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Abstract

The completely positive operators, which can be viewed as a generalization of the nonnega-
tive matrices, are maps between spaces of linear operators arising in the study of C∗-algebras.
The existence of the operator analogues of doubly stochastic scalings of matrices is equivalent
to a multitude of problems in computer science and mathematics, such rational identity testing
in non-commuting variables, noncommutative rank of symbolic matrices, and a basic problem
in invariant theory (Garg, Gurvits, Oliveira and Wigderson, FOCS, 2016).

We study operator scaling with specified marginals, which is the operator analogue of scaling
matrices to specified row and column sums (or marginals). We characterize the operators which
can be scaled to given marginals, much in the spirit of the Gurvits’ algorithmic characteriza-
tion of the operators that can be scaled to doubly stochastic (Gurvits, Journal of Computer
and System Sciences, 2004). Our algorithm produces approximate scalings in time poly(n,m)
whenever scalings exist. A central ingredient in our analysis is a reduction from the specified
marginals setting to the doubly stochastic setting.

Operator scaling with specified marginals arises in diverse areas of study such as the Brascamp-
Lieb inequalities, communication complexity, eigenvalues of sums of Hermitian matrices, and
quantum information theory. Some of the known theorems in these areas, several of which
had no effective proof, are straightforward consequences of our characterization theorem. For
instance, we obtain a simple algorithm to find, when they exist, a tuple of Hermitian matrices
with given spectra whose sum has a given spectrum. We also prove new theorems such as a
generalization of Forster’s theorem (Forster, Journal of Computer and System Sciences, 2002)
concerning radial isotropic position.
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1 Introduction

Completely positive maps are linear maps between spaces of linear operators that, informally
speaking, preserve positive-semidefiniteness in a strong sense. Completely positive maps generalize
nonnegative matrices in some sense and arise naturally in quantum information theory and the
study of C∗-algebras [J13]. If Y is a complex inner product space, let L(Y ) denote the space
of Hermitian operators on Y . To each completely positive map T : L(V ) → L(W ) is associated
another completely positive operator T ∗ : L(W )→ L(V ) known as the dual of T . In analogy with
the matrix case, say a completely positive map is doubly stochastic if T (I) = I and T ∗(I) = I.
A scaling T ′ of a completely positive map T by a pair of invertible linear maps (g, h) is the
completely positive map T ′ : X 7→ g†T (hXh†)g. One is led to ask which completely positive maps
have doubly stochastic scalings; operator scaling is the study of this question. In fact, several other
problems such as rational identity testing in non-commuting variables, membership in the null-cone
of the left-right action of SLn(C)× SLm(C) [GGOW16], and a special case of Edmonds’ problem
[Gu04] each reduce to (or are equivalent to) an approximate version of this question. In [Gu04],
Gurvits gave two useful equivalent conditions for approximate scalability: a completely positive
map T can be approximately scaled to doubly stochastic if and only if T is rank-nondecreasing, i.e.
rkT (X) ≥ rkX for all X � 0, or equivalently capT > 0 where

capT := inf
X�0,detX=1

detT (X).

Gurvits also gave an algorithm to compute approximate scalings if either of these equivalent con-
ditions hold. The authors of [GGOW16, GGOWbl16, Gu04] analyzed the same algorithm to
obtain polynomial-time decision algorithms for each of the aforementioned problems.

We consider a natural generalization of doubly stochastic scalings. Say T maps (A→ B,C → D)
if T (A) = B and T ∗(C) = D and say T̂ is an (A → B,C → D)-scaling of T if T̂ is a scaling of T
that maps (A→ B,C → D).

Question 1. Given positive semidefinite matrices A,D ∈ L(V ) and B,C ∈ L(W ) and a completely
positive map T : L(V )→ L(W ), does T have an (A→ B,C → D)-scaling?

We extend Gurvits’ characterization of approximate scalability to the setting of Question 1. As
in [Gu04], our existence proofs lead to algorithms that efficiently produce approximate scalings
when they exist. Theorem 3.8, which closely resembles the characterization in [Gu04], charac-
terizes the existence of approximate (A → B,C → D)-scalings by block-upper-triangular matri-
ces. Theorem 3.9 extends this characterization to handle scalings in the full general-linear group
with a somewhat surprising outcome - informally, a completely positive map T has approximate
(A → B,C → D)-scalings if and only if a suitable random scaling of T satisfies the conditions of
Theorem 3.8 with high probability. We also give an exponential time algorithm to decide if T can
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be scaled to map (A→ B,C → D) with arbirarily small error.
A close variant of Question 1 first appeared in [GP15], in which the authors propose (P →

Q, IW → IV )-scalings as quantum analogues of Markov chains satisfying certain relative entropy
minimality conditions. The authors of [GP15] conjectured a partial answer to Question 1, which
was confirmed in [Fr16]. Our Theorem 10.20 extends the answer of [Fr16], and prove the conjec-
ture of [GP15] apart from one small caveat.

This paper is organized as follows: in Section 2, we describe several questions that can be
reduced to Question 1 and for which our results yield a number of new characterizations and
algorithms. In Section 3, after providing the necessary background, we state our main results,
Theorems 3.8 and 3.9. We prove Theorem 3.8 in Sections 4 through 7 and Theorem 3.9 in Section
8. In Section 9 we describe a sufficient condition called (P,Q)-indecomposability that guarantees
the existence of exact scalings. Finally in Section 10 bring Theorems 3.8 and 3.9 to bear on the
questions from Section 2.

Acknowledgements

The author would like to thank Michael Saks for many insightful discussions, and Rafael Oliveira
for interesting observations and pointers to relevant literature.

2 Applications and special cases

Here we mention a few questions that can be answered by via reduction to Question 1.

Question 2 (Matrix scaling). Given a nonnegative matrix A ∈ Matm,n(R) and nonnegative row-
and column-sum vectors r ∈ Rm≥0 and c ∈ Rn≥0, do there exist diagonal matrices X,Y such that the
row (resp. column) sums of A′ = XAY are r (resp. c)?

It is well-known that matrix scaling can be reduced to an instance of operator scaling with
specified marginals, but Gurvits’ characterization does not apply to this instance unless r and c
are the all-ones vectors. In 10.1, we recall the reduction from Question 2 to Question 1 and derive
the classic theorem of [RS89] on the existence of such scalings as a consequence of Theorem 3.8.

Question 3 (Eigenvalues of sums of Hermitian matrices). Given nonincreasing sequences α, β, γ
of m real numbers, are α, β, γ the spectra of some m ×m Hermitian matrices A,B,C satisfying
A+B = C?

In [Kl98], Klyachko showed (amazingly) that the answer to Question 3 is “yes” if and only if
α, β, γ satisfy a certain finite set Sm of linear inequality constraints. That is, such (α, β, γ) form
a polyhedral cone. A long line of work has been devoted to describing the set Sm, which has
connections to representation theory, Schubert calculus, and combinatorics [KT00, Kl98, F00].
There are even polynomial-time algorithms to test if α, β, γ satisfy Sm [MNS12]. However, no
previous work has provided an algorithm to find the Hermitian matrices in question. Our reduction,
which can be found in 10.2, yields an algorithmic proof of the result in [Kl98]. That is, we exhibit an
algorithm that outputs a sequence of Hermitian matrices (in particular, real symmetric matrices!)
An +Bn = Cn with spectra approaching α, β, γ if α, β, γ satisfy Sm.

Question 4 (Forster’s scalings). Given vectors u1, . . . , un ∈ Cm, nonnegative numbers p1, . . . , pn,
and a positive-semidefinite matrix Q, when does there exist an invertible linear transformation
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B : Cm → Cm such that
n∑
i=1

pi
Bui(Bui)

†

‖Bui‖2
= Q?

Barthe [B98] answered this question completely for the case Q = Im. Forster independently
answered Question 4 in the positive for pi = 1, ui in general position, and Q = n

mIm; as a conse-
quence he was able to prove previously unattainable lower bounds in communication complexity
[Fo02]. As noted in [Gu04], Forster’s result is a consequence of Gurvits’ characterization of doubly
stochastic scalings. In 10.3 we reduce the general case of Question 4 to an instance of Question 1,
and use this reduction to answer the approximate version of Question 4. For fixed u1, . . . , un and
Q, the admissible (p1, . . . , pn) form a convex polytope whose form is a natural generalization of the
polytope, known as the basis polytope, described in [B98]. In fact, one can derive the Schur-Horn
theorem on diagonals of Hermitian matrices with given spectra [H54] from our answer to Question
4.

Lastly, we hope our techniques will be of use in quantum information theory. The completely
positive maps T that map (IV → Q, IW → P ) have a meaningful interpretation: by a fact known
as channel-state duality [Ja74], to each completely positive map T : L(V ) → L(W ) is associated
a unique unnormalized mixed bipartite quantum state ρ ∈ L(V ⊗ W ). The operator T maps
(IV → Q, IW → P ) if and only if TrV ρ = Q and TrW ρ = P . That is, the local mixed states
induced by ρ are T (I) and T ∗(I). Operator scaling has established connections between separable
quantum states and matroid theory [Gu04], so perhaps our techniques can shed further light on
such relationships. We discuss this further in Section 11.

3 Preliminaries and main theorems

Before presenting the main theorems we fill in some background and justify a few assumptions we
will make throughout the paper. The notation established in 3.1 and 3.2 will be summarised in 3.6.

3.1 Preliminaries

Definition 3.1 (Completely positive maps). A completely positive map is a map T : L(V )→ L(W )
of the form

T : X 7→
r∑
i=1

AiXA
†
i ,

where V and W are finite dimensional complex inner product spaces and Ai : V → W are linear
maps called Kraus operators of T . Note that T preserves positive-semidefiniteness. The map
T ∗ : L(W )→ L(V ) is given by

T ∗ : X 7→
r∑
i=1

A†iXAi,

and is the adjoint of T in the trace inner product. Recall that we say T maps (A→ B,C → D) if
T (A) = B and T ∗(C) = D.

Definition 3.2 (Scalings of completely positive maps). If T : L(V ) → L(W ) is a completely
positive map, g ∈ GL(W ) and h ∈ GL(V ), we define the completely positive map Tg,h by

Tg,h : X 7→ g†T (hXh†)g.
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Observe that
(Tg,h)∗ = T ∗h,g.

Tg,h is called the scaling of T by (g, h).

Here G (resp. H) will be a subset of GL(W ) (resp. GL(V )), and often a subgroup.

Definition 3.3 (Approximate scalings). Say a scaling T ′ of T is an ε-(A → B,C → D)-scaling
if T ′ maps (A → B′, C → D′) with ‖B − B′‖ ≤ ε and ‖D − D′‖ ≤ ε. If G ⊂ GL(W ) and
H ⊂ GL(V ), say T is approximately (G,H)-scalable to (A→ B,C → D) if for all ε > 0, T has an
ε-(A→ B,C → D)-scaling T ′ by (g, h) ∈ (G,H).

If A and C are invertible, approximate (resp. exact) scalability to (A→ B,C → D) is equivalent
to approximate (resp. exact) scalability to (IV → Q, IW → P ) for Q = A1/2DA1/2 and P =
C1/2BC1/2, so we mainly restrict attention to (IV → Q, IW → P )-scalings.

It will be handy to be able to easily move back and forth between (IV → Q, IW → P )-scalings
and (P → IW , Q → IV )-scalings. The following easy lemma, which we prove in Appendix 12.2,
gives us this freedom.

Lemma 3.1. Suppose P ∈ L(V ) and Q ∈ L(W ) are positive-definite, TrP = TrQ = 1, and that
(G,H,P,Q, T ) is block-diagonal. The following are equivalent:

1. T is approximately (resp) exactly scalable to (P → IV , Q→ IV ) by (GE◦ , HF◦).

2. T is approximately (resp) exactly scalable to (IV → IW , Q→ P ) by (GE◦ , HF◦).

3. T is approximately (resp) exactly scalable to (P → Q, IW → IV ) by (GE◦ , HF◦).

4. T is approximately (resp) exactly scalable to (IV → Q, IW → P ) by (GE◦ , HF◦).

Moreover, if T has an ε-(P → IV , Q→ IV )-scaling by (GE◦ , HF◦) then T has ε-(IV → IW , Q→ P ),
ε-(IV → Q, IW → P ), and ε-(P → Q, IW → IV )-scalings by (GE◦ , HF◦).

Henceforward P (resp. Q) denotes a positive-semidefinite operator in L(V ) (resp. L(W )). We
further assume TrP = TrQ because TrT (IV ) = TrT ∗(IW ).

3.1.1 Flags

We will think of positive-semidefinite operators in terms of their spectrum and an associated se-
quence of subspaces called a flag.

Definition 3.4 (Flags).

1. If V is an n-dimensional vector space, a flag F◦ on V is a sequence of subspaces

0 ⊂ Fi1 ( · · · ( Fik ⊂ V

where dim ik = ik.

2. The signature of F◦, denoted σ(F◦), is the set {i1, . . . , ik} of dimensions appearing in the flag.
Say a flag F◦ is complete if it has signature {0, . . . , n}; else F◦ is partial.

3. The standard flag in an orthonormal basis F = (f1, . . . fn) of V is the complete flag

F• = ({0}, 〈f1〉, . . . , 〈f1, . . . , fn−1〉, V ).
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4. Conversely, a complete flag is the standard flag in a unique orthonormal basis up to multipli-
cation of each basis vector by a complex number of modulus 1. In general, if F◦ is a flag, say
(f1, . . . , fn) is an adapted basis for F◦ if F is orthonormal and Fi = 〈f1, . . . fi〉 for i ∈ σ(F◦).
That is, F◦ is a subflag of the standard flag in F .

5. If H ⊂ End(V ) is a set of linear transformations of V , HF◦ denote the set

{h : hFi ⊂ Fi for all i ∈ σ(F◦)}.

When H is a subgroup of GL(V ), HF◦ is the stabilizer subgroup of F◦ under the action of H.

Definition 3.5 (Block-upper-triangular scalings). If F◦ is flag on V and h is a linear operator on
V , we say h is block-upper-triangular (with respect to F◦) if

hFi ⊂ Fi for all i ∈ σ(F◦).

If H ⊂ End(V ) is a set of linear transformations of V , let

HF◦ := {h ∈ H : h is block-upper-triangular w.r.t F◦}.

When H is a subgroup of GL(V ), HF◦ is the stabilizer subgroup of F◦ under the action of H.
Note that a linear transformation h is block-upper-triangular if and only if the matrix for h is

block-upper-triangular with block-sizes i1, i2 − i1, . . . , ik − ik−1, n− ik in an adapted basis for F◦.

Next we discuss how to view Hermitian operators in terms of their spectra and an associated
flag. L ⊂ V is a subspace, let πL denote the orthogonal projection to L. Observe that if F◦ is a
flag and (ci : i ∈ [n]) a sequence of positive numbers, then∑

i∈σ(F◦)

ciπFi

is a positive-semidefinite operator in L(V ).
In fact, every positive semidefinite operator has a unique representation of this form; this can

be seen by taking the sequence Fi to be the sequence of sums of eigenspaces of A in decreasing
order of eigenvalue. More precisely:

Fact 3.2 (See the survey F00, e.g.). LetA ∈ L(V ) be positive-semidefinite. Let λ(A) = (α1, . . . , αn)
denote the spectrum of A. Then there is a unique shortest flag, denoted F◦(A), such that there
exist c1 ≥ 0, . . . cn ≥ 0 satisfying ∑

i∈σ(F◦(A))

ciπFi(A) = A.

Further, we have σ(F◦(A)) = {i ∈ [n] : αi − αi+1 > 0} and ci = αi − αi+1 for i ∈ σ(F◦(A)) where
αn+1 := 0.

Note that for any flag F◦ such that A =
∑

i∈σ(F◦)
ciπFi , we must have σ(F◦) ⊃ {i ∈ [n] :

αi−αi+1 > 0}. Thus, not all spectra and flags are compatible. We give a name to those flags that
are compatible with given spectrum.

Definition 3.6 (α-partial flag). If (α1, . . . , αn) is a non-increasing sequence of nonnegative num-
bers, say F◦ is an α-partial flag if

σ(F◦) ⊃ {i ∈ [n] : αi − αi+1 > 0}.
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It will be useful to have some shorthand for the difference sequence αi − αi+1.

Definition 3.7 (Difference sequences). If α = (α1, . . . , αn) is a sequence, define ∆α to be the
sequence

∆αi = αi − αi+1.

Here αn+1 := 0. We define
σ(α) = {i : ∆αi 6= 0}.

Note that σ(α) ⊂ σ(F◦) if and only if F◦ is an α-partial flag.

Definition 3.8 (Flag notation convention).

1. E◦ will denote the flag F◦(Q) and F◦ will denote the flag F◦(P ).

2. E and F will denote adapted bases for E◦ and F◦, respectively.

Note that P (resp. Q) is diagonal with nonincreasing diagonal in basis F (resp. E).

Definition 3.9 (Projections to flags). For j ∈ σ(F◦), let ηj : V → Fj be a partial isometry. That

is, η†jηj is πFj , the orthogonal projection to Fj . In the basis F (and basis f1, . . . fj for Fj) we have

n

ηj =

 1 . . . 0 0 . . . 0
...

. . .
...

...
. . .

...
0 . . . 1 0 . . . 0

 j.

Let νi : W → Ei for i ∈ σ(E◦) be the analogous partial isometries.

3.1.2 Restrictions on scalings

We must impose some restrictions on T,G,H, P,Q in order for our methods to work. Luckily,
this level of generality suffices for all the applications known to the author. In particular, these
restrictions will never rule out the case G = GL(W ) and H = GL(V ), so any reader only interested
in (GL(W ),GL(V ))-scalings can safely skim this subsection.

Our characterization can apply in a more general setting than the one discussed here. For the
sake of simplicity, we describe this more general setting in Remark 8.12 after presenting our main
theorems and algorithms.

Our groups will take the form

G =
⊕
i

GL(Wi) and H =
⊕
i

GL(Vi) (1)

where V =
⊕

i Vi and W =
⊕

iWi (here the direct sums are assumed to be orthogonal direct
sums).

For our proof techniques to work, we must assume T respects the decompositions V =
⊕

i Vi
and W =

⊕
iWi. That is, we require

T
⊕
i

L(Vi) ⊂
⊕
j

L(Wj) (2)

T ∗
⊕
j

L(Wj) ⊂
⊕
i

L(Vi). (3)
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If 2 and 3 hold, say T is compatible with G and H. Note that if T is compatible with G and H, then
Tg,h(IV ) = ⊕iAi and T ∗h,g(IW ) = ⊕jBj where Ai ∈ L(Vi), Bj ∈ L(Wj) are positive-semidefinite
operators. Say an operator B = ⊕jBj of this form is compatible with G, and analogously for A and
H. Observe that compatibility of B ∈ L(W ) with G depends only on F◦(B). Further, B and G
are compatible if and only if

Fj(B) =
⊕
i

Fj(B) ∩Wi.

For this reason we say a flag D◦ is compatible with G if Dj =
⊕

iDj ∩ Wi for all j ∈ σ(D◦);
we define compatibility with H analogously. Since we are interested in (IV → Q, IW → P )-
scalability, we may assume F◦(Q) and F◦(P ) are compatible with G and H, respectively, or else
any T that is compatible with G and H is clearly neither exactly nor approximately (G,H)-scalable
to (IV → Q, IW → P ). We summarise our assumptions in the next definition.

Definition 3.10 (Block-diagonal). If there exist decompositions V =
⊕

i Vi and W =
⊕

iWi such
that

1. G and H satisfy 1,

2. T is compatible with G and H, and

3. E◦ and F◦ are compatible with G and H, respectively,

say (G,H,F◦, E◦, T ) is block-diagonal. For convenience, say (G,H,P,Q, T ) is block-diagonal if
(G,H,F◦(P ), F◦(Q), T ) is block-diagonal.

Example 1. The tuple (GL(W ),GL(V ), P,Q, T ) is always block-diagonal.

