(s) =2 Z be the pull-back map in K-theory. Note that for any s,
the map j¥ sends the class of a locally free Og-module to its rank. Consequently,
the map j¥ : Ko(S) — Z does not depend on the choice of s € S. We now prove
that for any closed point s € S:

(7.11b) JICh sl =[O,

Since the class [Cf(s/s] in Ko(s) = Z is x?(Xs) when s € S is a closed point, this
will prove the first assertion of the Theorem.

Note first of all that if F* is any complex of quasi-coherent Og-modules with
bounded, coherent homology, then j*[F*] = [Lj*F*], where Lj* denotes the left
derived functor associated to jr. For any n, let @ : Y,, — S be the structure
map, which we are supposing to be smooth and hence flat. Thus 7 and j, are
Tor-independent over S. Consider the pullback diagram

(e

|,k

§——> ¢
By [SGAG6, IV.3.1], we have

Lj:Rﬁ'*Qf,n/S ~ Rq*Lafo,n/S

Since Y,,/S is smooth, Qf,n /s is locally free and we have

ILozfo,n/S = O‘:Q%/S o Q;(Dyn)s/s.
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Hence

(7.11c) LisR78, o ~ RaQpy ) o

Similarly, it is a standard property of the cotangent complex that
j;‘ﬁ;{/s ~ Lj;‘ﬁgg/s ~ E’)’(S/s.
Combining these, we get the formula

j:[ci/s] = [ ce— Lgfs/s — Rgq. QP

p
(Yo)s/s - Rq*Q(Yﬂs/s — .. :| .

Finally, if s is a closed point then by (7.3) we have

P p P ..
QXS - (Rq*Q(YO)S/s - Rq*ﬂ(yl)s/s - )

and hence the formula j* [Cgc/s] = [Cfgs/s] of (7.11b), proving the first assertion.
Suppose now that a finite group G acts on X and Y as in the statement of the
Theorem. Let Y;, be as in (7.11a) above; then G acts on Y,, — S and hence on
lej/n/s and Rﬁ*Qf/n/S for all n. For each s € S, the group G acts also on Q’()YH)S.
Since G is a finite group and we are in characteristic 0, taking G-invariants is
exact. This implies the key property we will need, proven in [12, 5.12], namely that

G G
Qz()}/n)s/c = (Qz() n)s) = (QI()Yn)S) ’

Since taking G-invariants also commutes with Rgq,, this property implies that

(7.11d) R, (Qfms/c) ~ Rq*((Q’(’mS)G) ~ (Rq*QZ(’mS)G.

Define the analogue D?(/S of C?(/S by

G G
Now taking G-invariants commutes with Lj*. Using (7.11c) and (7.11d), we have

Lj:((Rﬁ*foi/s)G) ~ (Lj; (Rﬁ'*QI;@/s))G = (RQ*Q?YI.)S)G = RQ*(Q;(D)Q)S/G))-

Finally, observe that a similar argument as that used to prove (7.3) shows that

Y4 ~ Y4 p e
. /¢ = (RQ*Q«Yo)s/G) = Re(y,), 769 — )

Indeed, X, /G, Y, /G, and the (E;),/G satisty the same hypotheses as do X, Y, and
the E;, except for smoothness, so that the results in [12, 4.8, 4.10, 4.11] apply. It
follows that

Js [Dz)jg/s] = [Cg)xs/c)]-

Since the class of [C% ] in Ko(s) = Z is xP(Xs/G), it is independent of s. O

X./G

8. ISOLATED (HYPER)SURFACE SINGULARITIES.

In this section we consider the du Bois invariants of a two-dimensional isolated
hypersurface singularity X. That is, X = Spec R where R = Fxz,y, z]/(f(z,y, 2))
and Q%/F = R/(%, g—-;, %) is supported at the origin (i.e., the point xg defined
by the maximal ideal (x,y, z)). The analytic analogues of some of our results are
due to Steenbrink and may be found in Wahl’s paper [33].
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We will need the following well known calculation of Qf, = QF, /p- Recall that
the Tjurina number T is:

T = lengthp (R/(%, g—i, %)) .

