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Definitions
1. A point is that of which there is no part.

2

2. And a line is a length without breadth. & ——*
3. And the extremities of a line are points. St

4. A straight-line is (any) one which lies evenly wi
points on itself.

5. And a surface is that which has length and breadth
only.

6. And the extremities of a surface are lines. '@

7. A plane surface is (any) one which lies evenly with
the straight-lines on itself. ih & plane

8. And a plane angle is the inclination of the lines to
one another, when two lines in a plane meet one another,
and are not lying in a straight-line.

9. And when the lines containing the angle are
straight then the angle is called rectilinear.

10. And when a straight-line stood upon (another)
straight-line makes adjacent angles (which are) equal to
one another, each of the equal angles is a right-angle, and
the former straight-line is called a perpendicular to that
upon which it stands.

11. An obtuse angle is one greater than a right-angle.

12. And an acute angle (is) one less than a right-angle.

13. A boundary s that which is the extremity of some-
thing,

14. A figure is that which is contained by some bound-
ary or boundaries.

15. A circle is a plane figure contained by a single line
[which is called a circumference], (such that) all of the
straight-lines radiating towards [the circumference] from
one point amongst those lying inside the figure are equal
to one another.

16. And the point is called the center of the circle.

17. And a diameter of the circle is any straight-line,
being drawn through the center, and terminated in each
direction by the circumference of the circle. (And) any
such (straight-line) also cuts the circle in half.f

18. And a semi-circle is the figure contained by the
diameter and the circumference cuts off by it. And the
center of the semi-circle is the same (point) as (the center
of) the circle. elygons

19. Rectilinear figures are those (figures) contained
by straight-lines: trilateral figures being those contained
by three straight-lines, quadrilateral by four, and multi-
lateral by more than four.

20. And of the trilateral figures: an equilateral trian-
gle is that having three equal sides, an isosceles (triangle)
that having only two equal sides, and a scalene (triangle)
that having three unequal sides. -
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21. And further of the trilateral figures: a right-angled
triangle is that having a right-angle, an obtuse-angled
(triangle) that having an obtuse angle, and an acute-
angled (triangle) that having three acute angles.

22. And of the quadrilateral figures: a square is that
which is right-angled and equilateral, a rectangle that
which is right-angled but not equilateral, a rhombus that
which is equilateral but not right-angled, and a rhomboid
that having opposite sides and angles equal to one an-
other which is neither right-angled nor equilateral. And
let quadrilateral figures besides these be called trapezia.

23, Parallel lines are straight-lines which, being in the
same plane, and being produced to infinity in each direc-
tion, meet with one another in neither (of these direc-
tions).

T This should really be counted as a postulate, rather than as part of a definition.
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Postulates

1. Let it have been postulated! to draw a straight-line
from any point to any point.

2. And to produce a finite straight-line continuously
in a straight-line.

3. And to draw a circle with any center and radius.

4. And that all right-angles are equal to one another.

5. And that if a straight-line falling across two (other)
straight-lines makes internal angles on the same side
(of itself whose sum is) less than two right-angles, then
the two (other) straight-lines, being produced to infinity,
meet on that side (of the original straight-line) that the
(sum of the internal angles) is less than two right-angles
(and do not meet on the other side).?

T The Greek present perfect tense indicates a past action with present significance. Hence, the 3rd-person present perfect imperative "Hivhodw
could be translated as “let it be postulated”, in the sense “let it stand as postulated”, but not “let the postulate be now brought forward”. The
literal translation “let it have been postulated” sounds awkward in English, but more accurately captures the meaning of the Greek.

* This postulate effectively specifies that we are dealing with the geometry of flat, rather than curved, space.
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Common Notions (L"LJ_":‘ "‘5““ ‘?)

1. Things equal to the same thing are also equal to
one another.

2. And if equal things are added to equal things then
the wholes are equal.

3. And if equal things are subtracted from equal things
then the remainders are equal.t

4. And things coinciding with one another are equal
to one another.

5. And the whole [is] greater than the part.

T As an obvious extension of C.N.s 2 & 3—if equal things are added or subtracted from the two sides of an inequality then the inequality remains



LTOIXEION o'

ELEMENTS BOOK 1

an inequality of the same type.

’

o.

Enl tfic Soldelong eddelag mencpacuévne tolywvov
loémheugov ouothouota.
L

“Eotw #) 8oldelon eddela nencpaopévn | AB.

Aet B énl tiic AB eldeluc tplywvov lodmieupov
cuothoacdar.