Example 2. If Kraus operators Al : l ∈ [r] of T satisfy

AlV ⊂ {0} . . . {0} ⊕Wi(l) ⊕ {0} . . . (4)

and A†lW ⊂ {0} . . . {0} ⊕ Vj(l) ⊕ {0} . . . (5)

for some i(l) and j(l), then T is compatible with G and H.
As we will see in Section 10, the Kraus operators of the completely positive maps arising in

examples 2, 3, and 4 satisfy the containments 4 and 5.

Observation 3.3. If (G,H,P,Q, T ) is block-diagonal, then approximate or exact (G,H)-scalability
of T to (IV → Q, IW → P ) depends only on the spectra of P and Q.

Proof. All P and Q with fixed spectra such that (G,H,P,Q, T ) is block-diagonal are conjugate
by unitaries in H and G, respectively. However, for any unitaries U ∈ G and O ∈ H, the change
of variables by the transformation g 7→ gU, h 7→ hO shows approximate (resp. exact) (G,H)-
scalability to (IV → Q, IW → P ) is equivalent to approximate (resp. exact) (G,H)-scalability to
(IV → U †QU, IW → O†PO).

3.1.3 Extensions of Gurvits’ conditions

We remind the reader of Gurvits’ theorem characterizing scalability of completely positive maps to
doubly stochastic.

Theorem 3.4 (Gu04). Suppose T : L(V ) → L(V ) is a completely positive map. The following
are equivalent:
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1. 0 < cap(T ) := infX�0
detT (X)

detX .

2. T is rank-nondecreasing, that is, for all X � 0, rkT (X) ≥ rkX.

3. T is approximately (GL(V ),GL(V ))-scalable to (IV → IV , IV → IV ).

In order to state our main theorems, we’ll need extensions of rank-nondecreasingness and capac-
ity. To define our notion of rank-nondecreasingness, we’ll define a polytope depending on T,E◦, F◦,
and then define T, p, q to have the rank-nondecreasingness property if (p, q) is in the polytope
defined by T,E◦(Q), F◦(P ).

Definition 3.11 (rank-nondecreasingness for specified marginals). Suppose E◦, F◦ are given partial
flags.

1. We say a pair of subspaces (L ⊂W,R ⊂ V ) is T -independent if L ⊂ (AiR)⊥ for all i ∈ [r].

2. Define K(T,E◦, F◦) ⊂ Rm+n to be the the set of (p, q) satisfying σ(p) ⊂ σ(F◦), σ(q) ⊂ σ(E◦),∑m
i=1 qi =

∑n
j=1 pj := N and

and
∑

i∈σ(E◦)

∆qi dimEi ∩ L+
∑

j∈σ(F◦)

∆pj dimFj ∩R ≤ N. (6)

for all T -independent pairs (L,R). Because the coefficients of the ∆qi in the above sum can
take on only a finitely many values, K(T,E◦, F◦) is a convex polytope.

3. Say T is (P,Q)-rank-nondecreasing if (p, q) ∈ K(T, F◦(Q), F◦(P )).

This definition extends the definition of rank-nondecreasingness. Rank-nondecreasingness is
usually, and equivalently, defined by the nonexistence of a shrunk subspace, or a subspace L ⊂ V
such that dim

∑
AiL < dimL. Since (

L,
(∑

AiL
)⊥)

is a T -independent pair and all other T -independent pairs (L,R) have R ⊂ (
∑
AiL)⊥, there is no

shrunk subspace if and only if dimL+dimR ≤ n = Tr IV for all T -independent pairs (L,R). That is,
T is rank-nondecreasing if and only if T is (IV , IV )-rank-nondecreasing, because F◦(IV ) = ({0}, V ).

Remark 3.5. (P,Q)-rank-nondecreasingness does not depend on the particular choice of Kraus
operators for T , because T -independence of (L,R) does not depend on the choice of Kraus operators
for T . This is because (L,R) is T -independent if and only if T (πL)πR = 0, where πZ denotes the
orthogonal projection to the subspace Z.

We will need a variant of the determinant that depends on additional argument which is a
positive semidefinite operator.

Definition 3.12 (Relative determinant). Define the determinant of X relative to P , denoted
det(P,X), by

det(P,X) =
∏

j∈σ(F◦(P ))

(det ηjXη
†
j)

∆pj . (7)

Of course, det(A,X) can be defined analogously for any positive-semidefinite operator A.

10



The relative determinant inherits a few of the multiplicative properties of determinant when
restricted to block-upper-triangular matrices.

Lemma 3.6 (Properties of det(P,X)). If h ∈ GL(V )F◦(P ), then

det(P,Xh) = det(P,X) det(P, h), (8)

det(P, h†Xh) = det(P, h†h) det(P,X), (9)

and det(P, h−†h−1) = det(P, h†h)−1. (10)

We defer the (easy) proofs to Appendix 12.2.

Remark 3.7. Observe that
log det(P, P ) = TrP logP.

Equivalently, − log det(P, P ) is the von Neumann entropy of P , denoted S(P ), which is equal to the
Shannon entropy H(p) of the spectrum of P . One can also draw some parallels with the quantum
relative entropy. By the log-concavity of the determinant, log det(P,X) is concave in X. Further,
we will see that for fixed nonsingular P , det(P,X) is maximized at X = I subject to X � 0 and
TrXP = 1. Thus, it can be intuitively helpful to think of − log det(P,X) as a cross-entropy of P
and X, and

− log det(P,XP−1)

as a relative entropy of P with respect to X, though it is not equal to the Von-Neumann relative
entropy.

Finally we come to an extension of Gurvits’ capacity.

Definition 3.13 (Capacity for specified marginals). Here we take 00 = 1. Recall from Definition
3.9 that ηi : V → Fi, νj : W → Ej are partial isometries. Define

cap(T, P,Q) = inf
h∈GL(V )F◦

det(Q,T (hPh†))

det(P, h†h)
, (11)

If p-partial flags and q-partial flags E◦ and F◦ are given, then cap(T, p, q) refers to the quantity
cap(T, P,Q) where P and Q are the unique operators with λ(P ) = p, λ(Q) = q and F◦(P ) ⊂ F◦,
F◦(Q) ⊂ E◦.

Note that det(X, IV ) = detX and deth†h = dethh†. By the existence of Cholesky decompo-
sitions, {hh† : h ∈ GL(V )F◦} = {X : X � 0}. This implies cap(T, IV , IV ) = capT for V = W , so
cap(T, P,Q) is an extension of the usual capacity.

3.2 Main theorems

We are ready to state our analogue of Gurvits’ characterization for block-upper-triangular scalings.
Gurvits’ characterization is the special case V = W and P = Q = IV of the following theorem.
Recall that if F◦ is a flag on V and G is a subgroup of GL(V ), then GF◦ is the subgroup of G fixing
each subspace in F◦.

Theorem 3.8. Suppose T : L(V )→ L(W ) is a completely positive map and P ∈ L(V ), Q ∈ L(W )
are positive-semidefinite. The following are equivalent:
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1. T is (P,Q)-rank-nondecreasing.

2. cap(T, P,Q) > 0.

3. T is approximately (GF◦(Q), HF◦(P ))-scalable to (IV → Q, IW → P ) for all G and H such that
(G,H,P,Q, T ) is block-diagonal.

For T, P,Q fixed, the completely positive map Tg,h is either (P,Q)-rank-nondecreasing for no
(g, h) ∈ G × H, or Tg,h is (P,Q)-rank-nondecreasing for generic (g, h) ∈ G × H. Here “generic
(g, h)”, a strengthening of “almost all (g, h)”, means “all (g, h) not in the zero set of some fixed finite
set of polynomials, none of which vanishes on G×H”. This allows us to extend our characterization
from (GF◦(Q), HF◦(P ))-scalability to a characterization of (G,H)-scalability.

Theorem 3.9. Suppose (G,H,P,Q, T ) is block-diagonal. The following are equivalent:

1. Tg,h is (P,Q)-rank-nondecreasing for generic (g†, h) ∈ G×H.

2. cap(Tg,h, P,Q) > 0 for generic (g†, h) ∈ G×H.

3. T is approximately (G,H)-scalable to (IV → Q, IW → P ).

Recall that for (G,H,P,Q, T ) block-diagonal, the (G,H)-scalability of T to (IV → Q, IW → P )
depends only on the spectra of P and Q. In fact, the spectra for which approximate scaling can be
done form a convex polytope.

Theorem 3.10. The spectra (p, q) of pairs (P,Q) of positive-semidefinite operators such that

1. (G,H,P,Q, T ) is block-diagonal and

2. T is approximately (G,H)-scalable to (IV → Q, IW → P )

forms a convex polytope, which we denote K(T,G,H).

We also obtain algorithmic counterparts of Theorem 3.8 and Theorem 3.9. Let pmin, qmin denote
the least nonzero eigenvalues of P and Q, and let b be the total bit-complexity of the input T, p, q
where T is given by Kraus operators written down in bases F and E in which Q and P , respectively,
are diagonal.

Theorem 3.11. Suppose (G,H,P,Q, T ) is block-diagonal. There is a deterministic algorithm of
time-complexity poly(ε−1, p−1

min, q
−1
min, n,m, b) that takes as input T, P,Q, ε and outputs g ∈ GE◦ , h ∈

HF◦ such that Tg,h is an ε-(IV → Q, IW → P )-scaling whenever cap(T, P,Q) > 0 and ERROR
otherwise.

Theorem 3.12. Suppose (G,H,P,Q, T ) is block-diagonal. There is a randomized algorithm of
time-complexity poly(ε−1, p−1

min, q
−1
min, n,m, b) that takes as input T, P,Q, ε and outputs g ∈ G, h ∈ H

such that Tg,h is an ε-(IV → Q, IW → P )-scaling with probability at least 2/3 whenever T is
approximately (G,H)-scalable to (IV → Q, IW → P ) and ERROR otherwise.

We can give only a randomized exponential time algorithm for the decision version of our
problem. It would be interesting to find a polynomial time algorithm for this, as it would be a
step towards finding a truly polynomial time algorithm for membership in the Kronecker polytope.
Note that the only exponential dependence is on the bit complexity of the spectra p and q.

Theorem 3.13. Suppose (G,H,P,Q, T ) is block-diagonal. There is a randomized algorithm of
time-complexity poly(ε−1, n,m, 2b) to decide if (p, q) ∈ K(T,G,H). Equivalently, the algorithm
decides if T is approximately (G,H)-scalable to (IV → diag(q), IW → diag(p)).
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3.3 Proof overviews and discussion

Theorem 3.8:

(1 =⇒ 2): We prove (P,Q)-rank-nondecreasingness implies cap(T, P,Q) > 0 in Section 6 using
the reduction to the doubly stochastic case from Section 4 and some concavity properties of
capacity.

(2 =⇒ 3): We prove cap(T, P,Q) > 0 implies T is (GE◦ , HF◦)-scalable to (IV → Q, IW → P )
in Section 5 by analyzing Sinkhorn scaling as in [Gu04], but with cap(T ) replaced by
cap(T, P,Q).

(3 =⇒ 1): That (GE◦ , HF◦)-scalability of T to (IV → Q, IW → P ) implies T is (P,Q)-rank-
nondecreasing is a direct linear algebra argument presented in Section 7.

Theorem 3.9:

Theorem 3.9 is proved in Section 8. The implications 1 =⇒ 2 and 2 =⇒ 3 follow immediately
from Theorem 3.8. The only hard work left is the implication 3 =⇒ 1. It is not hard to see
(Corollary 7.2) that approximate (G,H)-scalability implies there exists (g, h) ∈ G ×H such that
Tg,h is (P,Q)-rank-nondecreasing. Next, via an algebraic geometry argument (Lemma 8.1), we
show the existence of any such (g, h) implies a generic (g, h) has Tg,h is (P,Q)-rank-nondecreasing.

Theorem 3.10:

Theorem 3.10 appears as Corollary 8.9 in Section 8.2, but we give an overview of the proof here.
For F◦ and E◦ fixed, it is clear that the set {(p, q) : T is (P,Q)-rank-nondecreasing}, which we
denote K(T,E◦, F◦), is a convex polytope since it is defined by a finite number of linear constraints.

It is not hard to see (Corollary 7.2 and Theorem 3.8) that T is approximately (G,H)-scalable
to (IV → Q, IW → P ) if and only if (p, q) ∈ K(Tg,h, E◦, F◦) for some (g, h) ∈ G × H. In other
words, the obtainable pairs of spectra are⋃

g∈G,h∈H
K(Tg,h, E◦, F◦).

This set is not obviously convex, but due to the results of Section 8, we find that for generic
(g, h) ∈ G×H,

K(Tg,h, E◦, F◦) =
⋃

g′∈G,h′∈H
K(Tg′,h′ , E◦, F◦).

This tells us that for some (g, h) ∈ G × H, the obtainable spectra comprise the convex polytope
K(Tg,h, E◦, F◦), proving Theorem 3.10.

We remark that Theorem 3.10 could likely be obtained by other methods involving the represen-
tation theory of Lie algebras (see [CDW13]), using which one might be able to show K(T,G,H)
is what is known as a moment polytope. We could not see how to obtain Theorems 3.8 and 3.9
from those methods, however.

Theorems 3.11 and 3.12:

Our proofs of Theorem 3.8 and Theorem 3.9 are just shy of effective. While the approximate
scalings in Theorem 3.8 are produced by iterated scaling (see Algorithm TOSI of Section 5.1 and
Algorithm GOSI of Section 8.3), a priori the bit-complexity of the scaled operators could grow
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exponentially. In Appendix 12.4 we obtain the efficient algorithms Algorithm 12.8 and Algorithm
12.10 by modifying the iterative scaling algorithms and rounding. The running times of the modified
algorithms are described by Theorems 12.9 and Theorem 12.10.

The reader might wonder if analyzing the performance of Sinkhorn scaling for operators, which
is called “Algorithm G” in [GGOW16] and “OSI” in [Gu04], on the reduction in Section 4 would
be sufficient to obtain our algorithmic results. However, the reduction only works if P and Q have
integral spectra and results in a completely positive map from MatTrP (C) → MatTrQ(C). Thus,
the dimension of the reduction depends on a common denominator for all the entries in the spectra
of P and Q, rendering the algorithms inefficient. In fact, operator Sinkhorn scaling on the reduction
amounts to Algorithm TOSI anyway, which is simpler to state without using the reduction.

Theorem 3.13

We will prove Theorem 3.13 as Corollary 12.13 and present the algorithm (Algorithm 12.12) in
Section 12.4, but the proof is straightforward so we summarize it here.

Corollary 7.2 states that if if Tg,h is an ε-(IV → Q, IW → P )-scaling for ε-smaller than
1/poly(n,m) times the inverse of the least common denominator of the entries of p and q, then Tg,h
must be (P,Q)-rank-nondecreasing. In other words, (p, q) ∈ K(Tg,h, E◦, F◦). However, K(Tg,h, E◦, F◦) ⊂
K(T,G,H). From Theorem 3.12, we have a poly(ε−1, p−1

min, q
−1
min, n,m, b)-time algorithm (Algo-

rithm 12.10) which outputs an ε-(IV → Q, IW → P )-scaling with probability at least 2/3 whenever
(p, q) ∈ K(T,G,H) and ERROR otherwise. In particular, if Algorithm 12.10 never outputs other
than ERROR and ε-scalings (even if it did, we could easily check if they were).

Thus, running Algorithm 12.10 with ε small enough (in particular we can take ε = 1/poly(n,m)2b)
and outputting NO if and only if the Algorithm 12.10 outputs ERROR is a poly(n,m, 2b)-time de-
cision problem for membership in K(T,G,H).

3.4 Additional background

Our algorithms will rely on the Cholesky decomposition.

Fact 3.14 (Existence and uniqueness of Cholesky decompositions). Suppose F◦ is a flag in an
n-dimensional vector space V with σ(F◦) = {i1, . . . , ik}, and that F is an adapted basis for F◦.
If A is positive semi-definite operator on V , then there exists an operator B ∈ L(V )F◦ such that
B†B = A (that is, B is a block-upper-triangular matrix with block sizes i1, i2 − i1, . . . n− ik in the
basis F ). If A is nonsingular, then the choice of B is unique up to left-multiplication by a unitary
U that fixes the orthogonal complement of Fil in Fil+1

for l ∈ {0, . . . , k} (here we define Fi0 = {0}
and Fik+1

= V ). In the basis F , U is block-diagonal with block sizes i1, i2 − i1, . . . n− ik. Further,
if the entries of A in the orthonormal basis F are b-bit binary numbers, then B ∈ Matn(C)F◦ such
that ‖B†B − A‖2 ≤ ε can be computed in time poly(− log(ε), b) [Lo03]. The uniqueness claim
follows because a unitary fixing a subspace also fixes the orthogonal complement of the subspace.

We will need a few definitions from algebraic geometry.

Definition 3.14 (Generic). An affine variety V in Cn is the set of common zeros of an ideal
I ⊂ C[x1, . . . , xn]. The Hilbert basis theorem says every such ideal is finitely generated. A set is
Zariski-closed if it is an affine variety. A set is Zariski-open if it is the complement of an affine
variety. A set S ⊂ Cn is generic if S is nonempty and the complement S is contained in an affine
variety. If S ⊂ Cn is nonempty and Zariski-open, we say a generic element of S has property P if
the elements with property P form a generic set. See [MilneAG].
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Definition 3.15 (More flag conventions). The symbols p, P, F◦, F• (resp. q,Q,E◦, E•) will be
defined according to the following conventions. If P (resp. Q) is given, we assume P (resp. Q) is
positive-semidefinite and define F◦ = F◦(P ) and p = λ(P ) (resp, E◦ = F◦(Q) and q = λ(Q)). If,
rather, a nonincreasing sequence p = (pi : i ∈ [n]) (resp. q) and partial flag F◦ of V (resp. E◦ of
W ) are given, we assume F◦ is p-partial (resp. E◦ is q-partial), and P (resp. Q) always refers to
the unique operator satisfying F◦(P ) ⊂ F◦ and λ(P ) = p (resp. F◦(Q) ⊂ F◦ and λ(Q) = q.

F• (resp. E•) will always be a complete flag extending F◦ or F◦(P ), depending on whether F◦
or P is given. (resp. E◦ or E◦(Q)). This is consistent with the rest of our conventions because
F◦(A) is a subflag of the standard flag F• if and only if A is diagonal with nonincreasing diagonal
in the orthonormal basis F .

3.5 Reducing to nonsingular marginals

Unfortunately, Algorithm TOSI only works if P and Q are nonsingular. We address these two issues
in the following subsection; Corollary 3.20 summarises the results. In case P or Q is singular, we can
form a new operator T such that the map T 7→ T preserves capacity and rank-nondecreasingness.

Definition 3.16 (Reductions to nonsingular marginals).

1. If A is a Hermitian operator, suppA is defined to be kerA⊥, i.e. the span of the positive
eigenspaces of A.

2. Let η : V → suppP, ν : W → suppQ be partial isometries.

3. Define T : L(suppP )→ L(suppQ) by

T : X 7→ νT (η†Xη)ν†.

4. Define P := ηPη† ∈ S++(suppP ) and Q = νQν† ∈ S++(suppQ).

5. If g ∈ GL(W )F◦(Q), let g denote νgν†. Similarly, h := ηhη†. If G ⊂ GL(W )F◦(Q) and
H ⊂ GL(V )F◦(P ), define G = {g : g ∈ G} and H = {h : h ∈ H}.

We’ll need an easy, but useful, lemma.

Lemma 3.15. Suppose L ⊂ V is a subspace and h ∈ GL(V ). Let β : V → L be a partial isometry
(or orthogonal projection with range restricted to L), so that β†β is the orthogonal projection to L.
Suppose hL = L; then

β†βhβ† = hβ† (12)

and (βhβ†)−1 = βh−1β†. (13)

Proof. If h fixes L, then an embedding to L followed by an application of h is the same as an
embedding of L followed by an application of h followed by a projection to L. This proves 12. The
identity 13 follows from 12.