Lemma 8.1. Let X = Spec R be a 2-dimensional isolated hypersurface singularity.
Then each of the following R-modules has length equal to 7:

0% = Exth(Qk%, R) = Ext%(0%, R), tors(0%) = Exth (0%, R).

Proof. Write R = P/f, where P = F[z,y, z], and consider the complex K of free
R-modules, whose boundary maps are induced by exterior multiplication with df,
indexed with R in degree 0:
K: 0-R Y 0berr Y 020p R 0% epR— 0.

By [24, p. 326], the n-th cohomology of the complex K is the torsion submodule of
%. In the isolated singularity case considered here, it follows from Lebelt’s results
[21] (see also [25, Prop. 1]) that Q7 is a torsionfree module for n < 1. In particular,
we have free resolutions:

0-RYoLepR—0L -0

0-R™aoLepR™ 02 0pR— 0% -0
Moreover the perfect pairing Q% @p Q?I’;p — Q3 = P induces a perfect pair-
ing KP ®p K> P — K3 =2 R. From this we get an isomorphism of complexes
Hompg(K, R)[-3] = K. Tt follows that
~ af of 9
Bxth(, B) = HY(K) = 0 = R/ (8L, 22,21,
ExtR(Q%, R) = H*(K) = tors Q%.

By definition, the length of the first of these modules is 7; by [25, Thm. 3], the
second module also has length 7. O

Recall the definition of the (generalized) du Bois invariants b”¢ from (7.8).

Proposition 8.2. Let X = Spec R be a 2-dimensional isolated hypersurface singu-
larity. Then the following hold:

a) b"7 =0 unless p+q € {1,2}.

b) b17949 =299 = 7 for all g < 0.

c) b%2 =0, and b%t = —°.

Proof. a) For ¢ > 0, (a) is a particular case of a general statement for isolated singu-
larities proved by Steenbrink in [29, Thm. 1], since b7 is the length of HY(X, Q% ) by
(7.7). In our case Steenbrink’s result is immediate from Grauert-Riemenschneider
vanishing [16, Satz 2.3] and from the fact, proved in [8, Prop. 2.6], that for an affine
surface X,

(8.2a) Hon(X, Q) =0 (p>0).
If ¢ =0 and p > 2, (a) holds since then a*QP = 0. If ¢ = p = 0, it holds since R is
normal, hence seminormal. For ¢ = —1, (a) holds because Q% =0 for p > 3, that

R and Q}, are torsionfree, and Remark 5.6.1. For ¢ < —2, we have

(8.2b) H,(C%) = DY_ (R)= HH” _|(R) = tors(Q*+")

p—q—1
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which is zero unless p 4+ ¢ € {1, 2}, by a result of Michler [24].

b) This follows from (8.2b) and the fact that the kernel of Q% — HY, (X, Q") is
tors(Q%) (see Remark 5.6.1), using [25, Thm. 3] (see Lemma 8.1).

c¢) That b%2? = 0 is a particular case of (8.2a). The rest follows from parts (a)
and the definition (7.9) of x°. O

Proposition 8.3. Let X = Spec R be a 2-dimensional isolated hypersurface sin-
gularity. Further let m :' Y — X be a good resolution, E the exceptional divisor,
Eq, ..., E, its reduced irreducible components, g; the genus of E;, and | the number
of loops in the incidence graph. Put g =", g; and py = lengthp HY(Y,Oy).
a) The map Hy (X, 0) — HIy, (Y, 0) = H™(Y, O) is an isomorphism forn # 1,
and an injection for n = 1. We have

bo’lng—g—l.