Kévrpe uiv 9 A Bwotipart 8¢ 1@ AB xixhog
yeyphodw & BIA, xod nddwv xévtpe pév 18 B Sotipet 52
% BA xhdog yeypdgdw 6 ATE, xod dnd tob I’ onyelou,
xod’ & téuvouow dhhrhoug ol xbxho, énl & A, B onueia
Eneleiydwony eldeio of TA, I'B.

Kal énel 16 A onueiov xévtpov Eotl 100 TAB xixdou,
lon gotlv /) AT tfj AB" néhw, énel 16 B onusiov xévtpov
goti 1ol I'AE xlxAov, Ton Eotlv % BT tfi BA. &8elydn 8¢
xold ) TA <] AB Ton® éxatépa dpa t&v TA, I'B <fj AB tomwv
Tom. 8 B¢ 8 adtd low xal dAAloig Eotly Toar xed ) TA &po
i I'B éomwv Ton' ol tpeic dpa of TA, AB, BT Tow dhfhoug
elatv.

Tadémheupov iget £ovl 1o ABI tplywvov. xol ouvéaraton
el tfic Bodelong eldelac nenepuouévrg tiic AB. dnep Edeal
Tolfjoot.

Proposition 1

To construct an equilateral triangle on a given finite
straight-line.
C

Let AB-be the given finite straight-line.

So it is required to construct an equilateral triangle on
the straight-line AB.

Let the circle BC' D with center A and radius AB have
been drawn [Post. 3], and again let the circle ACE with
center B and radius BA have been drawn [Post. 3]. And
let the straight-lines CA and CB have been joined from
the point C, where the circles cut one another, to the
points A and B (respectively) [Post. 1].

And since the point 4 is the center of the circle CDB,
AC is equal to AB [Def. 1.15]. Again, since the point
B is the center of the circle CAE, BC is equal to BA
[Def. 1.15]. But C'A was also shown (to be) equal to AB.
Thus, C A and CB are each equal to AB. But things equal
to the same thing are also equal to one another [C.N. 1].
Thus, C A is also equal to CB. Thus, the three (straight-
lines) C A, AB, and BC are equal to one another.

the triangle ABC is equilateral, and has been
constructed on the given finite straight-line AB. (Which
is) the very thing it was required to do.

T The assumption that the circles do indeed cut one another should be counted as an additional postulate. There is also an implicit assumption

that two straight-lines cannot share a common segment.
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Proposition 21

To place a straight-line equal to a given straight-line
at a given point (as an extremity).

Let A be the given point, and BC the given straight-
line. So it is required to place a straight-line at point A
equal to the given straight-line BC.

For let the straight-line AB have been joined from
point A to point B [Post. 1], and let the equilateral trian-
gle DAB have been been constructed upon it [Prop. 1.1].



LTOIXEION o'

ELEMENTS BOOK 1

tplywvov 1§ ZBT tpiydve Eotiv loov: xaf [kom] ol piv
ABA tprydvou Bimhdaiov 6 BA napadhnhéypappov: Bdow
e Yap THY abTtiv Exouct Thv BA xdi &v toiig adtdic elo
napah Ao toiic BA, AA- 1ol 8¢ ZBT tpiydivou Birhdaiov
0 HB tetpdywvov: Bhow te yép ndhv thy abthv Exouot
v ZB xol v toliic adtoic elo mapadhiholg teiic ZB, HT.
[t& 8¢ &v lowy Bunhdowa Toa @A Eativ'] Toov &pa ot
ol 10 BA nopadiniéypopuov w8 HB tetpaythve. duolwg
& &mlevywyévev tiv AE, BK Beyydfoetan xob & TA
rapadAnhéypoppov loov w6 O tetpaydvwey Shov dpa o
BAET tetpdywvov Buot tolg HB, OI tetpaydvorg ooy
eotiv. xai éom 16 uiv BAET tetpéywvov énd tiic BT dva-
youpév, ta 8¢ HB, O dnd tiv BA, AT. 16 dpa 4nd tic
BI' mheupdis tetpdywvov Toov Eotl toic &nd t@v BA, AT
TAELREY TETPAYWVOLS.