We defer the proof of the next proposition to Appendix 12.2.

Proposition 3.16.

1. cap(T , P ,Q) = cap(T, P,Q).
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2. T is (P ,Q)-rank-nondecreasing if and only if T is (P,Q)-rank-nondecreasing.

Proposition 3.17. For (g, h) ∈ GL(W )E◦ ×GL(V )F◦,

Tg,h = T g,h.

Proof. Note that h suppP = suppP and g suppQ = suppQ. By Lemma 3.15,

Tg,h(X) = νg†T (hη†Xηh†)gν†

= νg†ν†νT (η†ηhη†Xηh†η†η)ν†νgν†

T g,h(X).

We omit the proof of the following easy proposition.

Proposition 3.18. If (G,H,F◦(P ), F◦(Q), T ) is block-diagonal, then (G,H,F◦(P ), F◦(Q), T ) is
block-diagonal.

To find an ε-(IV → Q, IW → P )-scaling, it suffices to find an ε-(IsuppP → Q, IsuppQ → P )-
scaling.

Lemma 3.19. If (G,H,F◦(P ), F◦(Q), T ) is block-diagonal and T has an ε-(IsuppP → Q, IsuppQ →
P )-scaling, then T has a 2ε-(IV → Q, IW → P )-scaling.

Proof. Sppose T g,h is an ε-(IsuppP → Q, IsuppQ → P ). We use a limiting argument: let h approach

ḡ ⊕ η†hη and g approach ν†gν. Then

g†T (hh†)g → ν†T g,hν = ν†Q+ ν†Xν = Q+X

and h†T ∗(gg†)h→ η†T ∗h,hη = η†Pη + η†Y η = P + Y .

Where X and Y both have trace-norm at most ε, and so the same is true for X and Y .

The next corollary follows from Lemma 3.5 and Lemma 3.1. The claims about effectiveness
follow because the proofs of the two lemmas can be made effective with exponentially small error.
This is true because approximate roots and Cholesky decompositions can be computed efficiently.

Corollary 3.20. Suppose (G,H,F◦(P ), F◦(Q), T ) is block-diagonal. If T is approximately (GE◦ , HF◦)-
scalable to (P → IsuppQ, Q → IsuppP ), then T is approximately (GE◦ , HF◦)-scalable to (IV →
Q, IW → P ).

Further, 3ε-(IV → Q, IW → P )-scalings can be computed from ε-(P → IsuppQ, Q → IsuppP )-
scalings in time poly(− log ε, n,m, b) provided r ≤ mn where b is the input size of P,Q, T g,h written

in the bases E and F .
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3.6 Notation

When possible, these symbols will hold their meaning throughout the paper.

1. If Y is an inner product space over C, S++(Y ) ⊂ S+(Y ) ⊂ L(Y ) denote the positive-definite,
positive-semidefinite, and Hermitian operators, respectively, on Y . If L ⊂ Y is a subspace,
then πL : Y → Y denotes the orthogonal projection to L.

2. If B is a linear map between two inner product spaces, B† denotes the adjoint of B. In
bases such that the inner products are the standard inner products, B† is just the conjugate
transpose. If g ∈ GL(Y ), g−† denotes (g−1)† = (g†)−1.

3. GL(Y ) denotes the general linear group.

4. The Loewner ordering � on L(Y ) is defined by X � Z if X − Z ∈ S+(Z). Similarly X � Z
if X − Z ∈ S++(Y ).

5. If A ∈ L(Y ) is a Hermitian operator on an n-dimensional vector space Y ,

λ(A) = (λ1(A), . . . λn(A))

denotes the spectrum of A (in non-increasing order), but we also define λ0(A) = ∞ and
λn+1 = 0.

6. If A is positive-semidefinite, suppA denotes the orthogonal complement of the kernel of A;
alternatively, suppA is the largest subspace in F◦(A) or the span of the positive eigenspaces
of A.

7. W (resp. V ) is an inner product space over C of dimension n (resp. m).

8. T : L(V )→ L(W ) is a completely positive map and Ai : i ∈ [r] are the Kraus operators of T .

9. E (resp. F ) is an orthonormal basis of W (resp. V ).

10. E• (resp. F•) is the standard flag on W (resp. V ).

11. P ∈ S+(V ), Q ∈ S+(W ) are positive-semidefinite operators that are diagonal with non-
increasing diagonal the bases F and E, respectively with TrP = TrQ. Equivalently, E and
F are adapted bases for F◦(Q) and F◦(P ), respectively.

12. p denotes λ(P ) and q denotes λ(Q).

13. If α is a non-increasing sequence of length n, ∆α denotes the sequence denotes the sequence
(αi − αi+1 : i ∈ [n]) where αn+1 := 0.

14. Recall the conventions of Definition 3.15. If P and Q are given, E◦ = F◦(Q) and F◦ = F◦(P ).
If E◦ and F◦ and p and q are given without P and Q, we always assume E◦ and F◦ are
q- and p-partial, respectively, and P and Q always refer to the unique operators satisfying
F◦(P ) ⊂ F◦, F◦(Q) ⊂ E◦ and λ(Q) = q, λ(P ) = p.

15. As in Definition 3.13, for j ∈ σ(F◦), let ηj : V → Fj be a partial isometry. That is, η†jηj is
πFj , the orthogonal projection to Fj . Define νi : W → Ei for i ∈ σ(E◦) to be the analogous
partial isometries.
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16. Sometimes we’ll want to obtain “invertible versions” of P and Q. As per Definition 3.16, let
η : V → suppP and ν : W → suppQ be partial isometries, and define P = ηPη† : suppP →
suppP and Q = νQν† : suppQ→ suppQ; note that P and Q are actually positive-definite.

17. If A : Y → Z is a linear operator, ‖A‖ is the trace-norm (or Frobenius norm)
√

TrA†A of A
and ‖A‖2 is the spectral norm

√
λ1(A†A) of A.

4 A reduction to the doubly stochastic case

In this section we describe a reduction from (P → IW , Q → IV )-scalability to (I → I, I → I)-
scalability by block-upper-triangular scalings. The reduction makes sense only when P and Q
have integral spectra, and sends the completely positive map T to the larger completely positive
map TrunP,Q T which maps TrP × TrP positive semidefinite operators to TrQ × TrQ positive
semidefinite operators. The only properties we need are that cap(T, P,Q) = cap TrunP,Q T and
that T is (P,Q)-rank-nondecreasing if and only if TrunP,Q T is rank-nondecreasing. Though we
do not need it in this paper, one can prove directly that for P and Q nonsingular, TrunP,Q T is
approximately scalable to doubly stochastic if and only if T is approximately scalable to (P →
IW , Q→ IV ) by block-upper-triangular scalings.

The key to designing the reduction is Fact 3.2, which allows us to identify a positive-semidefinite
operator with its spectrum and its flag. We motivate the formal definition with a small example.

Example 3. Suppose P = diag(2, 2, 1) and Q = diag(2, 1, 1). Then P = diag(1, 1, 0) + diag(1, 1, 1)
and Q = diag(1, 0, 0, 0) + diag(1, 1, 1, 1). Suppose T has one Kraus operator A (for simplicity,
suppose it has real entries). We want APAt = I and AtQA = I. Our starting point is to build a
function sending operators mapping (P → IW , Q→ IV ) to doubly stochastic operators.

First note that

APAt = AAt +Adiag(1, 1, 0)At =
a11 a12 a13

a21 a22 a23

a31 a32 a33

a41 a42 a43



a11 a12 a13

a21 a22 a23

a31 a32 a33

a41 a42 a43


t

+


a11 a12 0
a21 a22 0
a31 a32 0
a41 a42 0



a11 a12 0
a21 a22 0
a31 a32 0
a41 a42 0


t

(14)

and

AtQA = AtA+At diag(1, 0, 0, 0)A =
a11 a12 a13

a21 a22 a23

a31 a32 a33

a41 a42 a43


t 

a11 a12 a13

a21 a22 a23

a31 a32 a33

a41 a42 a43

+


a11 a12 a13

0 0 0
0 0 0
0 0 0


t 

a11 a12 a13

0 0 0
0 0 0
0 0 0

 .
By looking at the expressions above, on can see that the i, j entry of APA† can be thought of as
the dot product of the rows i and j of A, plus the pairwise dot products of the rows i and j of A
each truncated to two entries. That is, the i and j rows of Aη†2 where

η2 =

[
1 0 0
0 1 0

]
.

We need to simulate this with one set of Kraus operators. We hope that one product AkA
†
k of Kraus

operators of TrunP,Q T will contribute the inner product of the i and j rows of A to TrunP,Q T (I)ij
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and another will contribute the inner product of the i and j rows of Aη†2.

Likewise, one product A†kAk of Kraus operators of (TrunP,Q T )∗ will contribute the inner product
of the i and j columns of A to (TrunP,Q T )∗(I)ij and another will contribute the inner product of
the i and j columns of ν1A.

For i ∈ [3] and j ∈ [4], the below Kraus operators achieve this. Note that the rows are blocked
into sizes (4, 1) and the columns into (3, 2), the respective conjugate partitions of (2, 1, 1, 1) and
(2, 2, 1).

A1,1 =


a11 a12 a13 0 0
a21 a22 a23 0 0
a31 a32 a33 0 0
a41 a42 a43 0 0

0 0 0 0 0

 , A1,2 =


0 0 0 a11 a12

0 0 0 a21 a22

0 0 0 a31 a32

0 0 0 a41 a42

0 0 0 0 0

 ,

A2,1 =


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

a11 a12 a13 0 0

 , A2,2 =


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

0 0 0 a11 a12

 .
With these Kraus operators, TrunP,Q T (I) will be block-diagonal with one 4×4 block and one 1×1
block. The 4 × 4 block is exactly T (P ). The bottom right 1 × 1 block of TrunP,Q T is simply the
top-left 1× 1 principal submatrix of T (P ).

Similarly, (TrunP,Q T )∗(I) will be block-diagonal with a 3×3 block in the top-left that is T ∗(Q)
and a 2 × 2 block that is the top-left 2 × 2 principal submatrix of T ∗(Q). Together, this shows T
maps (P → IW , Q→ IV ) if and only if TrunP,Q T is doubly stochastic.

In general, we will try to make TrunP,Q T (I) block-diagonal with the ith diagonal block equal
to

νiT

 p1∑
j=1

η†v(j)ηv(j)

 ν†i ,

where v(j) is the conjugate partition to p. Critically, P =
∑p1

j=1 η
†
v(j)ηv(j). We make this plan

precise below.

Definition 4.1 (Reduction to doubly stochastic case). Suppose T : L(V )→ L(W ) is a completely
positive map and that P ∈ S+(V ) and Q ∈ S+(W ) are positive-semidefinite operators with integral
spectra.

1. Let (v(j) : j ≥ 1) be the conjugate partition to p. Let V • = (V 1 ⊃ V 2 ⊃ · · · ⊃ V p1) be the
decreasing sequence of subspaces defined by V j = Fv(j) for j ≥ 1. Let w be the analogous
partition and W • = (W 1 ⊃ W 2 ⊃ . . .W q1) be the analogous sequence of subspaces for Q.
Note that the number of times v(j) = k occurs for k ∈ σ(F◦) is exactly pk − pk+1.

2. For each i ∈ [p1], define τi : V →
⊕p1

j=1 V
j by

τi : x 7→ (0V 1 , . . . , 0V i−1 , ηv(i)x, 0V i+1 , . . . , 0V p1 )

Here 0V j denotes the zero vector in V j , which is itself a copy of Fv(j). The vector ηv(i)x

appears in the ith spot. Note that τ †i :
⊕p1

i=1 V
i → V is given by τ †i : (x1, . . . , xp1) 7→ η†v(i)xi.

Let κi : W →
⊕q1

i=1W
i be the analogous map for W •, using νi’s instead of ηi’s.
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3. Define the completely positive rectangular operator TrunP,Q T : L
(⊕p1

i=1 V
i
)
→ L

(⊕q1
i=1W

i
)

by

TrunP,Q T (X) =
∑

i∈[q1],j∈[p1]

κiT (τ †jXτj)κ
†
i (15)

Remark 4.1 (Kraus operators of the reduction). From 15 one can see that if Ai, i ∈ [r] are Kraus
operators for T , then TrunP,Q T has Kraus operators

Aijl := κiAlτ
†
j

for l ∈ [r], i ∈ [q1], j ∈ [p1]. If F is an orthonormal basis for V such that the standard flag F•
contains F◦, then {τifj : i ∈ [p1], j ∈ [v(i)]} is a natural choice basis for

⊕p1
i=1 V

i. Let 0s,t denote
the s× t all-zero matrix. In this basis,

Aijl =



0w(1),v(1) . . . 0w(1),v(j) . . . 0w(1),v(p1)
...

. . .
...

. . .
...

0w(k),v(1) . . . νw(k)Alη
†
v(j) . . . 0w(k),v(p1)

...
. . .

...
. . .

...
0w(q1),v(1) . . . 0w(q1),v(j) . . . 0w(q1),v(p1)

 , (16)

and the nonzero matrix νw(k)Alη
†
v(j) is just the submatrix of Al indexed by the first w(k) rows and

first v(j) columns of Al.

As promised, we accomplished at least part of what we set out to do before Definition 4.1. The
below observation demonstrates this when applied with X = I; note that

∑
j∈[p1] τ

†
j τj = P .

Observation 4.2. Let ιi : V i →
⊕p1

j=1 V
j be an inclusion from V i into

⊕p1
j=1 V

j so that τi =
ιi ◦ ηv(i). We can write

TrunP,Q T (X) =
⊕
i∈[q1]

νw(i)T

∑
j∈[p1]

τ †jXτj

 ν†w(i) (17)

All we need from the reduction is its preservation of capacity and rank-nondecreasingness. We
prove this in the next two subsections.

Theorem 4.3. Suppose P and Q are positive definite operators with integral spectra. Then

1. cap TrunP,Q T = cap(T, P,Q), and

2. TrunP,Q T is rank-nondecreasing if and only if T is (P,Q)-rank-nondecreasing.

4.1 Capacity under the reduction

The first item of Theorem 4.3 follows immediately from the next two lemmas, simply because the
right-hand side of the first is the left-hand side of the second. We present them separately because
Lemma 4.5 will be useful for proving the existence of exact scalings. Throughout, this subsection,
A = σ(F◦(P )) and B = σ(F◦(Q)).
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Lemma 4.4.

cap TrunP,Q T = inf
0≺Yj :Fj→Fj ,j∈A

det
(
Q,T

(∑
j∈A ∆pjη

†
jYjηj

))
∏
j∈A(detYj)∆pj

. (18)

Further, if

inf
X�0,detX=1

det TrunP,Q T (X)

X

is attained (resp. uniquely attained) then the infimum in 18 is attained (resp. uniquely attained
subject to

∏
j∈A(detYj)

∆pj = 1).

Lemma 4.5.

inf
0≺Yj :Fj→Fj ,j∈A

det
(
Q,T

(∑
j∈A ∆pjη

†
jYjηj

))
∏
j∈A(detYj)∆pj

= cap(T, P,Q) (19)

Proof of Lemma 4.4. We prove Lemma 4.4 by showing we may assume the infimum in cap(TrunP,Q T )
takes a very special form.

cap TrunP,Q T = inf
X�0

det TrunP,Q T (X)

detX

= inf
X�0

det
⊕

i∈[q1] νw(i)T
(∑

j∈[p1] τ
†
jXτj

)
ν†w(i)

detX
. (20)

Since τj is ιj◦ηv(j),
∑

j∈[p1] τ
†
jXτj =

∑
j∈[p1] η

†
v(j)ι

†
jXιjηv(j). Then for each j ∈ [p1], ι†jXιj : Vj → Vj .

Since ι†jXιj := Xj is all that appears in the numerator, we may assume the denominator of the
expression 20 is maximized subject to fixed Xj , j ∈ [p1]. In a certain basis for

⊕
i∈[p1] Vi (the basis

using the image under ιj of the first v(j) vectors of the same ordered eigenbasis for P to span the
jth summand), the map Xj is just the jth diagonal block of X. Xj can be any positive-semidefinite
operator Vj → Vj . Note that

detX ≤ det

p1⊕
j=1

Xj ,

because the determinant of a positive semidefinite matrix is at most the product of the determinants
of its diagonal blocks [GGOW16]. Hence, we can replace X by

⊕p1
j=1Xj , so the infimum becomes

cap TrunP,Q T = (21)

inf
0≺Xj :Vj→Vj , j∈[p1]

det
⊕

i∈[q1] νw(i)T
(∑

j∈[p1] η
†
v(j)Xjηv(j)

)
ν†w(i)∏p1

j=1 detXj

= inf
0≺Xj :Vj→Vj , j∈[p1]

∏q1
i=1 det νw(i)T

(∑
j∈[p1] η

†
v(j)Xjηv(j)

)
ν†w(i)∏p1

j=1 detXj
. (22)

Since the replacement X ←
⊕p1

j=1Xj only decreased the left-hand of 20, if the infimum was attained
then it is still attained after the replacement. We can scale at will without changing the value of
If it was uniquely attained, then it is still uniquely attained as restricting X to be block diagonal
only restricts the set over which the infimum is taken to another set containing the minimizer.

We use the assumption that the function is minimal to make further deductions about the
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structure of the Xi’s. Note that there are many duplicates among the Vi. The number of i ∈ [p1]
such that Vi = Fj(P ) is exactly ∆pj . Fix j and suppose

Vl = · · · = Vl−1+∆pj = Fj(P ).

Assume ∆pj is non-zero. Then the Xi such that Vi = Fj(P ) appears in the numerator in 22 as∑l−1+∆pj
i=l η†v(i)Xjηv(i) = η†j

∑l−1+∆pj
i=l Xiηj . However, since the logarithm of the determinant is

concave,
l−1+∆pj∏

i=l

det(Xi) ≤ det

 1

∆pj

l−1+∆pj∑
i=l

Xi

∆pj

.

Thus, the denominator in 22 would increase if we replaced all Xi by 1
∆pj

∑l−1+∆pj
i=l Xi for i ∈

{l, . . . l − 1 + ∆pl}, and the numerator wouldn’t change. Thus we can assume if Vi = Vi′ = Fj(P ),
then Xi = Xi′ , which we can rename Yj . Further, if the infimum was attained, the replacement
of Xi by Yj decreases the argument so it still attained. If it was uniquely attained, then we have
restricted the set over which the infimum is being taken to another set containing the minimizer,
so it is still uniquely attained. Now

cap TrunP,Q T = inf
0≺Yj :Fj(P )→Fj(P ),j∈A

∏q1
i=1 det νw(i)T

(∑
j∈A η

†
jYjηj

)
ν†w(i)∏

j∈A(detYj)∆pj
.

Now observe that for j ∈ B, the νw(i) = νj for exactly ∆qj different i′s, which shows

cap TrunP,Q T = inf
0≺Yj :Fj(P )→Fj(P ),j∈A

∏
i∈B

(
det νiT

(∑
j∈A ∆pjη

†
jYjηj

)
ν†i

)∆qi∏
j∈A(detYj)∆pj

.

On the other hand,

∏
i∈B

det νiT

∑
j∈A

∆pjη
†
jYjηj

 ν†i

∆qi

= det

Q,T
∑
j∈A

∆pjη
†
jYjηj

 .

To prove Lemma 4.5, we will use minimality to reduce the number of degrees of freedom in the
denominator. We’ll use the following claim.

Claim 4.6. Suppose h ∈ GL(V )F◦(P ). Then

max
∏
j∈A

(detYj)
∆pj

subject to ∑
j∈A

∆pjη
†
jYjηj = hPh†,

and 0 ≺ Yj : Fj → Fj for j ∈ A is
det(P, h†h)

and is uniquely attained at the tuple

Y ∗ = (ηjhη
†
jηjh

†η†j : j ∈ A)

of positive-definite operators.
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Before proving Claim 4.6, let’s see why it implies Lemma 4.5.