In particular Hy, (X,0) — HY (Y, ) is an isomorphism <= g=1=0.

b) Hey, (X, 0%) = H(Y, Qz) for n>0. In particular, H; (X,Q%) =0 for n>1.

c) ExtRz(H(Y,02),R) = H(Y,Oy). In particular, Ext%(H°(Y,Q%), R) = 0.

d) vt0 < 7.

e) b2V =71 —p,, and x* = —p,.
Proof. To prove (a), observe that R is normal and Y — X is projective, so that
R = HY%,(X,0) = H°(Y,0) by Zariski’s Main Theorem (and Proposition 2.5).
Since Y — X has fibers of dimension at most 1, and X is affine,

(8.3a) H*(Y,F) = H (X, R*m,F) =0
for all coherent sheaves F. In particular, H?(Y,O) = 0. Similarly, H2;, (X,0) =0
by [5, Theorem 6.1]. Since Sing X = {zo}, we have a blowup square

(8.3b) E——>Y

.

rTo —— X

From the Mayer-Vietoris sequence associated to this square, we extract the short
exact sequence

0 — Hegy(X,0) = HY(Y,0) — Heqn(E,0) — 0.
Hence b%! = lengthp H'(Y,0) — lengthy H!y (E,0). Applying descent to the
cover [[, E; — E, we obtain length, HY,, (E,O0) =1+ g.

For (b), the isomorphisms H™, (X,Q?) = H"(Y,Q?) follow from the Mayer-
Vietoris sequence associated to the square (8.3b). By Grauert-Riemenschneider
vanishing [16, Satz 2.3], R Q3. ~ m,0%., so H"(Y,Q?) = H°(X, R"m.Q3) vanishes
for n > 0 because X is affine.

To prove (¢), recall that wx = Ox[2] because X is an affine hypersurface. For any
bounded complex of quasi-coherent sheaves F*® on Y, Grothendieck-Serre duality
gives a quasi-isomorphism:

R, R Homy (F*,9%) ~ R Homy (R7,. F*, Ox)
Taking F* = ), and using the duality pairing on Y,
R Homy (2., Q%) ~ Homy (22, Q%) = Q377
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we get a spectral sequence
(8.3¢c) Exth(HI(Y,QP), R) = HI(Y,Q%7P).

Taking p = 2 and using Grauert-Riemenschneider vanishing [16, Satz 2.3], which
gives H7(Y,Q?) = 0 for j > 0, we obtain the conclusion of (c):

Exth (HO(Y,Q%), R) = H' (Y, Oy).

In particular, by (8.3a), Ext%(H?(Y,Q?), R) = 0.
To prove (d), recall that b is the length of the R-module L = H°(C%). Since
b1 ~1 = 0 by Proposition 8.2, it follows from (7.7) that we have an exact sequence

(8.3d) 0— QF — H2 (X, QY — L —0.

From (8.3d) we get the exact sequence

(8.3¢) Exty(Qk, R) — Exth(L, R) — Exth(HY, (X, QY), R).

From the spectral sequence (8.3c) with p = 1, we have an exact sequence
Homp(H(Y,QY), R)-2 Ext%(HO(Y,QY), R) — H*(Y,Qb).

Since the R-module H'(Y, Q') is supported at o, Homg(H(Y,Q!), R) = 0. The
right side also vanishes, by (8.3a), so we get Ext®(H°(Y,Q"), R) = 0.
By part (a), the map HY,, (X, Q') — HO(Y,Q') is injective, so the map

Exth(H(Y,Q"), R) — Extj(HY, (X, Q), R)
is surjective and hence
Exth(HW (X, QY R) = 0.
From (8.3¢) we get that Extp(Qk, R) — Extk(L, R) is surjective and hence
b1 = lengthz(L) = lengthz(Exth(L, R))
< lengthz(Exth(Qk, R))
=7, by Lemma 8.1.
To prove (e), define finite length R-modules N and M so that
(8.3f) 0—N—-Q% - H(Y,Q*) - M—0
is exact. By definition (7.8) and the fact that R is Gorenstein, we get
(8.3g) b0 = lengthx (M) = length (Ext% (M, R)).
Because N has finite length, Ext’(N, R) = 0 for i < 2 and hence there are isomor-
phisms
Ext!(Q%/N,R) = Ext'(Q%,R) (i <?2).
Using this together with part (c) and (8.3f), we get an exact sequence
0 — HY(Y,0y) — ExtR(Q%, R) — Extp(M, R) — 0.
Using this sequence, and taking into account Lemma 8.1 and (8.3g), we get
b*? =1 —length, H'(Y,0) = 7 — p,.
By 8.2(a,b), this yields x? = " — 7 = —p,. O
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9. WAHL’S EXAMPLE.