A A E
Ev dpa 1ol dpdoywvio tpiydvorg o dnd tic Thy
Sty ywviav Grotewvoiong thevpdis Tetpdywvov Toov datl

two (straight-lines) CB, BF,! respectively. And angle
DBA (is) equal to angle FBC. Thus, the base AD [is]
equal to the base FIC, and the triangle ABD is equal to
the triangle FBC [Prop. 1.4]. And parallelogram BL
[is] double (the area) of triangle ABD. For they have
the same base, BD, and are between the same parallels,
BD and AL [Prop. 1.41]. And square GB is double (the
area) of triangle FBC. For again they have the same
base, FB, and are between the same parallels, FB and
GC [Prop. 1.41]. [And the doubles of equal things are
equal to one another]? Thus, the parallelogram BL is
also equal to the square GB. So, similarly, AE and BK
being joined, the parallelogram CL can be shown (to
be) equal to the square HC. Thus, the whole square
BDEC is equal to the (sum of the) two squares GB and
HC. And the square BDEC is described on BC, and
the (squares) GB and HC on BA and AC (respectively).
Thus, the square on the side BC is equal to the (sum of
the) squares on the sides BA and AC.
H
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Lhus)) in right-angled triangles, the square on the
side subtending the right-angle is equal to the (sum of

Tolg &nd 6V Ty 6pdi [ywviav] nepieyovodv theupdv te- the) squares on the sides surrounding the right-[angle].

Tpaydvolg dnep Edel Beifau.

t The Greek text has “F B, BC”, which is obviously a mistake.
! This is an additional common notion.

(Which is) the very thing it was required to show.

47
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t Both this possibility, and the previous one, are precluded by Prop. 3.23.
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thing is impossible [Prop. 3.10]. Thus, if the straight-line
AB is applied to CD, the segment AEB cannot not also
coincide with CFD. Thus, it will coincide, and will be
equal to it [C.N. 4].

Thus, similar segments of circles on equal straight-
lines are equal to one another. (Which is) the very thing
it was required to show.

Proposition 25

For a given segment of a circle, to complete the circle,
the very one of which it is a segment.

i é
\ 7~

Let ABC be the given segment of a circle. So it is re-
quired to complete the circle for segment ABC, the very
one of which it is a segment.

For let AC have been cut in half at (point) D
[Prop. 1.10], and let DB have been drawn from point
D, at right-angles to AC [Prop. 1.11]. And let AB have
been joined. Thus, angle ABD is surely either greater
than, equal to, or less than (angle) BAD.

First of all, let it be greater. And let (angle) BAE,
equal to angle ABD, have been constructed on the
straight-line BA, at the point A on it [Prop. 1.23]. And
let DB have been drawn through to E, and let EC have
been joined. Therefore, since angle ABE is equal to
BAE, the straight-line EB is thus also equal to EA
[Prop. 1.6]. And since AD is equal to DC, and DE (is)
common, the two (straight-lines) AD, DE are equal to
the two (straight-lines) CD, DE, respectively. And angle
ADE is equal to angle CDE. For each (is) a right-angle.
Thus, the base AFE is equal to the base CE [Prop. 1.4].
But, AE was shown (to be) equal to BE. Thus, BE is
also equal to CE. Thus, the three (straight-lines) AE,
EB, and EC are equal to one another. Thus, if a cir-
cle is drawn with center F, and radius one of AE, EB,
or EC, it will also go through the remaining points (of
the segment), and the (associated circle) will have been
completed [Prop. 3.9]. Thus, a circle has been completed
from the given segment of a circle. And (it is) clear that
the segment ABC is less than a semi-circle, because the
center £ happens to lie outside it.

94
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by the circumference AD[C] and the straight-line AC, is
less than a right-angle. And this is immediately apparent.
For since the (angle contained by) the two straight-lines
BA and AC is a right-angle, the (angle) contained by
the circumference ABC and the straight-line AC is thus
greater than a right-angle. Again, since the (angle con-
tained by) the straight-lines AC and AF is a right-angle,
the (angle) contained by the circumference AD[C] and
the straight-line C A4 is thus less than a right-angle.

in a circle, the angle in a semi-circle is a right-
angle, and that in a greater segment (is) less than a
right-angle, and that in a lesser [segment] (is) greater
than a right-angle. And, further, the [angle] of a seg-
ment greater (than a semi-circle) [is] greater than a right-
angle, and the [angle] of a segment less (than a semi-
circle) is less than a right-angle. (Which is) the very thing
it was required to show.

Proposition 32

If some straight-line touches a circle, and some
(other) straight-line is drawn across, from the point of
contact into the circle, cutting the circle (in two), then
those angles the (straight-line) makes with the tangent
will be equal to the angles in the alternate segments of
the circle.