Proof of Lemma 4.5. Consider the argument of T in the numerator of 19,
∑n

j=1 ∆pjη
†
jYjηj . We

can write
n∑
j=1

∆pjη
†
jYjηj = hPh†

for some h ∈ GL(V )F◦(P ); by the existence of Cholesky decompositions there exists h′ ∈ GL(V )F◦(P )

such that h′h′† = η
∑n

j=1 ∆pjη
†
jYjηjη

†, and so setting h = h′⊕ IkerP will suffice. The numerator of

the left-hand-side of 19 is now det(Q,T (hPh†)), and by Claim 4.6, the denominator can be replaced
by det(h†h, P ). Thus,

cap TrunP,Q T = inf
h∈GL(V )F◦(P )

det(Q,T (hPh†))

det(P, h†h)
= cap(T, P,Q).

We continue with the proof of the claim.

Proof of Claim 4.6. By the strict log-concavity of detX in the positive-definite cone, the quantity

f(Y ) = log
∏
j∈A

(detYj)
∆pj =

∑
j∈A

∆pj log detYj

is strictly concave as a function of Y = (Yj : j ∈ A). Further,∑
j∈A

∆pjη
†
jYjηj = hPh†

is a linear constraint. Thus, maximizing f over the domain D described in the claim is a (strictly)
convex program, and it is not hard to see that f : D → [−∞,∞) is upper-semicontinuous. Further,
D is nonempty, relatively open, and D is compact. To see that D is nonempty we may set Y ∗ =
(ηjhη

†
jηjh

†η†j : j ∈ A) to obtain

n∑
j=1

∆pjη
†
jY
∗
j ηj

=

n∑
j=1

∆pjη
†
jηjhη

†
jηjh

†η†jηj

=

n∑
j=1

∆pjhη
†
jηjh

†

= h

 n∑
j=1

∆pjη
†
jηj

h† = hPh†.

The second equality follows from h ∈ F◦(P ) and Lemma 3.15.

Since f is upper-semicontinous on the compact set D, f achieves a maximum on D. How-
ever, the maximum cannot be D \ D, because this implies some Yj , j ∈ A is singular and hence
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f(Y ) = −∞. Thus, f takes a maximum Y on D, which is unique by strict convexity.

We must have that the directional derivative vanishes at Y , i.e. ∆Xf |Y = 0 for every X =
(Xj ∈ L(Fj(P )) : j ∈ A) such that ∑

j∈A
∆pjη

†
jXjηj = 0,

and the maximum M must be uniquely attained here. To show that M is attained at Y ∗, it is
enough to show that ∆Xf |Y ∗ = 0.

Let us expand the equation ∆Xf |Y .

∆Xf |Y =
∑
j∈A

∆pj∇X log detYj

By the formula ∇B log detC = TrC−1B,

∆Xf |Y =
∑
j∈A

∆pj∇X log detYj =
n∑
j=1

∆pj TrY −1
j Xj .

If we insert Yj = Y ∗j , we obtain

∆Xf |Y ∗ =
∑
j∈A

∆pj Tr (Y ∗j )−1Xj

=
∑
j∈A

∆pj Tr ηjh
−†h−1η†jXj

=
∑
j∈A

∆pj Trh−†h−1η†jXjη
†
j

= Trh−†h−1

∑
j∈A

∆pjη
†
jXjη

†
j


= 0.

The second equality is by h ∈ F◦(P ) and Lemma 3.15.

4.2 Rank-nondecreasingness under the reduction

Proof of item 2 of Theorem 4.3. The second item of Theorem 4.3 follows immediately from Lemma
4.7: recall that the number of j such that W j = Ei for i ∈ σ(F◦(Q)) is exactly qi − qi+1 and the
number of j such that V j = Fi for i ∈ σ(E◦(Q)) is pi − pi+1, so

q1∑
i=1

dim(L ∩W i) +

p1∑
i=1

dim(R ∩ V i) =
∑

i∈σ(E◦)

∆qi dimEi ∩ L+
∑

j∈σ(F◦)

∆pi dimFj ∩R (23)
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Lemma 4.7. TrunP,Q T is rank-nondecreasing if and only if

q1∑
i=1

dim(L ∩W i) +

p1∑
i=1

dim(R ∩ V i) ≤ TrP (24)

for all T -independent pairs (L,R).

Proof. TrunP,Q T is rank non-decreasing if and only if dimL + dimR ≤ N for any TrunP,Q T -
independent pair (L,R). However, TrunP,Q T is in fact rank non-decreasing if and only if dimL+
dimR ≤ n for all TrunP,Q T -independent pairs such that L and R are each maximal (holding the
other fixed) subject to (L,R) being TrunP,Q T -independent.

Claim 4.8. Suppose (L,R) is a TrunP,Q T -independent pair. q1∑
i=1

κiκ
†
iL,

p1∑
j=1

τjτ
†
jR

 (25)

is also a TrunP,Q T -independent pair. Further, L ⊂
∑q1

i=1 κiκ
†
iL and R ⊂

∑p1
j=1 τjτ

†
jR.

Proof of Claim. First we show L ⊂
∑q1

i=1 κiκ
†
iL. This follows from

∑q1
i=1 κiκ

†
i = I, because

L =

(
q1∑
i=1

κiκ
†
i

)
L ⊂

q1∑
i=1

κiκ
†
iL.

The proof of the analogous statement for R is similar.

To show that 25 is TrunP,Q T -independent, consider a pair of vectors

u :=

q1∑
i=1

κiκ
†
iui ∈

q1∑
i=1

κiκ
†
iL

where ui ∈ L and

v :=

p1∑
j=1

τjτ
†
j vi ∈

p1∑
j=1

τjτ
†
jR.

where vi ∈ L. Recall that {Aαβl := καAlτ
†
β : l ∈ [r], α ∈ [q1], β ∈ [p1]} are Kraus operators

TrunP,Q T . It is enough to show v†Aαβl u = 0 for all l ∈ [r], α ∈ [q1], β ∈ [p1]. Indeed,

v†Alαβu

=

(
q1∑
i=1

κiκ
†
iui

)
Aαβl

 p1∑
j=1

τjτ
†
j vi


=

(
q1∑
i=1

κiκ
†
iui

)
καAlτ

†
β

 p1∑
j=1

τjτ
†
j vi
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τjτ
†
j is an orthogonal projection to the row space of τ †j , which is orthogonal to the row space of τ †β

for any β 6= i, so τ †βτjτ
†
j = δjβτ

†
β. Expanding the sum and applying this identity gives

v†Aαβl u = v†ακαAlτ
†
βuβ.

However, v†ακαAlτ
†
βuβ = 0 by the TrunP,Q T -independence of (L,R). This proves the claim.

By the discussion before Claim 4.8, we may assume (L,R) is a TrunP,Q T -independent pair
such that L and R are each maximal (holding the other fixed) subject to (L,R) being TrunP,Q T -
independent. By the claim, (L,R) is of the form 25. Equivalently, (L,R) is equal to q1∑

i=1

κiLi,

p1∑
j=1

τjRj

 (26)

for some Li ⊂W i and Rj ⊂ V j . Observe that

dimL =

q1∑
i=1

dimLi.

and

dimR =

p1∑
j=1

dimRi.

Further, (L,R) are TrunP,Q T -independent if and only if (Li, Rj) are T -independent for all i ∈
[q1], j ∈ [p1].

We use the maximality of L to make further assumptions. Since (Li, Rj) and (Li+1, Rj) are
T -independent for all i ∈ [q1−1], j ∈ [p1], (Li+Li+1, Rj) are T -independent for all i ∈ [q1], j ∈ [p1].
Since Li+1 ⊂ W i+1 ⊂ W i, we have Li ⊃ Li+1. Further, since (Li, Rj) is T -independent, (Li ∩
W i+1, Rj) is T -independent and (Li+1 +Li∩W i+1, Rj) is T -independent. Thus, Li+1 ⊃ Li∩W i+1.
Li+1 ⊃ Li and W i+1 ⊃ Li+1 ⊃ Li ∩W i+1 imply Li+1 = W i+1 ∩ Li for i ∈ [q1 − 1]. By induction,
this gives us

Li = L1 ∩W i

for i ∈ [q1]. The same argument for R tells us Rj = R1 ∩ V j for j ∈ [p1]. A priori, L1 and R1 can
be any subspaces of V 1 and W 1, respectively. TrunP,Q T is rank-nondecreasing if and only if

q1∑
i=1

dim(L ∩W i) +

p1∑
i=1

dim(R ∩ V i) ≤ N

for all T -independent pairs (L,R) where L ⊂ W 1 and R ⊂ V 1. The inequality above holds for all
(L ⊂W,R ⊂ V ) if and only if it holds for all (L ⊂W 1, R ⊂ V 1), proving the lemma.

5 Positive capacity implies scalability by upper triangulars

Here we show the implication 2 =⇒ 3 of Theorem 3.8. Proceeds by “fixing” first T (P ) by a
left scaling g, fixing T ∗g,I(Q) by a right scaling h, and so on. This idea goes back to Sinkhorn and
has many variants. One of which, due to Gurvits, was called operator sinkhorn iteration (or OSI).
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Our version has the additional arguments P and Q and only uses g and h that respect F◦(Q) and
F◦(P ), hence our name “triangular operator Sinkhorn iterations,” or Algorithm TOSI. We use the
standard methods to show capacity increases by a function of ε in each iteration unless T is already
an ε-(P → IW , Q → IV )-scaling. Thus, if the capacity is nonzero to begin with, Sinkhorn scaling
eventually results in an ε-(P → IW , Q→ IV )-scaling.

5.1 Algorithm TOSI

We will need another notion of how far T is from being a (P → IW , Q→ IV )-scaling.

Definition 5.1. Let

dsP,Q T =

n∑
i=1

∆pi

∥∥∥ηi(T ∗(Q)− IV )η†i

∥∥∥2
+

m∑
i=1

∆qi

∥∥∥νi(T (P )− IW )ν†i

∥∥∥2
.

In particular, dsP,Q T ≥ pn‖T ∗(Q) − IV ‖2 + qm‖T (P ) − IW ‖2, so if P and Q are invertible and
dsP,Q Tg,h < ε then Tg,h is an ε

max{pn,qm} -(P → IW , Q→ IV )-scaling of T .

Algorithm TOSI (Triangular operator Sinkhorn iterations).

Input: P ∈ S++(V ), Q ∈ S++(W ), a completely positive map T , and a real number ε > 0.

Output: g ∈ GE◦ and h ∈ HF◦ such that dsP,Q Tg,h ≤ ε.

Set g0 = I, h0 = I, and j = 0.

1. Increment j.

2. If j is odd: Find g ∈ GE◦ such that g†T (hj−1Ph
†
j−1)g = I. Set gj = g and hj = hj−1.

If j is even: Find h ∈ HF◦ such that h†T ∗(gj−1Qg
†
j−1)h = I. Set gj = gj−1 and hj = h.

3. If dsP,Q Tgj ,hj > ε, go to Step 1. Else,

Return: gj and hj .

Definition 5.2. It will be convenient to define Tj := Tgj ,hj where gj , hj are as in Algorithm TOSI.

Theorem 5.1. If cap(T, P,Q) > 0, then Algorithm TOSI terminates in at most

t =
−7 log cap(T1, P,Q)

min{ε, pn}+ min{ε, qm}

iterations.

We show algorithm terminates, but delay the proof of the required claims and lemmas to 5.1.1.

Proof of Theorem 5.1. Lemma 5.4 implies that T (hjPh
†
j) (resp. T ∗(gjQg

†
j)) will always be in-

vertible. Next we need to be sure that we can always take g ∈ GE◦ (resp. h ∈ HF◦) in odd
(resp. even) steps of the algorithm, g (resp. h) just needs to be a block-Cholesky decomposi-

tion of T (hj−1h
†
j−1)−1 (resp. T ∗(gj−1g

†
j−1)−1). That is, g ∈ GL(W )E◦ and gg† = T (hj−1h

†
j−1)−1.

However, by assumption, T (hj−1h
†
j−1)−1 is block-diagonal so we can take the block-Cholesky de-

composition g to be block-diagonal with the same blocks, or g ∈ G. The reasoning for even steps
is analogous.
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Since cap(T, P,Q) > 0, Lemma 5.3 implies cap(T1, P,Q) > 0. Suppose j ≥ 2 and j even.
Provided dsP,Q Tj ≥ ε, Lemmas 5.3 and 5.5 implies cap(Tj , P,Q) ≥ e.3 min{pn,ε} cap(Tj , P,Q). If j is
odd and j ≥ 3, then Lemma 5.3 and Claim 5.5 applied to T ∗ with the roles of P and Q reversed
and the roles of G and H reversed implies cap(Tj , P,Q) ≥ e.3 min{qm,ε} cap(Tj , P,Q). By Claim 5.6,
cap(T1, P,Q) ≤ 1. Thus, Algorithm TOSI terminates in t iterations.

Corollary 5.2. If cap(T, P,Q) > 0, then T is approximately (GE◦ , HF◦)-scalable to (IV → Q, IW →
P ).

Proof. By Lemma 3.20, cap(T, P,Q) > 0 implies cap(T , P ,Q) > 0. By Theorem 5.1, T is approx-
imately (GF◦(Q), HF◦(P ))-scalable to (P → IsuppQ, Q → IsuppP ). Now Lemma 3.20 implies T is

approximately (GE◦ , HF◦)-scalable to (IV → Q, IW → P ).

5.1.1 Capacity under scaling

Lemma 5.3. If h ∈ GL(V )F◦ and g ∈ GL(W )E◦, then

cap(Tg,h, P,Q) = det(Q, g†g) det(P, h†h) cap(T, P,Q).

Proof.

cap(Tg,h, P,Q) = inf
x∈GL(V )F◦(P )

det(Q,Tg,h(xPx†))

det(P, x†x)

= inf
x∈GL(V )F◦(P )

det(Q, g†T (hxPx†h†))g

det(P, x†x)

= inf
y∈GL(V )F◦(P )

det(Q, g†T (yPy†)g)

det(P, y†h−†h−1y)

= inf
y∈GL(V )F◦(P )

det(Q, g†g) det(Q,T (yPy†))

det(P, y†y) det(P, h−†h−1)

= det(Q, g†g) det(P, h†h) inf
y∈GL(V )F◦(P )

det(Q,T (yPy†))

det(P, y†y)
.

The second two inequalities follow from 9 of Lemma 3.6, and the last from 10 of Lemma 3.6.

Lemma 5.4. Suppose P and Q are invertible and cap(T, P,Q) > 0. Then T and T ∗ both map
positive-definite operators to positive-definite operators.

Proof. First we prove the claim for T . We can rewrite

cap(T, P,Q) = inf
h∈GL(V )F◦(P )

det(Q,T (hPh†))

det(P, h†h)

inf
h̃∈GL(V )F◦(P )

det(Q,T (h̃h̃†))

det(P, P−1/2h̃†h̃P−1/2)

= det(P, P ) inf
h∈GL(V )F◦(P )

det(Q,T (hh†))

det(P, h†h)
(27)

det(P, P ) 6= 0, so cap(T, P,Q) > 0 if and only if infh∈GL(V )F◦(P )

det(Q,T (hh†))
det(P,h†h)

> 0.
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For any X ∈ S++(V ), we can write X = hh† by the existence of Cholesky decompositions.
Since cap(T, P,Q) 6= 0, det(Q,T (hh†)) > 0. This implies hh† must be nonsingular because qm > 0.

We now prove the claim for T ∗. Suppose T ∗(Y ) is singular for Y � 0. Since T ∗(Y ) =∑r
i=1A

†
iY Ai,

kerT ∗(Y ) ⊂
⋂
i

kerAi := R.

Notice that (W,R) is a T -independent pair. Let d = dimR > 0. For c > 1, let hch
†
c = cπR +

πR⊥ . Because R ⊂ kerAi, we have Aihch
†
cA
†
i = AiπR⊥A

†
i for all i, or T (hch

†
c) = T (πR⊥). Then

det(Q,T (hch
†
c)) = det(Q,T (πR⊥)).

On the other hand, h†chc has the same spectrum as hch
†
c, so it has all eigenvalues at least 1 and

an eigenspace of eigenvalue c of dimension at least d. Since P is invertible, pn > 0 and

det(P, h†chc) > cdpn .

Plugging hc into 27 and letting c→∞ shows cap(T, P,Q) = 0, a contradiction.

Claim 5.5. Suppose T (P ) = IW , TrP = TrQ = 1, dsP,Q T ≥ ε, and h ∈ HF◦(P ) such that

h†T ∗(Q)h = I. Then
det(P, h†h) ≥ e.3 min{ε,pn}.

Proof. By 9 of Lemma 3.6, if h†T ∗(Q)h = I, then

det(P, h†h) =
1

det(P, T ∗(Q))
.

Thus, it is enough to show

log det(P, T ∗(Q)) = log

(
n∏
i=1

(det ηiT
∗(Q)ηi

†)∆pi

)
≤ −.3 min{ε, pn}.

For i ∈ [n] and j ∈ [i], let λij be the jth eigenvalue of ηiT
∗(Q)ηi

†. Then

log

(
n∏
i=1

(det ηiT
∗(Q)ηi

†)∆pi

)
=

n∑
i=1

∆pj

i∑
j=1

log λij .

Since
∑n

i=1 i∆pi = TrP = 1, we may define a discrete random variable X by assigning probability
ai to λij . Then

E[X] =
n∑
i=1

ai Tr ηiT
∗(Q)ηi

† =
n∑
i=1

Tr ∆piηi
†ηiT

∗(Q) = TrPT ∗(Q) = TrT (P )Q = TrQ = 1,

and it is enough to show E[logX] ≤ −min{.3ε, .3pn}. By definition,

dsP,Q T =
n∑
i=1

∆pi Tr(ηiT
∗(Q)ηi

† − IFi)2 =
n∑
i=1

∆pi

i∑
j=1

(λij − 1)2 = V[X] ≥ ε.

If a concave function has high variance, then the expectation of the function should be strictly less
than the function of the expectation. However, X may have outliers which limits our ability to use
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this to our advantage. We split into the case where all λij ≤ 2 and the case where there is some
λij > 2.

Define ε1 = V[X|X ≤ 2] Pr[X ≤ 2], and ε2 = V[X|X > 2] Pr[X > 2] so that V[X] = ε1 + ε2 ≥ ε.
If 0 < x ≤ 2, then log x ≤ (x−1)−.3(x−1)2, and by convexity for x > 2, log x ≤ (log 2−1)(x−1) ≤
.7(x− 1). Hence,

E[logX] = E[logX|X ≤ 2] Pr[X ≤ 2] + E[logX|X > 2] Pr[X > 2]

≤ E[(X − 1)− .3(X − 1)2|X ≤ 2] Pr[X ≤ 2] + E[.7(X − 1)|X > 2] Pr[X > 2]

= −.3ε1 + E[(X − 1)|X ≤ 2] Pr[X ≤ 2] + .7E[(X − 1)|X > 2] Pr[X > 2]

= −.3ε1 + E[(X − 1)]− .3E[(X − 1)|X > 2] Pr[X > 2]

= −.3ε1 − .3E[(X − 1)|X > 2] Pr[X > 2]

≤ −.3ε1 − .3 Pr[X > 2].

If Pr[X > 2] = 0, then ε1 = V[X] ≥ ε. Else, there is at least one λii ≥ λij > 2. However, by
Cauchy interlacing, λn1 ≥ 2, which occurs with probability ∆pn = pn. Thus, if Pr[X > 2] > 0,
then Pr[X > 2] ≥ pn.

Claim 5.6 (Capacity upper bound). Suppose T (P ) = I or T ∗(Q) = I. Then cap(T, P,Q) ≤ 1.