Using the general results of the preceding sections, we can now prove:

Theorem 9.1. Let F be a field of characteristic 0 and
R = Flz,y, 2)/(z* + y* + 2'° + azy),

for any nonzero a € F. Then b%' =1 and b*! = 0. That is,

a) Hy (R,0) = F and

b) Hiy (R, Q1) =0.
Therefore, H*Fyp(R/F) = 0 but H*Fuyg(R/F) # 0. In particular, if F is a
number field, then R gives a negative answer to Bass’ question:

Ko(R) = Ko(R[t]) but Ko(R[t1,t2]) = Ko(R) & stF[s,t].

Remark 9.1.1. The cdh cohomology groups in question may computed using an
explicit description of a resolution of singularities, together with the self-intersection
numbers of the exceptional components. For the surface in Theorem 9.1 for all
values of a (including 0), the resolution data was checked for us by Liz Sell, and is
displayed in Figure 1.

O—E—©®

FIGURE 1. The Resolution graph for 22 4+ ¢* + 20 + az7y

The proof we shall give here will be a straightforward application of the invari-
ance of x? (Theorem 7.11), applied to the specific example:

(9.2) X = Spec Flz,y, z,t] /(22 + v* + 20 + tz7y).

Consider the map X — S = Spec F[t] induced by the obvious inclusion, and write
X, for the fiber over s € S. When s is the point ¢ = a we have X3 = Spec(R) for
the ring R in Theorem 9.1.

Proposition 9.3. Let X be the affine variety of (9.2). Then the integer xP(Xs)
is independent of the choice of closed point s € S.

Proof. Since the value of xP does not change upon passing to a finite extension, we
may assume that F' contains a primitive 30-th root of unity. Put

X = Spec Flu, v, w,t]/(u® + 1% + w3 4+ tu?10'0)
Let G = p3 X p1o X 15 act on X by scalar multiplication on the variables z,y, 2
so that the assignment z = u3, y = v and z = w'® identifies X with X/G.

One may readily verify that X — S is a flat local complete intersection whose
singular locus is defined by * = y = z = 0 and hence maps isomorphically onto
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S. The singular locus of X is defined by v = v = w = 0 and hence also maps
isomorphically onto S. Let Y be the blowup of X along its singular locus. One
may readily verify that

?zmq< Flt,u,v,w, A, B,C] ),

(A30 + B30 4 €30 4 t4yB19A20 4B — vA,uC — wA,vC —wB)
where ¢, u,v,w have degree 0 and A, B,C have degree 1. It is also easy to verify
that Y — S is smooth. The fiber of ¥ — X over Xgng is

E =ProjF[t, A, B,C]/(A* + B¥* + ¢~ S x E,

where Ej is a smooth curve. We see that all the hypotheses of Theorem 7.11 are
satsified. O

Now the proof of Theorem 9.1 is straightforward. The idea is that X is quasi-
homogeneous, so its du Bois invariants are easy to compute. This gives x? and we
can then apply Propositions 8.2 and 8.3 along with a calculation of the Tjurina
number to compute b”%(X) for s # 0.

Ezample 9.4. The surface Xo = Spec F[z,vy, 2]/(22 + 4> +2'°) is discussed by Wahl
in [33, 4.4]. By elementary calculations, described in [33, 4.3], it is easy to calculate
the invariants 7=1-2-9=18, g =0 and

py = dim (Flz,y,2]/(3, 3L, 30)) =1

<2

where f = 22 + 4> 4+ 2. Moreover, as with any isolated normal surface singularity
defined by a non-negatively graded ring, we have [ = 0 by [26, Theorem 2.3.1]. (Or,
one may see [ = 0 from the graph of Figure 1.) Using Lemma 7.10 and Proposition
8.3(a,e), this yields

plil — 0l =p,—g—1=1, bl,ozbz,ozT—pg:N.
By Proposition 8.2(a), x* = —0%! = -1, x* =b" — b =16, x* = —1.