A

\ F
- B

For let some straight-line EF touch the circle ABCD
at the point B, and let some (other) straight-line BD
have been drawn from point B into the circle ABCD,
cutting it (in two). I say that the angles BD makes with
the tangent EF will be equal to the angles in the alter-
nate segments of the circle. That is to say, that angle
FBD is equal to the angle constructed in segment BAD,
and angle EBD is equal to the angle constructed in seg-
ment DCB.

For let BA have been drawn from B, at right-angles
to EF [Prop. 1.11]. And let the point C have been taken
at random on the circumference BD. And let AD, DC,

100
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1 See the footnote to Prop. 3.34.
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KB eldeiq xal 1§ npdg adtfj onuely @ K fj uév tnd AEH
yavig Ton f Ond BKA, <fj 8¢ Ond AZO Ton # bnd BKT, xal
Bk t@v A, B, T' onueiwv fiydwouv pontéuevor to ABT
wOxhou ol AAM, MBN, NTA.

Kot &nel Epdntovton 1ol ABI xOxhou of AM, MN, NA
xoard & A, B, I onuela, dnd 8¢ o0 K xévtpou éni 1 A, B,
I" onueta Enelevypévan elolv ol KA, KB, KT, épdal dpa eloty
ol mpdg toic A, B, T' onpelog ywvia. xol énel tol AMBK
Tetpaniedpou ol téooupes ywvion tétpact dpdais low sioty,
Enewdrinep xad elg Blo tplywva Bianpeiton 1 AMBEK, o elow
6pdal of Und KAM, KBM ywvic, hownad Spat ol Und AKB,
AMB Buotv dpdaic To lotv. elol 52 xod of Umd AEH,
AEZ Buolv dpdoic Too ol po ind AKB, AMB taiic Ond
AEH, AEZ Tow elotv, &v f| bnd AKB tfj tné AEH gomwv
lon hounh) dpa ) bnd AMB Aowrfi tfj Ond AEZ gonv lon,
dpolwg 87 derydfioeta, 8w xal # Und ANB tff Und AZE
gomwv Ton xal Aownh) dpa f) Und MAN [hoixfi] ff Und EAZ
gon Ton. looydwiov &pa Eott 16 AMN tpiywvov 1§ AEZ
TPrYOVE" Xol meptyEypanta mepl Tov ABT xixhov.

Hepl tov Bodévta dpa xhdov & Bodévn TELY WV
looydwiov Tpiywvov mepiyéypanton Snep Ede morfiom.

ABC1.

Thus, a triangle, equiangular with the given triangle,
has been inscribed in the given circle. (Which is) the very
thing it was required to do.

Proposition 3
To circumscribe a triangle, equiangular with a given
triangle, about a given circle.
H

A

G

L G N

Let ABC be the given circle, and DEF the given tri-
angle. So it is required to circumscribe a triangle, equian-
gular with triangle DEF, about circle ABC.

Let EF have been produced in each direction to
points G and H. And let the center K of circle ABC
have been found [Prop. 3.1]. And let the straight-line
K B have been drawn, at random, across (ABC). And
et (angle) BK A, equal to angle DEG, have been con-
structed on the straight-line KB at the point K on it,
and (angle) BKC, equal to DFH [Prop. 1.23]. And let
the (straight-lines) LAM, M BN, and NCL have been
drawn through the points A, B, and C (respectively),
touching the circle ABC.1

And since LM, MN, and NL touch circle ABC at
points A, B, and C (respectively), and KA, KB, and
KC are joined from the center K to points A, B, and
C' (respectively), the angles at points A, B, and C are
thus right-angles [Prop. 3.18]. And since the (sum of the)
four angles of quadrilateral AM BK is equal to four right-
angles, inasmuch as AM BK (can) also (be) divided into
two triangles [Prop. 1.32], and angles K AM and K BM
are (both) right-angles, the (sum of the) remaining (an-
gles), AK'B and AM B, is thus equal to two right-angles.
And DEG and DEF is also equal to two right-angles
[Prop. 1.13]. Thus, AKB and AMB is equal to DEG
and DEF, of which AK B is equal to DEG. Thus, the re-
mainder AM B is equal to the remainder DEF. So, sim-
ilarly, it can be shown that LN B is also equal to DFE.
Thus, the remaining (angle) MLN is also equal to the
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Proposition 5t

If a magnitude is the same multiple of a magnitude
that a (part) taken away (is) of a (part) taken away (re-
spectively) then the remainder will also be the same mul-
tiple of the remainder as that which the whole (is) of the
whole (respectively).