Proof. Plug in h = I. By definition,

capH(T, P,Q) ≤ det(Q,T (IV PIV ))

det(P, IV )
=

m∏
i:∆qi 6=0

(
det νiT (P ) ν†i

)∆qi

If λij is the ith eigenvalue of νiT (P ) ν†i , then if T (P ) = IW we have
∑m

i=1 ∆qi
∑i

j=1 λij =∑
i=1 i∆qi = TrQ = 1. If T ∗(Q) = IV , then

m∑
i=1

∆qi

i∑
j=1

λij =
m∑
i=1

∆qi Tr νiT (P )νi
† =

m∑
i=1

Tr ∆qiνi
†νiT (P ) = TrQT (P ) = TrT ∗(Q)P = TrP = 1,

In either case, the AM-GM inequality implies

m∏
i:∆qi 6=0

(
det νiT (P ) ν†i

)∆qi
=

m∏
i:∆qi 6=0

 i∏
j=1

λij

∆qi

≤ 1.

5.1.2 Number of iterations of Algorithm TOSI

For the proofs of Theorems 3.8 and 3.9, it was enough to show that Algorithm TOSI terminates.
In order to obtain an algorithm, however, we must bound the number of iterations. Even if we do
bound the number of iterations, numeircal issues remain, which will be handled in Appendix 12.4.

Assumption 1. T has at most nm Kraus operators with complex entries of the form a+ ib where
a and b are signed ≤ logM digit binary numbers. In Appendix 12.3 we show the assumption that
there are at most nm Kraus-operators is without loss of generality.
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In order to use the guarantees from the previous subsection to bound the running time of
Algorithm TOSI, we must bound the capacity above and below. The upper bound is fairly easy,
but our lower bound requires both log-concavity of our capacity and the reduction to the doubly
stochastic case. For this we will need to use a nontrivial lower bound on capT which was more or
less implicit in the proof of Theorem 2.21 in [GGOW16].

Theorem 5.7 (GGOW16). If T : MatN C→ MatN C is a completely positive operator with Kraus
operators A1 . . . AR with Gaussian integer entries, then

capT ≥ e−N log(RN4).

Proof. This is implicit in the proof of Theorem 2.21 in [GGOW16], but one of the bounds used
there has since been improved. Here we discuss the improved bound.

Definition 5.3. Let T : MatN C → MatN C be a completely positive map with Kraus operators
A1 . . . AR. σ(N,R) denotes the minimal d such that T is rank-nondecreasing if and only if the
polynomial p : MatN−1(C)R → C given by

p(R1, . . . , Rr) = det

(
R∑
i=1

Ai ⊗Ri

)

is not identically zero.

It is surprising that σ(N,R) even exists; the bound σ(N,R) ≤ (N+1)! was used in [GGOW16],
but a better bound appeared afterwards.

Theorem 5.8 (DM17). σ(N,R) ≤ N − 1.

Let d = σ(N,R). In the proof of Theorem 2.21 of [GGOW16], the authors show that if T
satisfies the hypotheses of Thorem 5.7 then

capT ≥ (capT ′)1/d (28)

where T ′ : MatNdC → MatNdC is a completely positive map with Gaussian integer entries and
whose Kraus operators contain in their span an invertible matrix. They then apply their Lemma
2.17. Implicit in the proof of Lemma 2.17 is a proof of the following:

Lemma 5.9. Let T : MatN (C) → MatN (C) be a completely positive map with Kraus operators
A1, . . . , AR which are N ×N matrices with Gaussian integer entries. Further suppose the subspace
of matrices spanned by A1 . . . AR contains a non-singular matrix. Then

cap(T ) ≥ 1

(RN2)N
.

In fact, they prove this for integer Kraus operators rather than Gaussian integer Kraus op-
erators, but the only place they use the hypothesis that Ai are integer matrices is in showing
|det(

∑R
i=1 ziAi)| ≥ 1 if zi are integers and

∑R
i=1 ziAi is nonsingular. However, this still holds if

Ai are Gaussian integer matrices because the Gaussian integers are a ring in which every nonzero
element has magnitude at least 1.
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Applying Lemma 5.9 to T ′ in Equation 28 and using the bound d ≤ N we have

cap(T ) ≥ (capT ′)1/d ≥
(

1

(R(Nd)2)Nd

)1/d

≥ e−N log(RN4)

Theorem 5.10 (Capacity lower bound). Suppose T satisfies Assumption 1 and P,Q are as in 3.6.
If T is (P,Q)-rank-nondecreasing, then

cap(T, p, q) ≥ e−5(n+m) log(n+m)−2 logM .

Proof. First note that if T ′ is the completely positive map obtained by scaling the Kraus operators
of T by M , then the Kraus operators of T ′ have Gaussian integer entries and

cap(T ′, p, q) = M2 cap(T, p, q).

We now bound cap(T ′, p, q) from below. Denote by K1(T,E•, F•) the bounded convex polytope
K(T,E•, F•) ∩ {(p, q) :

∑
pj =

∑
qi = 1}. By Proposition 6.1, eH(p) cap(T ′, p, q) is log-concave in

(p, q), so eH(p) cap(T ′, p, q) takes a minimum at some vertex (p∗, q∗) of K1(T,E•, F•), or

cap(T ′, p, q) ≥ eH(p∗)−H(p) cap(T ′, p∗, q∗) ≥ 1

n
cap(T ′, p∗, q∗). (29)

By Lemma 7.4, each vertex of K1(T,E•, F•) is the solution to the n + m affine equations TrP =
TrQ = 1 and ∑

i∈I
qi +

∑
j∈J

pj = 1

for some choice of (I1, J1), . . . (In+m−2, Jn+m−2) ∈ ST . Thus, the vertices are of the form (p, q) = x
such that Ax = b for an invertible matrix A ∈ Mat(n+m)×(n+m)({0,±1}) and b = (1, 1, 0m+n−2)†.
x = A−1b, which is the sum of two columns of A−1. Each entry of this vector has the form
(detM1 + detM2)/detA, where M1 and M2 are (n+m− 1)× (n+m− 1) minors of A. Since A is

an invertible matrix with entries in {0,±1}, its determinant is at most (n+m)
n+m

2 in absolute value
by Hadamard’s inequality. Thus, each entry of (p∗, q∗) can be written as a ratio c/γ of integers

where γ is of absolute value at most (n+m)
n+m

2 . By Claim 6.3,

cap(T ′, p∗, q∗) =
1

γ

(
cap TrunγP ∗,γQ∗ T

′)1/γ (30)

The Kraus operators of TrunγP ∗,γQ∗ T
′ are γ × γ Gaussian integer matrices, and there are R ≤

γ2mnp∗1q
∗
1 of them by Assumption 1. By Theorem 5.7,

1

γ

(
cap TrunγP ∗,γQ∗ T

′)1/γ ≥ 1

γ
e− log(mnp∗1q

∗
1γ

6) =
1

mnp∗1q
∗
1γ

7
≥ 1

mnγ7
.

Combining 29, 30 and the inequality directly above, we obtain cap(T ′, p, q) ≥ 1
mn2γ7

≥ 1
γ10

. Now

cap(T, p, q) ≥ 1

M2γ10
≥ e−5(n+m) log(n+m)−2 logM .
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We also need to ensure that the capacity does not decrease too much after the first step of
Algorithm TOSI.

Lemma 5.11. Suppose (p, q) ∈ K1(T,E•, F•) and T satisfies Assumption 1 and T1 is the operator
obtained from the first step of Algorithm TOSI applied to T, P,Q. Then

cap(T1, P,Q) ≥ e−8(m+n) log(m+n)−4 logM .

Proof. By Lemma 5.3,

cap(T1, P,Q) = cap(Tg,h, P,Q) = det(Q, g†g) cap(T, P,Q).

However, because gT (P )g† = I, 9 of Lemma 3.6 shows det(Q, g†g) = det(Q,T (P ))−1 and so

cap(T1, P,Q) = det(Q,T (P ))−1 cap(T, P,Q).

Thus, it is enough to bound det(Q,T (P ))−1. By Lemma 12.16, T (P ) � m2n2M2I, so

det(Q,T (P ))−1 ≥ m−2n−2M−2.

Multiplying the above by the bound from Lemma 5.10 easily implies Lemma 5.11.

Now we can just plug the bound from Lemma 5.11 into Theorem 5.1.

Corollary 5.12. Suppose T satisfies Assumption 1, TrP = TrQ = 1, and T is (P,Q)-rank-
nondecreasing. Then Algorithm TOSI terminates in at most

56(m+ n) log(m+ n) + 28 logM

min{ε, pn}+ min{ε, qm}

steps.

6 Rank-nondecreasingness implies positive capacity

As stated at the beginning of this section, we use the reduction for this part of the proof. We also
need a nice concavity property of cap(T, P,Q). For this subsection we assume only that TrP = TrQ
without assuming TrP = 1. Define

K′(T,E•, F•) := {(p, q) : cap(T, p, q) > 0} = {(p, q) : log cap(T, p, q) > −∞}.

The next proposition and claim show K′(T,E•, F•) is a convex cone.

Proposition 6.1. The function

(p, q) 7→ eH(p) cap(T, p, q)

is log-concave in (p, q). Here H(p) is the Shannon entropy of p. In particular, K′(T,E•, F•) is a
convex subset of Rm+n.

We use an alternate expression for the capacity to prove the proposition.
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Claim 6.2.

cap(T, p, q) = e−H(p) inf
h∈GL(V )F•

det(Q,T (hh†))

det(P, h†h)

Proof. Choose x ∈ GL(V )F◦(P ) such that ηx†η†ηxη† = η†Pη†. By the uniqueness of the block

Cholesky decomposition, ηxη† is η
√
Pη† up to a unitary commuting with η

√
Pη† (fixing the

eigenspaces of η
√
Pη†). In particular, ηxη†ηx†η† = η†Pη† and so

xη†ηx† = η†ηxη†ηx†η†η = η†η†Pη†η = P.

Under the change of variables h̃ = hx, we will have

cap(T, p, q) = inf
h∈GL(V )F◦(p)

det(Q,T (hPh†))

det(P, h†h)

= inf
h̃∈GL(V )F◦(p)

det(Q,T (h̃η†ηh̃†))

det(P, x−†h̃†h̃x−1)
,

= inf
h̃∈GL(V )F◦(p)

det(x†x, P )
det(Q,T (h̃η†ηh̃†))

det(P, h̃†h̃)
.

by 9 and 10 of Lemma 3.6. One can easily see that det(X,P ) = det(η†ηXη†η, P ), so

cap(T, p, q) = inf
h̃∈GL(V )F◦(p)

det(η†ηx†xη†η, P )
det(Q,T (h̃η†ηh̃†))

det(P, h̃†h̃)

= inf
h̃∈GL(V )F◦(p)

det(η†ηPη†η, P )
det(Q,T (h̃η†ηh̃†))

det(P, h̃†h̃)

= e−H(p) inf
h̃∈GL(V )F◦(p)

det(Q,T (h̃η†ηh̃†))

det(P, h̃†h̃)
.

See Remark 3.7 for a discussion of the identity det(P, P ) = e−H(p), although it is a straightforward
calculation. We can also get rid of the η†η in the numerator:

inf
h̃∈GL(V )F◦(p)

det(Q,T (h̃η†ηh̃†))

det(P, h̃†h̃)
≤ inf

h̃∈GL(V )F◦(p)

det(Q,T (h̃h̃†))

det(P, h̃†h̃)
(31)

≤ inf
h̃∈GL(V )F◦(p)

lim inf
x†x→η†η

det(Q,T (h̃xx†h̃†))

det(P, x†h̃†h̃x)

= inf
h̃∈GL(V )F◦(p)

lim inf
x†x→η†η

det(Q,T (h̃xx†h̃†))

det(P, h̃†h̃) det(P, x†x)

= inf
h̃∈GL(V )F◦(p)

det(Q,T (h̃η†ηh̃†))

det(P, h̃†h̃)
.

In the above, xx† → η†η because xx† and x†x have the same spectrum and because x† fixes kerP .
This implies

xx†(I − η†η) = x(I − η†η)x† → 0,
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which means xx† tends to a projection to suppP . The chain of inequalities shows 31 is actually an
equality, and so

cap(T, p, q) = e−H(p) inf
h̃∈GL(V )F◦(p)

det(Q,T (h̃h̃†))

det(P, h̃†h̃)
.

Finally, observe that

inf
h̃∈GL(V )F◦(p)

det(Q,T (h̃h̃†))

det(P, h̃†h̃)
= inf

GL(V )F•

det(Q,T (hh†))

det(P, h†h)

because by the existence and uniqueness of Cholesky decompositions we can find a unitary U
commuting with P such that h = h̃U is upper triangular in the basis E; replacing h̃ by h preserves
det(Q,T (h̃h̃†)) and det(P, h̃†h̃).

Proof of Proposition 6.1. The function eH(p) cap(T, p, q) is just log infGL(V )F•
det(Q,T (hh†))

det(P,h†h)
, which is

almost manifestly log-convex in p and q. To see why, write

log inf
h∈GL(V )F•

det(Q,T (hh†))

det(P, h†h)

= inf
h∈GL(V )F•

log
det(Q,T (hh†))

det(P, h†h)

= inf
h∈GL(V )F•

m∑
i=1

∆qi log det νiT
(
hh†
)
ν†i −

n∑
j=1

∆pj log det ηjh
†hη†j

with the convention 0 log 0 = 0. Note that

m∑
i=1

∆qi log det νiT
(
hh†
)
ν†i −

n∑
j=1

∆pj log det ηjh
†hη†j

is of the form f : Rm+n
+ × U → R ∪ {−∞} defined by

f : (x, u) 7→ x · g(u)

where U is some set (in this case U = GL(V )F•). Here g(u) may have some coordinates that are
−∞, but our convention is to treat xig(u)i = 0 if xi = 0. We claim that

f(λx+ (1− λ)x′, u) = λf(x, u) + (1− λ)f(x′, u) (32)

holds in the extended reals for λ ∈ (0, 1). Note that (λx + (1− λ)x′)i > 0 if and only if xi > 0 or
x′i > 0, so the coordinates where both xi, x

′
i = 0 whenever are effectively ignored so 32 holds when-

ever the coordinates where g(u) is negative infinity are zero in x and x′. The only case remaining
is where some coordinate i has xi > 0 or x′i > 0 and g(u)i = −∞. However, in this case, both sides
of 32 are −∞ in that case.

Using 32, we find that x 7→ infu∈U f(x, u) is a concave function of x, because

inf
u∈U

f(λx1 + (1− λ)x2, u) = inf
u∈U

(λf(x1, u) + (1− λ)g(x2, u))

≥ λ inf
u∈U

f(x1, u) + (1− λ) inf
u∈U

f(x2, u)

for λ ∈ (0, 1).
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Claim 6.3.

1. K′(T,E•, F•) is a cone. In particular, cap(T, P,Q) = γ−TrQ cap(T, γP, γQ)
1
γ for all γ > 0.

2. If γP and γQ have integral spectra, then cap(T, P,Q) = γ−TrQ (cap TrunγP,γQ T )1/γ .

Proposition 6.4. If T is (P,Q)-rank-nondecreasing, then cap(T, P,Q) > 0. Equivalently,

K′(T,E•, F•) ⊃ K(T,E•, F•) := {(p, q) : T is (P,Q)-rank-nondecreasing}.

Proof of Claim 6.3. The proof of the first item is a straightforward calculation.

γ−TrQ cap(T, γP, γQ)
1
γ

= γ−TrQ

(
inf

h∈GL(V )F◦

∏m
j=1(det νjT (hγPh†)ν†j )

γ(qj−qj+1)∏n
i=1(det ηih†hη

†
i )
γ(pi−pi+1)

) 1
γ

= γ−TrQ

(
inf

h∈GL(V )F◦
γγ

∑m
i=1 i(qi−qi+1)

(
det(Q,T (hPh†)

det(P, h†h)

)γ) 1
γ

= γ−TrQ

(
inf

h∈GL(V )F◦
γγ TrQ

(
det(Q,T (hPh†)

det(P, h†h)

)γ) 1
γ

= cap(T, P,Q).

The second item follows from the first item here and the first item of Theorem 4.3:

cap(T, P,Q) = γ−TrQ(cap(T, γP, γQ))1/γ

= γ−TrQ (cap TrunγP,γQ T )1/γ

Proof. Suppose (p, q) ∈ K′(T,E•, F•)∩Zm+n. By Claim 6.3, cap TrunP,Q T > 0 ⇐⇒ cap(T, p, q) >
0, so cap TrunP,Q T > 0. By Gurvits [Gu04], cap TrunP,Q T > 0 if and only if TrunP,Q T is rank
non-decreasing. By Theorem 4.3, T is (P,Q)-rank-nondecreasing. By the first part of of Claim 6.3,
K′(T,E•, F•) is a cone, so

K′(T,E•, F•) ∩Qm+n = Q(K′(T,E•, F•) ∩ Zm+n) = K(T,E•, F•) ∩Qm+n.

The vertices of K(T,E•, F•) ∩ {(p, q) :
∑
pi = 1} are rational (each is the solution of a system

of integer linear equations), so K(T,E•, F•) ∩ Qm+n ∩ {(p, q) :
∑
pi = 1} contains the vertices of

K(T,E•, F•) ∩ {(p, q) :
∑
pi = 1}. Because K′(T,E•, F•) is a convex cone, we have K′(T,E•, F•) ⊃

K(T,E•, F•).

7 Scalability implies rank-nondecreasingness

As our final step in the proof of Theorem 3.8, we show directly that T is approximately (GL(W )E◦ ,GL(V )F◦)-
scalable to (IV → Q, IW → P ) only if T is (P,Q)-rank-nondecreasing. This suffices because

((GL(W )E◦ ,GL(V )F◦ , P,Q, T )

is always block-diagonal.
The message of the next lemma is that if Tg,h is very nearly a block-upper-triangular scaling

that maps (IV → Q, IW → P ), then Tg,h is very nearly (P,Q)-rank-nondecreasing.
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Lemma 7.1. Suppose P and Q are positive semidefinite operators and that there exists an ε-
(IV → Q, IW → P )-scaling of T by (GL(W )E◦ ,GL(V )F◦). Then |TrQ−TrP | ≤ (

√
n+
√
m)ε and∑

i∈σ(E◦)

∆qi dimEi ∩ L+
∑

j∈σ(F◦)

∆pi dimFj ∩R ≤ TrP + (
√
n+
√
m)ε (33)

for every T -independent pair (L,R).

Corollary 7.2, the second part in particular, is the main result of this section.

Corollary 7.2. If ε is smaller than the minimum nonzero number among 1√
m+

√
n

∣∣∣∣∣∣TrP −
∑
i∈I

qi −
∑
j∈J

pj .

∣∣∣∣∣∣ : I ⊂ [m], J ⊂ [n]

 , (34)

and there exists an ε-(IV → Q, IW → P )-scaling of T by (GL(W )E◦ ,GL(V )F◦), then T is (P,Q)-
rank-nondecreasing.

In particular, if T is approximately (GL(V )F◦ ,GL(W )F◦)-scalable to (IV → Q, IW → P ), then
T is (P,Q)-rank-nondecreasing.

Lemma 7.1 and Corollary 7.2 are proved in 7.2.

7.1 Schubert cells and varieties

Definition 7.1 (Schubert cells and varieties). If F• is a complete flag and I = {i1 < · · · < ik} is a
k-tuple, define the Schubert cell Ω◦I(F•) by

Ω◦I(F•) = {L : dimL ∩ Fij = j, ∀j ∈ [k]} (35)

and the Schubert variety Ω•I(F•) by

Ω•I(F•) = {L : dimL = k and dimL ∩ Fij ≥ j, ∀j ∈ [k]}. (36)

One can think of I as the locations of the “jumps” in the sequence (dimL∩Fj)j∈[n]. We collect
a few standard facts about Schubert cells and varieties.

Fact 7.3.

1. I = {i : dimL ∩ Fi − dimL ∩ Fi−1 > 0} if and only if L ∈ Ω◦I(F•). Hence, every subspace is
in exactly one Schubert cell.