Proof of Theorem 9.1. By Theorem 7.11, xP(X,) does not depend on s and we
write x? = x?. By Proposition 8.2(c), b%! = —x? is also independent of s. For the
choice s = 0, we have bg’l =1 by [33, 4.4] (see Example 9.4). This proves assertion

(a).

To compute b when a # 0, we use the calculation of 7(X,) given in [33, 4.4]:

0.5) r(Xe) = {12 e

By Proposition 8.3(d)
(9.6) b0(X,) < 7(X,) =16 for all a # 0.
By the invariance of x! (see Proposition 9.3), Example 9.4 and (9.6), we have
16 = x' = b"(X,) — b1 (Xa)
<16 — b1 (X,)
for any a # 0, and hence 0 = bV1(X,) = dimpr H'y;, (X, Q}F) O
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Remark 9.7. a) In (9.5) of the proof above, we refer to the calculation of the Tjurina
numbers 7 stated by Wahl in [33, 4.4]. These can be checked directly using the
Tjurina function of the SINGULAR library sing.1lib ([17], [18]).

b) Steenbrink uses analytic methods to define an invariant o and proves that
bl = p, — g — 1 — «; see [33, (1.9.1)]. Comparing with Proposition 8.2(a), and
using GAGA, we see that o = b%! — bb1. Tt is this invariant that is computed by
Wahl in [33, 4.4].

We finish this section with a general description of the relationship between
NK_; and NK of surfaces. This sheds light on the difference between the cases
of small and large base fields, and also explains some results of [41].

Theorem 9.8. Let R be a 2-dimensional normal domain of finite type over a field
F of characteristic 0. There is an exact sequence:

0— NK (R) = (H(R,Q}p) /i) @V
— Qp ©p NK_1(R) = NKo(R) — Hly,(R,Q)p) @ V — 0.
Proof. Consider the following short exact sequence of sheaves in (Sch/F)can:
O—»Q};®F0—>Ql—>Q}F—>O
Applying H.qy yields
0—Qh@p RS HYR,QY — HR, Q) 2
Qp @ Higy (R, 0) — Hig (R, Q') — Hig, (R, Q}F) —0

Note that, because Q}, — Q}%/F is onto, the map 0 Kkills the image of Q}%/F. Simi-
larly, the image of ¢ is contained in that of Q%. Thus we obtain

0— H(R,Q")/Qp — H(R,Q)p)/Qp/p —
Op ®F Hegy(R, 0) — Heg(R, Q') — Hegy (R, Q}F) —0
Now apply ®V and use 5.1 and parts ¢) and d) of 5.3. (Il

Corollary 9.9. Let R be a 2-dimensional normal domain of finite type over a field
F of characteristic 0. If NK_1(R) =0 then NKo(R) = HY,, (R, Q}F) V.

Ezxample 9.10. Let R be a 2-dimensional normal domain of finite type over QQ, and
put Rr = R® F. By 4.1 and 6.4,

(9.11) NK,.(RF) %NK*(R)@)Q*F/Q.

Keeping track of the A-decomposition, as in 5.1, we see from Theorem 0.6 that
TK{?(Rp) 2 TK{”(R) @ F = H*(R,Q)®F/QL®F = H(Rp, Q) ) /%, /-

From Theorem 9.8 we get an exact sequence

(9.12) 00— Qpg®r NK_1(Rp) = NKo(Rr) = Hlq(Rp, Q)p) @ V — 0
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Using (9.11) and 0.6 again, we see that the sequence (9.12) is isomorphic to the
sum

(0= Qprjg ® Hign(R, 0) ® V"0 g © Hogy (R, 0) @V — 0 — 0)
¥
(0—-0—F®HYWR O RV-SF HYyW (R, @V —0)

For example, for Rp := Flx,y,2]/2? + y> + 2'° + 27y we have

NK_1(Rp) =F®V
tr. deg(F)
NEo(Rp) =Qp 2V @ FaV

p=1

In other words, both typical pieces TK_1(Rp) and TKo(Rp) are F-vectorspaces,
but while dimp TK_1(Rp) =1 for all F, any cardinal number x can be realized as
dimp TKo(RF) for an appropriate F.
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