AB _ AE
SRS S L
GC FD ==
]

For let the magnitude 4B be the same multiple of the
magnitude CD that the (part) taken away AFE (is) of the
(part) taken away C'F (respectively). I say that the re-
mainder E B will also be the same multiple of the remain-
der F'D as that which the whole AB (is) of the whole CD
(respectively).

For as many times as AF is (divisible) by CF, so many
times let EB also have been made (divisible) by CG.

And since AE and EB are equal multiples of CF and
GC (respectively), AE and AB are thus equal multiples
of CF and GF (respectively) [Prop. 5.1]. And AE and
AB are assumed (to be) equal multiples of CF and CD
(respectively). Thus, AB is an equal multiple of each
of GF and CD. Thus, GF (is) equal to CD. Let CF
have been subtracted from both. Thus, the remainder
GC is equal to the remainder FD. And since AE and
EB are equal multiples of CF and GC (respectively),
and GC (is) equal to DF, AE and EB are thus equal
multiples of CF and FD (respectively). And AE and
AB are assumed (to be) equal multiples of CF and CD
(respectively). Thus, EB and AB are equal multiples of
FD and CD (respectively). Thus, the remainder EB will
also be the same multiple of the remainder F'D as that
which the whole AB (is) of the whole CD (respectively).

@H a magnitude is the same multiple of a magni-
tude that a (part) taken away (is) of a (part) taken away
(respectively) then the remainder will also be the same
multiple of the remainder as that which the whole (is) of
the whole (respectively). (Which is) the very thing it was
required to show.

I, /dr!j; ELEMENTS BOOK 6

[4
Proposition 2

If some straight-line is drawn parallel to one of the
sides of a triangle then it will cut the (other) sides of the
triangle proportionally. And if (two of) the sides of a tri-
angle are cut proportionally then the straight-line joining
the cutting (points) will be parallel to the remaining side
of the triangle.

A

B C
For let DE have been drawn parallel to one of the

sides BC of triangle ABC. 1 say that as BD is to DA, so
CE (is) to EA.

Book 8 - Comhnied (Prrpﬂ'"]’ﬁ-

Ma '-'4&‘4&4 Gre (n ‘l"lt;:..s‘am-, rl.'Jl)i' @mpaﬂ"o;tj)

aip= C,:d'

Aue fo Eudxus (3808e?)

For any m,n num‘“.!'

masnb => me>nd
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Proposition 20

The least numbers of those (numbers) having the
same ratio measure those (numbers) having the same ra-
tio as them an equal number of times, the greater (mea-
suring) the greater, and the lesser the lesser.

For let CD and EF be the least numbers having the
same ratio as A and B (respectively). I say that CD mea-
sures A the same number of times as EF (measures) B.

_LFA-C-_?. da ¢D divideo A
B W .k
& £F

» Proposition 30

If two numbers make some (number by) multiplying
one another, and some prime number measures the num-
ber (so) created from them, then it will also measure one

of the original (numbers). = Tt P d&na(er AB
At 1 thew p dividas ne
B ; of Aand B."

T Ro Cmmfvis.t:, Seme Bmeasures 4. TF B
is prime then that which was prescribed has happened.
And if (B is) composite then some number will measure
it. Let it (so) measure (B), and let it be €. And since
C measures B, and B measures 4, C thus also measures
A. And if C is prime then that which was prescribed has
happened. And if (C is) composite then some number
will measure it. So, in this manner of continued inves-
tigation, some prime number will be found which will
measure (the number preceding it, which will also mea-
sure A). And if (such a number) cannot be found then an
infinite (series of) numbers, each of which is less than the
preceding, will measure the number A. The very thing is
impossible for numbers. Thus, some prime number will
(eventually) be found which will measure the (number)
preceding it, which will also measure A.

AF —
Bt |
Cr——

every composite number is measured by some
prime fiumber. (Which is) the very thing it was required

to show. "Pw-,;o;.‘-'bm\ 3] ( Aot)

Efemu+ar3 Number Tﬁu?