2. Each Schubert variety is partitioned by the Schubert cells contained within it.

3. Ω•I(E•) ⊃ Ω◦I′(E•) if and only if I = {i1, . . . , ik} and |I ′ ∩ [ij ]| ≥ j for all j ∈ [k].

4. If L ∈ Ω◦I(E•) and E◦ is a q-partial subflag of E•, then∑
i∈I

qi =
∑

i∈σ(E◦)

∆qi dimL ∩ Ei.

It will be convenient to move back and forth between expressions like
∑n

i=1 ∆pi dimFi ∩L and
expressions like

∑
i∈I pi.
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Lemma 7.4. As throughout the rest of the paper F• extends F◦ and E• extends E◦. The quantities

max
∑

i∈σ(E◦)

∆qi dimEi ∩ L+
∑

j∈σ(F◦)

∆pi dimFj ∩R (37)

such that (L,R) is T -independent,

max
∑
i∈I

qi +
∑
j∈J

pi (38)

such that Ω◦I(E•)× Ω◦J(F•) contains a T -independent pair, and

max
∑
i∈I

qi +
∑
j∈J

pi (39)

such that Ω•I(E•)× Ω•J(F•) contains a T -independent pair are equal.

Proof. 37 and 38 are equal by 4 of Fact 7.3. 38 is trivially less than 39. It remains to show 39 is
at most 38.

By 2 of Fact 7.3, the subsets I ⊂ [m] and J ⊂ [n] such that Ω•I(E•) × Ω•J(F•) contains a T -
independent pair is exactly the set of Ω•I(E•)×Ω•J(F•) such that Ω•I(E•) ⊃ Ω◦I′(E•) and Ω•J(F•) ⊃
Ω◦J ′(F•) for some I ′, J ′ such that Ω◦I′(E•) × Ω◦J ′(F•) contains a T -independent pair. By 3 of Fact
7.3 and the fact that p and q are non-increasing, this implies∑

i∈I
qi +

∑
j∈J

pi ≤
∑
i∈I′

qi +
∑
j∈J ′

pi.

In other words, it is enough to look at Schubert cells containing an independent pair, and so 39 is
at most 38.

7.2 Proof of Lemma 7.1

A linear-algebraic tool known as Rayleigh trace will also come in handy.

Definition 7.2 (Rayleigh trace). If A is a n× n Hermitian matrix and L a linear subspace of Cn,
define the Rayleigh trace of L by

RA(L) :=

k∑
i=1

〈Aui, ui〉

where {u1, . . . uk} is an orthonormal basis for L. Note that the value of the Rayleigh trace is
independent of the choice of orthonormal basis; in fact, if πL is an orthogonal projection to L, then

RA(L) = TrAπL.

Fact 7.5 (See the survey F00). Suppose A is an n × n Hermitian operator with eigenvalues
α1 ≥ · · · ≥ αn. Suppose I ⊂ [n]. Then∑

i∈I
αi = min

L∈Ω•I (F•(A))
RA(L).

Finally we are ready to prove Lemma 7.1.
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Proof of Lemma 7.1. Suppose there exists an ε-(IV → Q, IW → P )-scaling of T by (GL(W )E◦ ,GL(V )F◦).
Then we wish to show |TrQ− TrP | ≤ (

√
n+
√
m)ε and∑

i∈σ(E◦)

∆qi dimEi ∩ L+
∑

j∈σ(F◦)

∆pi dimFj ∩R ≤ TrP + (
√
n+
√
m)ε (40)

for every T -independent pair (L,R). By Lemma 7.4, it is enough to show that |TrQ − TrP | ≤
(
√
n+
√
m)ε and ∑

i∈I
qi +

∑
j∈J

pj ≤ TrP + (
√
n+
√
m)ε (41)

for all I ⊂ [m] and J ⊂ [n] such that the set Ω◦I(F•(Q)) × Ω◦J(F•(P )) contains a T -independent
pair. Firstly,

|TrQ− TrP |
≤ |Tr(Q− Tg,h(I))|+ |Tr(P − T ∗h,g(I))|

≤ (
√
n+
√
m)ε.

Now suppose (L,R) ∈ Ω◦I(F•(P )) × Ω◦J(F•(Q)) contains a T -independent pair. Then (L,R) ∈
Ω•I(F•(P ))× Ω•J(F•(Q)) contains a T -independent pair (L,R). Then

(L,R) = (g−1L, h−1R)

is a Tg,h-independent pair, and (L,R) ∈ Ω•I(g
−1F•(Q))× Ω•J(h−1F•(P )). However, g−1F•(Q)) and

Ω•J(h−1F•(P ) are still valid choices of F•(Q) and F•(P ) because (g, h) ∈ GL(W )F◦(Q)×GL(V )F◦(P ).
Since (L,R) is T -independent, T ∗g,h(πL)πR = 0.

RQ(L) = TrQπL

≤ TrTg,h(I)πL + ε
√
m

= TrT ∗h,g(πL) + ε
√
m

= TrT ∗h,g(πL)(I − πR) + ε
√
m

≤ TrT ∗h,g(I)(I − πR) + ε
√
m

≤ TrP (I − πR) + (
√
n+
√
m)ε

= TrP −RP (R) + (
√
n+
√
m)ε.

By Fact 7.5, ∑
i∈I

qi +
∑
j∈J

pj ≤ RP (R) +RQ(L) ≤ TrP + (
√
n+
√
m)ε.

Proof of Corollary 7.2. Corollary 7.2 follows from Lemma 7.4 and Lemma 7.1.

8 Non-upper triangular scalings: Proof of Theorem 3.9

Recall the proof overview for Theorem 3.9 in 3.3. There we suggested that the only difficult step
in the proof of Theorem 3.9 is the Lemma 8.1 below.
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Lemma 8.1. The set of pairs (B†, C) such that TB,C is (P,Q)-rank-nondecreasing is the comple-
ment of an affine variety V (T, P,Q) in Matm(C) ×Matn(C). Further, if P and Q have integral
spectra, then V (T, P,Q) is generated by finitely many polynomials of degree at most 2(TrP )2.

We defer the proof of Lemma 8.1 to after the statement of Proposition 8.5. Before movng on,
we show how Lemma 8.1 proves Theorem 3.9.

Proof of Theorem 3.9 modulo Lemma 8.1. We first prove 3 =⇒ 1. If T is approximately (G,H)-
scalable to (IV → Q, IW → P ), then by Corollary 7.2, there exists (g, h) ∈ G×H such that Tg,h is
(P,Q)-rank-nondecreasing. By Lemma 8.1,

{(g†, h) ∈ G×H : Tg,h is (P,Q)-rank-nondecreasing}

is nonempty and the complement of an affine variety in a complex vector space isomorphic to
⊕i Matni(C)×⊕j Matmj (C) (this is from our assumption that (G,H,P,Q, T ) is block-diagonal, and
G×H itself is the complement of zeroes of the polynomial (x, y) 7→ det(x) det(y). By definition of
generic, we have that Tg,h is (P,Q)-rank-nondecreasing for generic (g†, h) ∈ G×H. 1 =⇒ 2 follows
from Theorem 3.8. Next we show 2 =⇒ 3. Suppose cap(Tg,h, P,Q) > 0 for generic (g†, h) ∈ G×H.
In particular, there exists (g, h) ∈ G × H such that cap(Tg,h, P,Q) > 0. By Theorem 3.8, Tg,h
is approximately (GE◦ , FF◦)-scalable to (IV → Q, IW → P ), so T is approximately (gGE◦ , hHF◦)-
scalable to (IV → Q, IW → P ). Because gGE◦×hHF◦ ⊂ G×H, T is approximately (G,H)-scalable
to (IV → Q, IW → P ).

8.1 Rank-nondecreasingness is a generic property

Before getting into the proofs, we review a few preliminaries from algebraic geometry.

Definition 8.1 (Irreducible). Recall that an affine variety in Cn is the common zeroes of a set of
finitely many n-variate polynomials. An affine variety V is said to be irreducible if it is not equal
to a union of any two proper subvarieties.

Definition 8.2 (Constructible). Constructible subsets of Cn are those of the form

∪α∈SVα \ Eα

for algebraic varieties Eα ( Vα indexed by a finite set S.

Theorem 8.2 (Chevalley; see M99). If a subset of Cn is constructible, then the image of that set
under the projection to the last l < n coordinates is also constructible.

Fact 8.3 (see Aside 9.8 MilneAG). The closure of a constructible subset of Cn in the Euclidean
topology is the smallest affine variety containing the subset.

Remark 8.4. There are two equivalent ways to view the action of G and H - they can either act
on the completely positive map T , or they can act on the flags E• and F•. By a change of variables,
ΩI(E•) × ΩJ(F•) contains a Tg,h-independent pair if and only if ΩI(gE•) × ΩJ(hF•) contains a
T -independent pair.

Definition 8.3. We define each constraint and the set of constraints imposed for Tg,h to be (P,Q)-
rank-nondecreasing.
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1. If I ⊂ [m] and J ⊂ [n] let ∗IJ denote the condition∑
i∈[m]

qi =
∑
j∈[n]

pj = N and
∑
i∈I

qi +
∑
j∈J

pj ≤ N. (*IJ)

It follows that K(T,E•, F•) is the set of (p, q) such that the linear inequalities ∗IJ hold for
all (I, J) such that Ω•I(E•)× Ω•I(F•) contains a T -independent pair.

2. If E• is a flag of Cm and F• a flag of Cn, then define

P (T, gE•, hF•) := {(I, J) : Ω•I(E•)× Ω•J(F•) contains a Tg,h-independent pair}.

By Remark 8.4, we are justified in using gE• and hF• in our notation. One should think of
P (T, gE•, hF•) as the set of (I, J) such that Tg,h has to satisfy *IJ to be (p, q, E•, F•)-rank-
nondecreasing.

We proceed with the statement and proof of the proposition which contains Lemma 8.1. The
third item of the proposition means P (T, gE•, hF•) is as small as possible, meaning the linear
inequality *IJ is required to hold for the smallest possible number of pairs (I, J), for almost every
(g, h) ∈ G×H.

Proposition 8.5.

1. Let V (T,E•, F•, I, J) be the set of pairs (B†, C) ∈ Matm(C)×Matn(C) such that

Ω•I(E•)× Ω•J(F•)

contains a TB,C-independent pair. Then V (T,E•, F•, I, J) is an affine variety in Matm(C)×
Matn(C).

2. The set of pairs (B†, C) such that TB,C is (P,Q)-rank-decreasing is an affine variety in
Matm(C)×Matn(C). Denote this variety

V (T, P,Q).

3. Suppose H =
⊕

i GLni(C) ⊂ GLn(C) and G =
⊕

j GLmj (C) ⊂ GLm(C). Let

P (T,GE•, HF•) =
⋂

(g,h)∈G×H

P (T, gE•, hF•).

Then for a generic pair (g†, h) ∈ G† ×H,

P (T, gE•, hF•) = P (T,GE•, HF•).

That is, the set of pairs (g†, h) such that P (T, gE•, hF•) = P (T,GE•, HF•) is Zariski-open
and nonempty in G×H.

Let’s see how the proposition implies Lemma 8.1.

Proof of Lemma 8.1. The assertion that the scalings which cause T not to be (P,Q)-rank-nondecreasing
is a variety is 2 of Proposition 8.5 in 8.1. The bound on the degree follows from Theorem 8.8 which
uses the reduction and a result of Derksen.
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This proof seems to be a standard application of the fact that if V is a variety in X ×Y and X
is actually a projective variety, then the projection of V to Y is also a variety.

Proof. First we prove 1. Let ~A = (A1, . . . , Ar), the tuple of Kraus operators of T . Before proving
1, we prove a claim:

Claim 8.6. If I ⊂ [m], and J ⊂ [n], the set

W (I, J) := { ~A : Ω•I(E•)× Ω•J(F•) contains a T -independent pair }

is an affine variety.

Proof of claim. Let ~A = (A1, . . . , Ar). Suppose |I| = k and |J | = l, and that L and R are given as
m× k, n× l matrices of full column rank. For a fixed I, J the set W̃ (I, J) of (L†, R, ~A) such that
(L,R) is T -independent, L ∈ Ω•I(E•) and R ∈ Ω•J(F•) is constructible. This is because the mem-
bership of L ∈ Ω•I(E•) and R ∈ Ω•J(F•) is determined by the vanishing or non-vanishing of certain
determinants of submatrices of L and R determined by I and J and (L,R) is T -independent if and
only if L†AiR = 0 for all i ∈ [r]. This implies W̃ (I, J) = V \E, where E ( V are algebraic varieties.

By Theorem 8.2, the projection of W̃ (I, J) to the coordinates corresponding to ~A, which is
exactly W (I, J), is also constructible. However, we claim W (I, J) is closed. Consider a sequence
~As ∈ W (I, J) converging to ~A. This implies there exist Ls, Rs such that (Ls, Rs, ~As) ∈ W̃ (I, J).
However, we may assume Ls, Rs have orthonormal columns, since only the column space of Ls and
Rs determines membership of (Ls, Rs, ~As) in W̃ (I, J). By compactness, we may assume Ls and Rs
converge to L,R, which will also be matrices with orthonormal columns. L and R are guaranteed
to have full column rank, so (L,R, ~A) must be in W̃ (I, J) by continuity.

Since W (I, J) is a (Euclidean) closed constructible set, Fact 8.3 implies it is in fact an affine
variety.

Next recall that (g†, h) ∈ V (T,E•, F•, I, J) if and only if

Ω•I(E•)× Ω•J(F•)

contains a Tg,h-independent pair. Equivalently,

g† ~Ah := (g†Aih : i ∈ [r]) ∈W (I, J).

Since f : (g†, h)→ g† ~Ah is a regular map and W (I, J) is an affine variety, f−1W (I, J) is an affine
variety and so V (I, J) = f−1W (I, J) ∩GLm(C)×GLn(C) is Zariski-closed in GLm(C)×GLn(C).
This proves 1.

8.5 follows from 1, because TB†,C is (p, q, E•, F•)-rank-decreasing if and only if (B†, C) is con-
tained in the union of V (T,E•, F•, I, J) over pairs (I, J) such that *IJ is violated, which is a union
of finitely many affine varieties and hence itself an affine variety. The second part follows similarly,
except we take the union of V (T,E•, F•, I, J) over pairs (I, J) such that I 6= [m], J 6= [n] and *IJ
does not hold strictly, and ([m], J) and (I, [n]) if *IJ is violated for those pairs.

3 follows from 1, because if S is a set of pairs of subsets, then

{(g†, h) : P (T, gE•, hF•) ⊂ S} =
⋂

(I,J)/∈S

(G† ×H \ V (T,E•, F•, I, J)).

In particular, it is Zariski-open in G† × H. If we let S = P (T,GE•, HF•), each of the open sets
in the above intersection is nonempty, because if (I, J) /∈ P (T,GE•, HF•)) then there is some g†, h
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such that (I, J) 6∈ P (T, gE•, hF•) which means V (T,E•, F•, I, J) does not contain G†×H. Because
G×H is a nonempty Zariski-open subset of

⊕i Matni(C)×⊕j Matmj (C) ∼= C
∑
n2
i+

∑
m2
j ,

the intersection of a finite number of nonempty Zariski-open sets with G × H is nonempty and
Zariski-open, proving 3.

8.1.1 Degree bounds

Much is known about the Kraus operators of rank-nondecreasing operators. In Lemma 8.5,
we already showed that (B†, C) such that TB,C is (P,Q)-rank-decreasing is an affine variety in
Matm(C) × Matn(C). Here we bound the degree of this variety in case P and Q have integral
spectra. We use a theorem of Derksen:

Theorem 8.7 (DM17). The set

{(A1, . . . , Ar) ∈ Matn×n(C)r : T : X 7→
r∑
i=1

AiXA
†
i is rank-decreasing}

is an affine algebraic variety generated by polynomials of degree at most n2−n. In particular, T is
rank decreasing if and only if the polynomial p : Matn−1(C)r → C given by

p(R1, . . . , Rr) = det

(
r∑
i=1

Ai ⊗Ri

)

is identically zero.

Theorem 8.8. Suppose P and Q have integral spectra. Then V (T, P,Q) is an affine algebraic
variety in Matm(C)×Matn(C) generated by polynomials of degree at most 2(TrP )2.

Proof. By Theorem 4.3, if P and Q have integral spectra,

V (T, P,Q) = {(B†, C) : TrunP,Q TB,C is rank-decreasing}.

By Theorem 8.7, TrunP,Q TB,C is rank decreasing if and only if the polynomial

p(B†, C, (Rs,i,j)(s,i,j)∈[r]×[p1]×[q1]) := det

∑
s∈[r]

∑
i∈[p1]

∑
j∈[q1]

Ãijs ⊗Rs,i,j


is identically zero as a polynomial in (Rs,i,j)(s,i,j)∈[r]×[p1]×[q1]. As the entries of Ãijs are bilinear in B†

and C, pj is a polynomial of degree at most 2(TrP )2 in B† and C and 3(TrP )2 in B†, C, (Rs,i,j)
l,p1,q1
s,i,j .

The theorem now follows because for each fixed tuple

(Rs,i,j)(s,i,j)∈[r]×[p1]×[q1],

p|(Rs,i,j)(s,i,j)∈[r]×[p1]×[q1]
is a polynomial of degree at most 2(TrP )2 in B and C.
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8.2 The polytope of marginals

When the flags F◦(P ) and F◦(Q) are subflags of fixed flags E• and F•, the possible spectra of
marginals to which T can be approximately scaled fall in a certain convex polytope.

Definition 8.4. Suppose H = ⊕i GLni(C) ⊂ GLn(C) and G⊕j GLmj (C) ⊂ GLm(C). Let

K(T,G,H) := {(p, q) : (p, q) satisfies ∗IJ for all (I, J) ∈ P (T,GE•, HF•)}.

K(T,G,H) is clearly a convex polytope. Since K(Tg,h, E•, F•) = K(T, gE•, hF•) is defined by the
set of constraints P (T, gE•, hF•) and P (T,GE•, HF•) =

⋂
g∈G,h∈H P (T, gE•, hF•), we have

K(T,G,H) =
⋃
g,h

K(Tg,h, E•, F•).

Definition 8.5. In case G,H act transitively on E•, F•, we abbreviate K(T ) := K(T,G,H). We
will often assume that the trace of P and Q is one; so we write

K1(T,G,H) = K(T,G,H) ∩

{
(p, q) :

n∑
i=1

pi =

m∑
i=1

qi = 1

}
.

Similarly for K1(T ).

Finally we can show that approximate (G,H)-scalability is equivalent to the membership of (p, q)
in a convex polytope. That is, we can show Theorem 3.10, which we have restated equivalently
below. Corollary 8.9 is an immediate consequence of Theorem 3.9 and item 3 of Proposition 8.5.

Corollary 8.9. If (G,H,P,Q, T ) is block-diagonal, then T is approximately (G,H)-scalable to
(P,Q) if and only if

(p, q) ∈ K(T,G,H).

8.3 Algorithm GOSI

Next we discuss an algorithm for finding scalings in G and H rather than GE◦ , HF◦ . We first scale
by random integer matrices. By the Schwarz-Zippel Lemma and the degree bound in Lemma 8.1,
with high probability this random scaling yields a (P,Q)-rank-nondecreasing operator. We can
then perform Algorithm TOSI on the resulting operator.

Algorithm GOSI. [Generic operator Sinkhorn iterations]

Input: T, P,Q as in 3.6 where P and Q have rational spectra and a real number ε > 0.

Output: Left and right scalings g ∈ G and h ∈ H such that Tg,h is an ε-(IV → Q, IW → P )-scaling of
T , or ERROR.

1. Let 0 < γ ∈ Z be such that γP and γQ have integral spectra. Choose each entry of (g0, h0) ∈
⊕i Matni(C)×⊕j Matmj (C) uniformly at random from K := [3 max{2γ2, n,m}]. If g0 or h0

is singular, output ERROR.

2. Let pmin, qmin be the least nonzero entries of p, q, respectively. Let g and h be the output of
Algorithm TOSI with input Tg0,h0 , P ,Q,

ε
4 min{pmin,qmin} . If any step of Algorithm TOSI on

this input cannot be performed, output ERROR.
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3. Use (g, h) to compute (g, h) such that Tg0g,h0h is an ε-(IV → Q, IW → P )-scaling of Tg0,h0 as
guaranteed by Corollary 3.20. Return (g0g, h0h).

Claim 8.10. If (G,H,F◦(P ), F◦(Q), T ) is block diagonal and T is approximately (G,H)-scalable to
(IV → Q, IW → P ), Algorithm GOSI outputs ERROR with probability at most 1/3, and otherwise
is correct.

Proof. Suppose T is approximately (G,H)-scalable to (IV → Q, IW → P ). By Theorem 3.9, Tg0,h0
is (P,Q)-rank-nondecreasing for generic (g†0, h0) ∈ G×H. In particular, by Lemma 8.1,

V ′ = V (T, P,Q) ∪ {B : detB = 0} ∪ {C : detC = 0}

is an affine algebraic variety in Matm(C) ×Matn(C) generated by polynomials of degree at most
max{2γ2, n,m} that does not contain all of G ×H, which are just H = ⊕i Matni(C) ⊂ Matn(C)
and G = ⊕j Matmj (C) ⊂ Matm(C).

There must be some polynomial p : Matm(C)×Matn(C)→ C of at degree at most max{2γ2,m, n}
that vanishes on V ′ but not on all of ⊕i Matmi(C)×⊕j Matnj (C). By the Schwarz-Zippel lemma,
p vanishes on our random choice of (g0, h0) ∈ ⊕i Matmi(C) × ⊕j Matnj (C) with probability at
most 1/3. With probability at least 2/3 we have found g0, h0 such that Tg0,h0 is (P,Q)-rank-
nondecreasing.

Notice that (G,H,F◦(P ), F◦(Q), Tg0,h0) is still block-diagonal so by Proposition 3.18,

(G,H,F◦(P ), F◦(Q), Tg0,h0)

is block-diagonal. By Proposition 3.16, Tg0,h0 is (P ,Q)-rank-nondecreasing. Theorem 5.1 shows
every step of Algorithm TOSI works, so Algorithm GOSI does not output ERROR. By Corollary
3.20, step 3 is possible.

Remark 8.11. Algorithms TOSI and GOSI terminate in a reasonable number of iterations; further,
the parameter γ in Algorithm GOSI can be taken in [2(m+n)b] if the entries of p and q are ≤ b-bit
binary numbers. This does not inherently introduce issues. However, the numbers involved in the
iterations of Algorithm TOSI might grow exponential. For this reason we must modify Algorithm
TOSI by rounding in each step. The analysis of the Algorithm with rounding can be found in
Appendix 12.4.

Remark 8.12. We can replace the condition “(G,H,F•, E•, T )-block-diagonal” by less restrictive
conditions on (G,H,F•, E•, T ) and still obtain results like Theorem 3.9.

Theorem 8.13. Suppose P and Q are nonsingular and

1. G = G0G∆ where G∆ ⊂ GL(W )E• and G0 = V ∩GL(W ) for some irreducible variety V,

2. H has the analogous decomposition H0H∆,

3. G†G = G†∆G∆,

4. H†H = H†∆H∆, and
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5.

T (HPH†) ⊂ G†G
and T ∗(GQG) ⊂ H†H. (42)

Then T is approximately (G,H)-scalable to (P → IW , Q→ IV ) if and only if cap(Tg0,h0 , P,Q) >

0, or equivalently Tg0,h0 is (P,Q)-rank-nondecreasing, for a generic (g†0, h0) ∈ G†0 ×H0.

Before showing an outline of the proof, we show that the first four assumptions are not as
unnatural as they may appear.

Claim 8.14. If G is a connected subgroup of GL(W ), there is a choice of inner product 〈·, ·〉 and
flag E• such that G satisfies 1 and 3.

Proof. The proof is an assembly of standard facts about linear-algebraic groups and Lie groups.
By the Levi-Malcev theorem (see Theorem 3.18.13 of [Va13]), G = Ro S where S is a connected
semisimple Lie subgroup of G and R is a connected solvable Lie subgroup of G. Further, any
semisimple Lie group S can be written KR′ where K is a compact subgroup of S and R′ is a
simply connected solvable subgroup of S [Ze73]. Set G∆ = R′R and G0 = S ⊃ K. G∆ is a
solvable subgroup of G, and G = KG∆.

1. Trivially, G = G0G∆ ⊃ KG∆.

2. G0 is a connected, semisimple complex algebraic group - thus, it is an irreducible algebraic
variety.

3. Since K is compact, there is a choice of inner product 〈·, ·〉 on W such that K is a subgroup

of the unitary group (i.e. 〈·, ·〉 is K invariant). This tells us G†∆G∆ = G†G.

4. By Lie’s theorem, because G∆ is solvable, there is a flag E• such that G∆ ⊂ GL(W )E• .

Next we outline the proof of Theorem 8.13. First let us treat the necessary condition. Corollary
7.2 still shows that if T is approximately (G,H)-scalable to (P → IW , Q → IV ), then there
exists (g0, h0) such that Tg0,h0 is (P,Q)-rank-nondecreasing. This implies Tg0,h0 is (P,Q)-rank-

nondecreasing for a generic (g†0, h0) by Proposition 8.5. The only part of Proposition 8.5 that must
change is 3, in which G and H must be replaced by G0 and H0. However, the proof of the modified
3 is similar because G0 and H0 are the intersections of irreducible varieties with the general linear
groups.

Next we show the sufficient condition is still enough to guarantee scalings. By 42, each iteration
of Algorithm TOSI can still be performed on Tg0,h0 in G∆ and H∆, so if there exists some g0, h0

such that Tg0,h0 is (P,Q)-rank-nondecreasing then Tg0,h0 is approximately (G∆, H∆)-scalable to
(P → IW , Q → IV ). Algorithm GOSI still works, but one must still be able to sample a random
element from G0, H0.

9 A sufficient condition for exact scalability

Here we state our partial results towards understanding the existence of (P → IW , Q → IV )-
scalings, as opposed to ε-(P → IW , Q → IV ) scalings. Our scaling algorithm, Algorithm TOSI,
is not in itself enough to guarantee the existence of exact scalings, because the scalings g and
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h themselves need not converge to elements of G and H. Here we take a different route using
local minima for the capacity function. First we establish that a local minimum for the infimum
defining cap(T, P,Q) can be used to obtain (P → IW , Q→ IV )-scalings. Next we show that if the
(nontrivial) inequalities required for T to be (P,Q)-rank-nondecreasing hold with strict inequality,
then such a local minimum exists. Doing so will require a limiting argument and a theorem of
Gurvits.

9.1 Exact scalings from local minima for capacity

Throughout, A and B refer to A = σ(F◦) ⊃ σ(p) and B = σ(E◦) ⊃ σ(q).

Definition 9.1. Suppose (G,H,E◦, F◦, T ) is block-diagonal; recall that this states V = ⊕jVj and
Fi = ⊕jFi ∩ Vj for all i ∈ A. Say the tuple (Y � 0 : Yi : i ∈ A) has the same block-structure as H
if Yi : Fi → Fi has the same block-structure as H if Yi(Fi ∩ Vj) = Fi ∩ Vj for all j and all i ∈ A.

Let K(T,E◦, F◦)loc be the set of (p, q) ∈ K(T,E◦, F◦) such that

fp,q(Yj : j ∈ A) :=

∏m
i∈B

(
det νiT

(∑
j∈A ∆pjη

†
jYjηj

)
ν†i

)∆qi∏
j∈A(detYj)∆pj

attains a strict local minimum Y with the same block-structure as H with value greater than 0
subject to

∏
j∈A(detYj)

∆pj = 1. Let K1(T,E◦, F◦)loc = K(T,E◦, F◦)loc ∩ K1(T,E◦, F◦).

Recall Definition 3.16 for T , which is a new completely positive map we define to handle singular
P or Q. When P and Q are invertible, T is the same as T .

Lemma 9.1. Suppose (G,H,E◦, F◦, T ) is block-diagonal. If fp,q has a local (not necessarily strict)
minimum 0 ≺ Yj : Fj → Fj , j ∈ A with value greater than 0, then T is exactly scalable to

(P → IsuppQ, Q→ IsuppP )

by (GE◦, HF◦). In particular, T is exactly scalable to (P → IsuppQ, Q→ IsuppP ) by (GE◦, HF◦) if
(p, q) ∈ K(T,E◦, F◦)loc.

Proof. This proof is tedious, but easy. We just examine consequences of ∇fp,q = 0. First of all, by
Claim 4.6, we may assume the local minimum is obtained at

Y = (ηjhη
†
jηjh

†η†j : j ∈ A)

for
∑
j∈A

∆pjη
†
jYjηj = hPh† (43)

for some h ∈ H. h can be taken to be in H because Y has the same block-structure as H. Next,
note that

{(Yj : j ∈ A) : 0 ≺ Yj : Fj → Fj} =
1∏

j∈A
S++(Fj)

is an open subset of
∏
i∈A L(Fi) ∼=

∏
i∈ARi2 and fp,q :

∏
i∈A S++(Fj)→ R is a continuous, differen-

tiable function. Thus, if fp,q has a local minimum at Y = (Yj : j ∈ A) with fp,q(Y ) > 0 then log fp,q
is continuous and differentiable in a neighborhood about Y and also achieves a local minimum at
Y . Thus, ∇ log fp,q|Y = 0. Let us compute the directional derivative of log fp,q in the direction
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X = (Xj : j ∈ A). By the formula ∇X log detA = TrA−1X applied to both terms and the linearity
of T , we have

∇X log fp,q|Y =
∑
i∈B

∆qi∇X log det νiT

 n∑
j=1

∆pjη
†
jYjηj

 ν†i −
∑
j∈A

∆pj∇X log detYj

=
∑
i∈B

∆qi Tr

νiT
∑
j∈A

∆pjη
†
jYjηj

 ν†i

−1

νiT

∑
j∈A

∆pjη
†
jXjηj

 ν†i


−
∑
j∈A

∆pj TrY −1
j Xj .

Now we plug in Y from 43 and use Lemma 3.15 to obtain

∇X log fp,q|Y =
∑
i∈B

∆qi Tr

(νiT (hPh†) ν†i )−1
νiT

∑
j∈A

∆pjη
†
jXjηj

 ν†i


−
∑
j∈A

∆pj Tr ηjh
−†h−1η†jXj .

Using the cyclic property of trace, we can deduce

∇X log fp,q|Y =∑
j∈A

∆pj Tr

[
ηj

(
T ∗

(∑
i∈B

∆qiν
†
i

(
νiT

(
hPh†

)
ν†i

)−1
νi

)
− h−†h−1

)
η†jXj

]
.

By assumption, ∇X log fp,q|Y = 0 for all X = (Xj ∈ L(Fj(P ) : j ∈ A). This implies that for all
j ∈ A,

ηj

(
T ∗

(∑
i∈B

∆qiν
†
i

(
νiT

(
hPh†

)
ν†i

)−1
νi

)
− h−†h−1

)
η†j = 0.

The above holds for all j ∈ A if and only if it holds for j = maxA, and since η is defined to be
ηmaxA, in particular we have that it holds if and only if

η

(
T ∗

(∑
i∈B

∆qiν
†
i

(
νiT

(
hPh†

)
ν†i

)−1
νi

)
− h−†h−1

)
η† = 0,

Note that νiT
(
hPh†

)
ν†i must be nonsingular for i ∈ B by the nonzeroness of fp,q(Y ). In partic-

ular, νT
(
hPh†

)
ν† is nonsingular. Since (G,H,F◦(P ), F◦(Q), T ) is block-diagonal, we can write

νT
(
hPh†

)
ν† = νg†gν† for g ∈ GF◦(P ). In particular, there exists g such that νiT

(
hPh†

)
ν†i =

νig
†gνi for i ∈ B.
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We now have

0 = η

(
T ∗

(∑
i∈B

∆qiν
†
i

(
νig
†gν†i

)−1
νi

)
− h−†h−1

)
η†

= η

(
T ∗

(∑
i∈B

∆qiν
†
i

(
νig
†ν†i νigν

†
i

)−1
νi

)
− h−†h−1

)
η†

= η

(
T ∗

(∑
i∈B

∆qiν
†
i νig

−1ν†i νig
−†ν†i νi

)
− h−†h−1

)
η†

= η
(
T ∗
(
g−1Qg−†

)
− h−†h−1

)
η†.

Multiplying by νh†ν† on the left and νhν† on the right, we obtain

η
(
h†T ∗

(
g−1Qg−†

)
h− I

)
η† = 0.

On the other hand, we have defined νT
(
hPh†

)
ν† = νg†gν†. Combining these two, we have

ηT ∗h,g−1(Q)η† = IsuppP ,

νTg−1,h (P ) ν† = IsuppQ.

By Proposition 3.17, this says precisely that T g−1,h is a (P → IsuppQ, Q→ IsuppP ) scaling of T .

9.2 Indecomposable operators have local minima for capacity

Gurvits defined a completely positive operator T : L(Cn) → L(Cn) to be indecomposable if T is
rank-nondecreasing and in addition rkT (X) > rkX provided X � 0 and 0 6= rkX 6= n. Equiv-
alently, T is indecomposable if and only if dimL + dimR < n for every T -independent pair such
that L 6= 0 and R 6= 0.

Theorem 9.2 (Theorem 4.7, Gu04). The completely positive operator T is indecomposable if and
only if

inf
X�0,detX=1

detT (X) (44)

is positive and uniquely attained.

Gurvits also showed Lemma 9.1 for the setting P = Q = IV ; combined with the above theorem
this shows indecomposable completely positive operators have doubly stochastic scalings. We now
define a notion of indecomposability for completely positive maps and specified marginals.

Definition 9.2. (Indecomposability for specified marginals) Say T is (p, q, E◦, F◦)-indecomposable
if E◦ is a q-partial flag, F◦ is a p-partial flag, and we have the strict inequality

∑
i∈σ(E◦)

∆qi dimEi ∩ L+
∑

j∈σ(F◦)

∆pj dimFj ∩R <
n∑
i=1

pi (45)

for all T -independent pairs (L,R) where L ∩ suppQ 6= 0 and R ∩ suppP 6= 0. Say T is (P,Q)-
indecomposable if T is (p, q, F◦(Q), F◦(P ))-indecomposable. Let

Kstrict(T,E◦, F◦) = {(p, q) : T is (p, q, E◦, F◦)-indecomposable}.
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For the special case P = Q = I and V = W = Cn, a completely positive map T : L(Cn) →
L(Cn) is indecomposable if dimR + dimL < n for every T -independent pair (L,R) such that
L 6= {0} and R 6= {0}.

Lemma 9.3. T is (P,Q)-indecomposable if and only if TrunP,Q T is indecomposable.

Proof. The proof is identical to the proof of Lemma 4.7 with the term “rank-nondecreasing” re-
placed by “indecomposable.” Also note that W 1 = suppQ and V 1 = suppP .

We first prove an analogue of Theorem 9.2 for p and q rational, using our reduction to the
doubly stochastic case. Recall B := σ(E◦) and A = σ(F◦).

Lemma 9.4. Suppose (p, q) ∈ K(T,E◦, F◦)strict ∩Qn+m; then

inf
Yj :j∈A

fp,q(Yj : j ∈ A)

is positive subject to 0 ≺ Yj : Fj → Fj , j ∈ A and is attained uniquely subject to
∏
j∈A(detYj)

∆pj =
1. In particular,

K(T,E◦, F◦)strict ∩Qn+m ⊂ K(T,E◦, F◦)loc.

Proof. This proof consists of the application of Theorem 9.2 to the reduction from Section 4.
Suppose (p, q) ∈ K(T,E◦, F◦)strict∩Qn+m. It is not hard to see that scaling (p, q) by a constant γ > 0
only affects fp,q by a positive multiplicative constant, so does not change positivity, attainment or
unique attainment, of the infimum under consideration. Thus we may assume

(p, q) ∈ K(T,E◦, F◦)strict ∩ Zn+m.

By Lemma 9.3, TrunP,Q T is indecomposable. By Theorem 9.2,

inf
X�0,detX=1

det TrunP,Q T (X)

is positive and uniquely attained. By Lemma 4.4, infYj :j∈A fp,q(Yj : j ∈ A) is positive subject to
0 ≺ Yj : Fj → Fj , j ∈ A and is attained uniquely subject to

∏
j∈A(detYj)

∆pj = 1.

Next we need to show K1(T,E◦, F◦)strict∩Qn+m ⊂ K1(T,E◦, F◦)loc implies K1(T,E◦, F◦)strict ⊂
K1(T,E◦, F◦)loc. The next lemma would suffice because K1(T,E◦, F◦)strict is convex with rational
vertices, and so K1(T,E◦, F◦)strict ∩Qn+m is dense in K1(T,E◦, F◦)strict.

Lemma 9.5. K1(T,E◦, F◦)loc is relatively open in K1(T,E◦, F◦).

Proof. We need to show that for every (p, q) ∈ K1(T,E◦, F◦)loc there is an Euclidean ball B ⊂ Rm+n

centered at (p, q) such that B ∩K1(T,E◦, F◦) ⊂ K1(T,E◦, F◦)loc. It is enough to show that for any
point (p, q) ∈ K1(T,E◦, F◦)loc and subsequence s = ((p(i), q(i)) ∈ K1(T,E◦, F◦))i>0 that con-
verges to (p, q) in Euclidean distance, there is some n0 such that if i > n0 then (p(i), q(i)) ∈
K1(T,E◦, F◦)loc.

Let (p, q) ∈ K1(T,E◦, F◦)loc and s = ((p(i), q(i)) ∈ K1(T,E◦, F◦))i>0 be such a sequence con-
verging to (p, q) in Euclidean distance. Let Y = (Yj : j ∈ A) be the promised strict local minimum
of f with fp,q(Y ) > 0 and 0 ≺ Yj : Fj(P )→ Fj(P ), j ∈ A.
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Claim 9.6. There is a closed ε-ball about Y (in the trace norm)

Bε(Y ) ⊂ {(Zj : j ∈ A) : 0 ≺ Zj : Fj(P )→ Fj(P ), j ∈ A}

such that the sequence of functions (fp(i),q(i))i>0 converges uniformly to fp,q on Bε(Y ).

The claim implies the theorem via very broadly applicable reasoning: suppose (fp(i),q(i))i>0

converges uniformly to fp,q on Bε(Y ). Since Y is a strict local minimum of fp,q, we can find a
closed ball Bε′(Y ) ( Bε(Y ) such that Y is a global minimizer of fp,q on Bε′(Y ). Since fp,q is
continuous on Bε(Y ), and ∂Bε′(Y ) is compact,

inf
Z∈∂Bε′ (Y )

fp,q(Z)− fp,q(Y ) = min
Z∈∂Bε′ (Y )

fp,q(Z)− fp,q(Y ) = δ > 0.

Now pick n0 so that |fp(i),q(i)(Z)− fp,q(Z)| < δ/2 for all Z ∈ Bε(Y ). If i > n0, then Z ∈ ∂Bε′(Y ),
then fp(i),q(i)(Z) > (fp,q(Y ) + δ) − δ/2 = fp,q(Y ) + δ/2, and fp(i),q(i)(Y ) < fp,q(Y ) + δ/2. Hence,
the global minimizer X of fp(i),q(i) on Bε′(Y ) cannot be on on the boundary of Bε′(Y ), so X is also
the global minimizer on some open ball Bε′′(X) ⊂ Bε′(Y ). Thus X is a local minimum of fp(i),q(i).
By the remarks before the statement of the claim, this proves the lemma.

To finish, we prove Claim 9.6.