Definitions
1. A unit is (that) according to which each existing
(thing) is said (to be) one. 1 Jy
2. And a number (is) a multitude composed of units. } Pesifie
3. A number is part of a(nother) number, the lesser of} dides
the greater, when it measures the greater.!
4. But (the lesser is) parts (of the greater) when it
does not measure it.§
5. And the greater (number is) a multiple of the lesser
when it is measured by the lesser.
6. An even number is one (which can be) divided in
half.
7. And an odd number is one (which can)not (be)
divided in half, or which differs from an even number by
a unit. = L[
8. An even-times-even number is one (which is) mea-'} dwis.
sured by an even number according to an even number. Y La Y
9. And an even-times-odd number is one (which 22
is) measured by an even number according to an odd} muu{
number.*
10. And an odd-times-odd number is one (which) ode/
is) measured by an odd number according to an odd}hg{- .
INme
number.® : [
11. A‘prime" numbgis one (which is) measured by a
unit alone:

12. Numbers prime to one another are those (which
are) measured by a unit alone as a common measure.

13. A c_olnmw is one (which is) measured
by some number.

14. And numbers composite to one another are those
(which are) measured by some number as a common
measure.

15. A number is said to multiply a(nother) number
when the (number being) multiplied is added (to itself)
as many times as there are units in the former (number),
and (thereby) some (other number) is produced.

16. And when two numbers multiplying one another
make some (other number) then the (number so) cre-
ated is called plane, and its sides (are) the numbers which
multiply one another.

17. And when three numbers multiplying one another
make some (other number) then the (number so) created
is (called) solid, and its sides (are) the numbers which
multiply one another.

18. A square number is an equal times an equal, or (a
plane number) contained by two equal numbers.

» 19. And a cube (number) is an equal times an equal
times an equal, or (a solid number) contained by three
equal numbers.
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P F:.'P3 =R
If a least number is measured by (some) prime num-
bers then it will not be measured by any other prime

number except (one of) the original measuring (num-
bers).

Proposition 14

A+ — B r——

Er—— C+—-

Fr— D——
Proposition 35t o

If there is any multitude whatsoever of continually
proportional numbers, and (numbers) equal to the first
are subtracted from (both) the second and the last, then
as the excess of the second (number is) to the first, so the
excess of the last will be to (the sum of) all those (num-
bers) before it.

A¥ — H;Yﬂ)\"ﬂ,---fﬂ
sSumo o S

B G C YA-A_ vA-A
A " s

D —

EL KH F

Let A, BC, D, EF be any multitude whatsoever of
continuously proportional numbers, beginning from the
least A. And let BG and FH , each equal to 4, have been
subtracted from BC and EF (respectively). I say that as
GCisto A,so EH isto A, BC, D.

For let FK be made equal to BC, and FL to D. And
since FK is equal to BC, of which FH is equal to BG,
the remainder HK is thus equal to the remainder GC.
And since as EF is to D, so D (is) to BC, and BC to
A [Prop. 7.13], and D (is) equal to FL, and BC to FK,
and A to FH, thus as EF is to FL,so LF (is) to FK, and
FK to FH. By separation, as EL (is) to LF, so LK (is)
to FK,and KH to FH [Props. 7.11, 7.13]. And thus as
one of the leading (numbers) is to one of the following,
so (the sum of) all of the leading (numbers is) to (the
sum of) all of the following [Prop. 7.12]. Thus, as KH
isto FH, so EL, LK, KH (are) to LF, FK, HF. And
K H (is) equal to CG, and FH to A, and LF, FK, HF
to D, BC, A. Thus, as CG is to A, so EH (is) to D,
BC, A.\Thus)as the excess of the second (number) is to
the first, so the excess of the last (is) to (the sum of) all
those (numbers) before it. (Which is) the very thing it
was required to show.

f:}pfja c;x:‘fl)c?;m o;[ /\/a 2 chﬁed%t_

Proposition 20

The (set of all) prime numbers is more numerous than
any assigned multitude of prime numbers.

Ar—— G——
B——mMmM
Ct {

E D F

Let A, B, C be the assigned prime numbers. [ say that
the (set of all) primes numbers is more numerous than A,
B,C.

For let the least number measured by 4, B, C have
been taken, and let it be DE [Prop. 7.36]. And let the
unit DF have been added to DE. So EF is either prime,
or not. Let it, first of all, be prime. Thus, the (set of)
prime numbers A, B, C, EF, (which is) more numerous
than A, B, C, has been found.

And so let EF not be prime. Thus, it is measured by
some prime number [Prop. 7.31]. Let it be measured by
the prime (number) G. I say that G is not the same as
any of A, B, C. For, if possible, let it be (the same). And
A, B, C (all) measure DE. Thus, G will also measure
DE. And it also measures EF. (So) G will also mea-
sure the remainder, unit DF, (despite) being a number
[Prop. 7.28]. The very thing (is) absurd. Thus, G is not
the same as one of A, B, C. And it was assumed (to be)
prime. the (set of) prime numbers A, B, Q, G,
(which is) Tore numerous than the assigned mulf:ltufle
(of prime numbers), A, B, C, has been found. (Which is)
the very thing it was required to show.
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Thcommensu able M “3/"' Tudes

Definitions

1. Those magnitudes measured by the same measure
are said (to be) commensurable, but (those) of which no
(magnitude) admits to be a common measure (are said
to be) incommensurable.t

2. (Two) straight-lines are commensurable in square?
when the squares on them are measured by the same
area, but (are) incommensurable (in square) when no
area admits to be a common measure of the squares on
them.$

3. These things being assumed, it is proved that there
exist an infinite multitude of straight-lines commensu-
rable and incommensurable with an assigned straight-
line—those (incommensurable) in length only, and these
also (commensurable or incommensurable) in square.¥
Therefore, let the assigned straight-line be called ratio-
nal. And (let) the (straight-lines) commensurable with it,
either in length and square, or in square only, (also be
called) rational. But let the (straight-lines) incommensu-
rable with it be called irrational.*

4. And let the square on the assigned straight-line be
called rational. And (let areas) commensurable with it
(also be called) rational. But (let areas) incommensu-
rable with it (be called) irrational, and (let) their square-
roots® (also be called) irrational—the sides themselves, if
the (areas) are squares, and the (straight-lines) describ-
ing squares equal to them, if the (areas) are some other
rectilinear (figure).l

Proposition 1t ( Eujo xus )

If, from the greater of two unequal magnitudes
(which are) laid out, (a part) greater than half is sub-
tracted, and (if from) the remainder (a part) greater than
half (is subtracted), and (if) this happens continually,
then somjﬂagn:gde will (eventually) be left which will
Le less Han lesse, laf out ma'.?ni 2.

Proposition 2

If the remainder of two unequal magnitudes (which
are) [laid out] never measures the (magnitude) before it,
(when) the lesser (magnitude is) continually subtracted
in turn from the greater, then the (original) magnitudes
will be incommensurable.

For, AB and CD being two unequal magnitudes, and
AB (being) the lesser, let the remainder never measure

the (magnitude) before it, (when) the lesser (magnitude
is) continually subtracted in turn from the greater. I say
that the magnitudes AB and CD are incommensurable.

Proposition 3

To find the greatest common measure of two given
commensurable magnitudes, ™ .
- E uc/ w( an

AF B .C}lg.ml’fm"

C E D
G——

Let AB and CD be the two given magnitudes, of
which (let) AB (be) the lesser. So, it is required to find
the greatest common measure of AB and CD.

Proposition 6

If two magnitudes have to one another the ratio which
(some) number (has) to (some) number then the magni-
tudes will be commensurable.

A————+— B+—m7F7—
DFH——— E—
o F ———

For let the two magnitudes A and B have to one an-
other the ratio which the number D (has) to the number
E. 1 say that the magnitudes A and B are commensu-

rable.
Cmucdts numbers o fu‘f‘.!!

Proposition 9

Squares on straight-lines (which are) commensurable
in length have to one another the ratio which (some)
square number (has) to (some) square number. And
squares having to one another the ratio which (some)
square number (has) to (some) square number will also
have sides (which are) commensurable in le But
squares on straight-lines are) incommensurable

'Aln length do not have to one another the ratio which
some) square number (has) to (some) square number.

And squares not having to one another the ratio which
(some) square number (has) to (some) square number
will not have sides (which are) commensurable in length
either.

At - B {

C—— D——

For let A and B be (straight-lines which are) commen-
surable in length. I say that the square on A has to the
square on B the ratio which (some) square number (has)
to (some) square number.

A and B are Cmnmen:umL [e_
. z ¥
S and B ®w M:n
[ oL
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Proposition 4

If a straight-line is set up at right-angles to two
straight-lines cutting one another, at the common point
of section, then it will also be at right-angles to the plane
(passing) through them (both).

F
AE %? C
G H
E
D B

Proposition 30

Parallelepiped solids which are on the same base, and
(have) the same height, and in which the (ends of the
straight-lines) standing up are not on the same straight-
lines, are equal to one another.

N K

P

M

G/ /\
L

H

\E/
\//

>

Q

N

0
/\F
A
A C
Let the parallelepiped solids ¢\ and CN be on the

same base, AB, and (have) the same height, and let the
(ends of the straight-lines) standing up in them, AF, AG,

<
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Proposition 1

Similar polygons (inscribed) in circles are to one an-
other as the squares on the diameters (of the circles).

A
F
B
E G L
M N
Cc
D

Proposition 2
Circles are to one another as the squares on (their)
diameters. >
Proposition 7
Any prism having a triangular base is divided into
three pyramids having triangular bases (which are) equal
to one another.
F

B A
Proposition 10

Every cone is the third part of the cylinder which has
the same base as it, and an equal height.

Proposition 18
Spheres are to one another in the cubed ratio of their
respective diameters.
A
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mheupd. Eow 8t xod W) IIT mevraydivour lobdnheupov dpa
tott to IIOT tplywvov. Bié té adtd B xol Exaotov @V
ITIAP, PME, ENT, TET lobrnhievpdyv totv. xod Enel mev-
Tarydivou Ebelydn Exatépa t@v ITA, IO, Eomn B¢ xad /) AO
reviayevov, lodnheupov dpa totl 1o IIAO tpiywvov. B
& avtd O xoi Exactov tév APM, MIN, NTZE, ZT0
Tevydvey lodmheupdy Eatv.

Ellfgiuw 16 xévrpov 100 EZHOK xixhou to & onpeiov:
xol &nd 100 @ 1§ o xinhou Eminédey npdg dpdic dveotdrw
) PQ, xol ExBefModw &nl & Evepa pépn Gg BT, xol
appefode EZaydvou ptv ) BX, Sexaydvou Bt Exarépn Thiv
¥, XO, xal Eneledydwony of IIQ, IIX, T, E®, A®, AT,
M.

Kai Enel éxatépa t@v X, IE 8§ tob xdxhou Emnédey
npdg dpddc Eomv, ropdhhnhog dpa Eotiv §) BX tfj IIE. elol
8¢ ol Toows xol ol E®, IIX &pa foo te xol mapdhiniol
elow. &ayivou B¢ ) E®- Efaydivou dpa xol i TIX. xal
enel EEaydvou pév ot #) TIX, Bexaydvou B¢ H X, xdl
S0 Eomwv # Omd TIXN ywvia, reviaydvou dpa totiv
IIQ. B wox abee &) xol ff TQ revraydivou Eotiv, Enedinep,

So, I say that, beside the five aforementioned figures,
no other (solid) figure can be constructed (which is) con-
tained by equilateral and equiangular (planes), equal to
one another.

For a solid angle cannot be constructed from two tri- w~

angles, or indeed (two) planes (of any sort) [Def. 11.11].
And (the solid angle) of the pyramid (is constructed)
from three (equiangular) triangles, and (that) of the oc-
tahedron from four (triangles), and (that) of the icosahe-
Jron from (five) triangles. And a solid angle cannot be
(ﬁe) from six equilateral and equiangular triangles set
up together at one point. For, since the angles of a equi-
lateral triangle are (each) two-thirds of a right-angle, the
(sum of the) six (plane) angles (containing thg so_lid an-
gle) will be four right-angles. The very thing (is) impos-
sible. For every solid angle is contained by (plane angles

whose sum is) less than four right-angles [Prop. 11.21]. {
So, for the same (reasons), a solid angle cannot be con-

structed from more than six plane angles (equal to two-
thirds of a right-angle) either. And the (solid) angle of
a cube is contained by three squares. And (a solid angle
contained) by four (squares is) impossible. For, again, the
(sum of the plane angles containing the solid angle) will

A

b S

be four right-angles. /And (the solid angle) of a dodec-
ahedron (is contained) by three equilateral and equian-
gular pentagons. And (a solid angle contained) by four
(equiangular pentagons is) impossible. For, the angle of
an equilateral pentagon being one and one-fifth of right-
angle, four (such) angles will be greater (in sum) than

on account of the same absurdity, a solid angle cannot
be constructed from any other (equiangular) polygonal
figures either.

T four right-angles. The very thing (is) impossible.‘ And,

Z4)

Thus, beside the five aforementioned figures, no other
solid figure can be constructed (which is) contained by
equilateral and equiangular (planes). (Which is) the very
thing it was required to show.

A

Lemma

It can be shown that the angle of an equilateral and
equiangular pentagon is one and one-fifth of a right-
angle, as follows.