Proof of claim. If we can prove fp′,q′ is bounded above by a constant C on Bε(Y ) for (p′, q′) ∈
K1(T,E◦, F◦), then it will be enough to show to prove log fp(i),q(i) converges uniformly to log fp,q
on Bε(Y ), because |fp,q − fp(i),q(i)| ≤ C| log fp(i),q(i) − log fp,q|.

It is easy to find ε, C such that fp′,q′ ≤ C is bounded on Bε(Y ). Recall that
∑

j∈A j∆p
′
j =∑

i∈B i∆q
′
i = 1. Indeed, take 1 > ε = .5 minj∈A minλ(Yj); then if Z ∈ Bε(Y ) we have detZj ≥ (.5ε)j

and

det νiT (
∑
j∈A

∆p′jZj)ν
†
i ≤ det νiT

∑
j∈A

(Yj + IFj )

 ν†i ≤ K
i

for some constant K. Then we may take C =
∏
i∈BK

i∆q′i/
∏
j∈A(.5ε)j∆p

′
j = 2K/ε.

Next we must show the uniform convergence of log fp,q to log fp(i),q(i) on Bε(Y ). If Z ∈ Bε(Y ),
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we have

| log fp′,q′(Z)− log fp,q(Z)|

=

∣∣∣∣∣∣
∑
i∈B

∆qi log det νiT

∑
j∈A

∆pjη
†
jZjηj

 ν†i −
n∑
j=1

∆pj log detZj

−
∑
i∈B

∆q′i log det νiT

∑
j∈A

∆p′jη
†
jZjηj

 ν†i +
∑
j∈A

∆p′j log detZj

∣∣∣∣∣∣
≤

∣∣∣∣∣∣
∑
j∈A

(∆p′j −∆pj) log detZj

∣∣∣∣∣∣
+

∣∣∣∣∣∣
∑
i∈B

(∆qi −∆q′i) log det νiT

∑
j∈A

∆pjη
†
jZjηi

 ν†j

∣∣∣∣∣∣
+

∣∣∣∣∣∣
∑
i∈B

∆q′i

log det νiT

∑
j∈A

∆piη
†
jZjηi

 ν†j − log det νiT

∑
j∈A

∆p′iη
†
jZjηj

 ν†i

∣∣∣∣∣∣
The first two terms are clearly bounded by absolute constants times ‖∆p−∆p′‖ and ‖∆q −∆q′‖,
respectively. The last term is a little more difficult. Since fp′,q′ 6= 0 by (p′, q′) ∈ K1(T,E◦, F◦),

Theorem 3.8 and Lemma 4.5, we know that for all i ∈ B, det νiT
(∑

j∈A ∆piη
†
jYjηi

)
ν†i = 0

implies ∆q′i = 0. Thus, we can assume the outer sum in the last term is over the smaller set

C = {i : det νjT
(∑

j∈A ∆piη
†
jYjηi

)
ν†j 6= 0}. Assume ε′ is so small that νiT

(∑
j∈A η

†
jXjηi

)
ν†i

is nonsingular for all i ∈ C and X in the closed ball Bε′(ajYj : j ∈ A). Now for all i ∈ C,

log det νiT
(∑n

j=1 η
†
jXjηj

)
ν†i is a continuous function on the compact set Bε′(ajYj : j ∈ A) and so

must be uniformly continuous. Thus, for all i ∈ C,∣∣∣∣∣∣log det νiT

 n∑
j=1

∆piη
†
jZjηj

 ν†i − log det νiT

 n∑
j=1

∆p′iη
†
jZjηj

 ν†i

∣∣∣∣∣∣
tends to zero uniformly in

∑
i∈A ‖(∆pi − ∆p′i)Zj‖ for (∆pjZj : j ∈ A), (∆p′jZj : j ∈ A) ∈

Bε′/2(∆pjYj : j ∈ A), which in turn tends to zero uniformly in ‖∆p−∆p′‖ for Z ∈ Bε′′(Y ).

The next theorem is the main result of this section.

Theorem 9.7 (Exact scalability for block-triangulars). Suppose (G,H,F◦, E◦, T ) is block-diagonal
and that T is (P,Q)-indecomposable. Then T is exactly scalable to

(P → IsuppQ, Q→ IsuppP )

by (GE◦, HF◦).
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Proof. The polytope K1(T,E◦, F◦)strict is convex with rational vertices, and so K1(T,E◦, F◦)loc ∩
Qn+m is dense inK1(T,E◦, F◦)strict. By Lemma 9.5, K1(T,E◦, F◦)loc is relatively open inK1(T,E◦, F◦)
and thus relatively open in K1(T,E◦, F◦)strict. Together the previous two sentences imply

K1(T,E◦, F◦)loc ⊃ K1(T,E◦, F◦)strict.

Lemma 9.1 now implies T is exactly scalable to

(P → IsuppQ, Q→ IsuppP )

by (GE◦ , HF◦) for (p, q) ∈ K1(T,E◦, F◦)strict; scalability does not change if we multiply P and Q
by a positive constant, so T is exactly scalable to

(P → IsuppQ, Q→ IsuppP )

by (GE◦ , HF◦) for (p, q) ∈ K(T,E◦, F◦)strict.

10 Proofs for Applications

10.1 Matrix Scaling

Say X,Y is an ε-(r, c)-scaling if the row and column sum vectors of XAY are at most ε from r and
c, respectively, in (say) Euclidean distance and that A is almost (r, c)-scalable if for every ε > 0
there exists an ε-(r, c)-scaling of A. Given A, r, c, the (r, c)-scaling problem consists of deciding the
existence of and finding ε-(r, c)-scalings. The (r, c)-scaling problem has practical applications such
as statistics, numerical analysis, engineering, and image reconstruction, and theoretical uses such
as strongly polynomial time algorithms for approximating the permanent [Si64, RS89,LSW98].

There is a simple criterion for almost-(r, c)-scalability.

Theorem 10.1 (RS89). A nonnegative matrix A is almost (r, c) scalable if and only if for every
zero submatrix L×R of A, ∑

i∈L
ri ≤

∑
j 6∈R

cj .

We can reduce this to an instance of Question 1 as follows:

Definition 10.1. Suppose A is a nonnegative m× n matrix. For i ∈ [m], j ∈ [n], define eij to be
the m× n matrix with a one in the ij entry and zeros elsewhere. Let TA : L(Cn)→ L(Cm) be the
completely positive map with Kraus operators Eij =

√
Aijeij , i ∈ [m], j ∈ [n].

It is simple to check that A has row sums r and column sums c if and only if T (I) = diag(r)
and T ∗(I) = diag(c). Let G and H be the diagonal matrices in GLm(C) and GLn(C), respectively.
If gg† = D1 and hh† = D2, then the row and column sums of D1AD2 are exactly the diagonals of
Tg,h(I) and T ∗h,g(I), respectively. That is,

Observation 10.2. A is almost (r, c)-scalable if and only if TA is approximately scalable to (IV →
diag(r), IW → diag(c)) by (G,H).

Here we show why Theorem 10.1 follows from Theorem 3.8.
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Proof of Theorem 10.1. Let G and H be the subgroups of diagonal matrices in GLm(C) and
GLn(C), respectively, and E and F the respective standard bases. We already observed that
A is almost (r, c)-scalable if and only if the completely positive map TA : L(Cn) → L(Cm) is ap-
proximately (G,H) scalable to (IV → diag(r), IW → diag(c)). Assume without loss of generality
that

∑
ri =

∑
ci = 1.

Observe that (G,H,F◦(diag(r)), F•(diag(c)), TA), is block-diagonal with blocks 〈ei〉, i ∈ [m]
for W and 〈fi〉, i ∈ [n] for V . Without loss of generality, we may we may assume r and c are
non-increasing sequences so that F◦(diag(r)), F◦(diag(c)) are subflags of the standard flags F• and
E• of Cn and Cm, respectively, but G ⊂ GL(W )E• and H ⊂ GL(V )F• . That is, diagonal matrices
are upper-triangular in the standard basis.

By Theorem 3.8, TA : L(Cn)→ L(Cm) is approximately (G,H) scalable to (P,Q) if and only if
TA is (diag(r),diag(c))-rank-nondecreasing, or by Lemma 7.4∑

i∈I
ri +

∑
j∈J

ci ≤ 1 (46)

for all I, J such that Ω◦I(E•)× Ω◦J(F•) contains a TA-independent pair.

Let us first describe the TA-independent pairs (L,R): (L,R) is TA-independent if and only if
l†Eijr = l̄i

√
aijrj = 0 for every i ∈ [m], j ∈ [n], l ∈ L, r ∈ R. This tells us that (L,R) is TA-

independent if and only if aij = 0 for every i, j such that L 6⊂ e⊥i and R 6⊂ e⊥j . If we replace

L by L′ = 〈ei : L 6⊂ e⊥i 〉 ⊃ L and R by R′ = 〈ei : R 6⊂ e⊥i 〉 ⊃ R, then (L′, R′) is still TA-
independent. We only need to check 46 for maximal T -independent pairs. Thus, we may assume
L = LI = 〈ei : i ∈ I〉 and R = RJ = 〈ej : j ∈ J〉 for some I ⊂ [m], J ⊂ [n]. Further (LI , RJ)
is independent if and only if I × J is a zero submatrix of A, and LI ∈ Ω◦I(E•) and RJ ∈ Ω◦J(F•).
Hence, TA is (diag(r), diag(c))-rank-nondecreasing if and only if∑

i∈I
ri +

∑
j∈J

ci ≤ 1

or ∑
i∈I

ri ≤
∑
j 6∈J

ci

for all zero submatrices I × J of A, which is exactly the condition in Theorem 10.1.

10.2 Eigenvalues of sums of Hermitian matrices

Here is an old question in linear algebra, apparently originally due to Weyl.

Question 5 (Weyl). Let α, β, γ be nonincreasing sequences of m real numbers. When are α, β, γ
the spectra of some m×m Hermitian matrices A,B,C satisfying A+B = C?

This question essentially asks for a complete list of inequalities satisfied by the eigenvalues of
sums of Hermitian matrices. Klyachko showed a relationship between the eigenvalues of sums of
Hermitian operators and certain constants known as the Littlewood-Richardson coefficients.

Definition 10.2. If I = {i1 < · · · < ik} ⊂ [m], let ρ(I) be the partition

ρ(I) = (ik − k, . . . , i2 − 2, i1 − 1).
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The Littlewood-Richardson coefficient of the partitions λ, µ, and ν is a positive integer denoted
cλµ,ν . The Littlewood-Richardson coefficients arise in representation theory, Schubert calculus, and

combinatorics. Deciding if cλµ,ν > 0 arises naturally in Geometric Complexity Theory [MNS12].
Though computing cνλ,µ is #P -hard, there exists an algorithm to decide if cνλ,µ > 0 in strongly
polynomial time [MNS12].

Theorem 10.3 (Kl98). The three nonincreasing sequences α, β, γ of length m are the spectra of
some m×m Hermitian matrices A,B,C satisfying A+B = C if and only if

∑m
i=1 αi + βi− γi = 0

and for all n < m, ∑
i∈I

αi +
∑
j∈J

βj ≤
∑
k∈K

γk

for all |I| = |J | = |K| = n such that the Littlewood-Richardson coefficient c
ρ(K)
ρ(I),ρ(J) is positive.

Combined with Theorem 10.3, Knutson and Tao’s answer to the Saturation conjecture in the
positive [KT00] and a different result of Klyachko [Kl98] show that the admissible spectra are
described by a recursive system of inequalities originally conjectured by Alfred Horn [H62].

We show that Question 5 can be reduced to an instance of Question 1, after which Theorem
10.3 will be a corollary of our main theorem. This results in an algorithmic proof of Theorem 10.3.

Theorem 10.4. There is a randomized algorithm A with success probability at least 2/3 on the
following input and output:

Input: A tuple (α, β, γ) of three length-m nonincreasing sequences satisfying
∑m

i=1 αi+βi−γi = 0
and ∑

i∈I
αi +

∑
j∈J

βj ≤
∑
k∈K

γk

for all I, J,K such that the Littlewood-Richardson coefficient c
ρ(K)
ρ(I),ρ(J) is positive.

Output: Matrices A,B ∈ L(Cm) with

λ(A) = α, λ(B) = β, and ‖A+B − diag(γ)‖ ≤ ε.

Further, if the bit-complexity of (α, β, γ) is at most b, the complexity of A is poly(m, r, b, 1
ε ).

We can restate Question 5 for more than three matrices:

Definition 10.3. Define HErm to be the set of r + 1-length sequences of weakly decreasing m-
length sequences of real numbers (p(1), . . . , p(r), q) such that there exist r Hermitian matrices Ai
with λ(Ai) = p(i) and

λ

∑
i∈[r]

Ai

 = q.

We would like to understand the set HErm, the set of sequences of r+ 1 spectra p(1), . . . p(r), q
such that there exist Hermitian matrices Hi with λ(Hi) = p(i) and λ (

∑r
i=1Hi) = q. If q̃ is the

spectrum of diag(−q), (that is, −q but written backwards) we find that (p(1), . . . p(r), q) ∈ HErm if
and only if (p(1), . . . p(r), q̃) appear as the spectra of Hermitian matrices summing to zero. Further,
for any numbers λ1 + · · · + λr = λ, the p(1) . . . p(r) appear as spectra of Hermitian matrices
summing to zero if and only if the spectra p(1) + λ1~1, . . . p(r) + λr~1, appear as the spectra of
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Hermitian matrices summing to (
∑r

i=1 λi)I = λI. This can be seen by adding λiI to each Hi. We
can pick λi as large as we wish. In particular, pick them so large that every entry of p(i) is larger
than every entry of p(i+ 1) and every entry of p(r) is, say, bigger than∑r

i=1

∑m
i=1 pj(i)

3mr
.

and then scale all p(i) so that
∑r

i=1

∑m
i=1 pj(i) = m. Thus, we have reduced membership in HErm

to membership in Pr+1
m , where Prm is defined as follows:

Definition 10.4. Define Prm to be the set of tuples (p(1), . . . p(r)) ∈ (Rm+ )r such that

1. The rm entries of (p(1), . . . p(r)) form a weakly decreasing sequence,

2.
∑r

s=1

∑m
i=1 pi(s) = m,

3. and p(r)m > 1
3r , (The purpose of this assumption is to make the algorithm run faster; it’s

not necessary for Klyachko’s theorem to hold true),

4. and there exist Hermitian matrices Hi, i ∈ [r] such that λ(Hi) = p(i) and

r∑
i=1

Hi = Im.

Klyachko’s Theorem is a characterization of this set in terms of intersections of Schubert varieties
with respect to generic flags, which can in turn be described by the combinatorially defined higher
Littlewood-Richardson coefficients cλµ1,...µr . Here is the statement we wish to reprove via operator
scaling. We do not show that it is the same as Theorem 10.3, but refer the reader to [F00].

Theorem 10.5 (Klyachko). A tuple of weakly decreasing sequences (p(1), . . . p(r)) ∈ (Rm+ )r is in
Prm if and only if it satisfies 1, 2, and 3 and and for each 1 ≤ k ≤ m,

r∑
s=1

∑
i∈I(s)

pi(s) ≤ k (∗I)

for every tuple I = (I(1), . . . I(s)) ∈
([m]
k

)r
such that⋂

s∈[r]

Ω•I(s)(h(s)E•) 6= ∅

for generic (h(1), . . . , h(s)) ∈ GLn(C)r. Here E• is the standard flag of Cm.

Definition 10.5. Define the set of tuples Smk (r) to be(I(1), . . . , I(s)) ∈
(

[m]

k

)r
:
⋂
s∈[r]

Ω•I(s)(h(s)F•) 6= ∅ for generic (h(1), . . . , h(s)) ∈ GLm(C)r

 .

With this definition in hand, it is enough to show the following:

Claim 10.6. p = (p(1), . . . , p(r)) satisfying 1, 2, and 3 is in Prm if and only if p satisfies ∗I for all
I ∈ Smk (r).
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We first define a class of completely positive maps T rm and show that the desired Hermitians
Hi exist if and only if there exists a member of T rm with marginals we will specify.

Definition 10.6. Define T rm : L(Crm) → L(Cm) to be the competely positive map with Kraus
operators

Ai :=
[

0m,mi−m Im 0m,mi
]

for i ∈ [r]. Let P =
⊕r

s=1 diag(p(s)), H = ⊕ri=1 GLm(C) ⊂ GLmr(C), and G = GLm(C).

Clearly (G,H,P, Im, T ) is block-diagonal.

Claim 10.7. p ∈ Prm if and only if T rm is approximately scalable to (Irm → Im, Im → P ) by (G,H).

Proof of claim. First we prove the “only if” statement. If p ∈ Prm, then there exist H1, . . . ,Hr with
λ(Hi) = p(i) and

∑
iHi = Im. As Hi � 0, we can write Hi = BiB

†
i where B†iBi = diag(p(i)). This

is because BiB
†
i and B†iBi have the same spectrum and BiB

†
i is invariant under Bi → BiUi for Ui

unitary. Since Bi is invertible for i ∈ [r], it follows that h =
⊕

i∈[r]Bi ∈ H and

Th,I(Irm) = Im and T ∗I,h(Im) = P,

so T is approximately (G,H) scalable to (P, I).

T (Irm) =
r∑
i=1

BiB
†
i =

r∑
i=1

H†i = Im.

The “if” direction is also easy; suppose (h(i), g(i))i∈N is a sequence of elements of G×H such that

Tg(i),h(i)(Irm)→ Im and T ∗h(i),g(i)(Im)→ P

as i→∞ and that h(i) = ⊕s∈[r]hs(i). Set Bs(i) = g†hs(i); thus, we have∑
s∈[r]

Bs(i)Bs(i)
† → Im

and, for all s ∈ [r],
Bs(i)

†Bs(i)→ diag(p(i)).

Since the Bs(i)Bs(i)
† are positive definite, eventually for all s Bs(i)Bs(i)

† is in the compact set
{X : 0 ≤ X ≤ 2Im}. Thus, we may pass to a subsequence such that for all s we have Bs(i)Bs(i)

† →
Hs; by continuity the Hs satisfy

r∑
s=1

Hs = Im.

and λ(Hs) = p(s) for s ∈ [r].

Next we need to examine conditions under which T rm is approximately scalable to (Irm →
Im, Im → P ) by (G,H). Theorem 10.3 will follow from the next claim:

Claim 10.8. For p satisfying 1, T rm is approximately scalable to (Irm → Im, Im → P ) by (G,H) if
and only if

∑r
s=1

∑m
i=1 pi(s) = m and for each 1 < k ≤ m,

r∑
s=1

∑
i∈I(s)

pi(s) ≤ k (∗I)
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for every tuple I = (I(1), . . . I(s)) ∈
([m]
k

)r
such that⋂

s∈[r]

Ω•I(s)(h(s)E•) 6= ∅

for generic (h(1), . . . , h(s)) ∈ GLn(C)r. Here E• is the standard flag of Cm.

Proof of claim. By Theorem 3.9, T rm is approximately scalable to marginals (Irm → Im, Im → P )
by (G,H) if and only if

r∑
s=1

m∑
i=1

pi(s) = m

and for all 1 < k ≤ m
r∑
s=1

∑
i∈I(s)

pi(s) + k ≤ m

for every every T rm independent pair (L,R) such that dimL = k and

R ∈ Ω◦∪rs=1I(s)×{s}⊂[m]×[r](hF•),

for a generic h = ⊕s∈[r]h(s). Here F• ⊃ F◦(P ) can be taken to be the standard flag of Cmr
because P is a diagonal matrix with non-increasing diagonal. Note that the generic element of G
has disappeared; this is because the flag F◦(Im) = ({0},Cm) is invariant under GLm(C). We may
assume L and R are maximal T rm-independent pairs subject to the other being held fixed. Recall
that, by definition, L and R are T rm-independent if and only if AiR ⊂ L⊥ for all i ∈ [r]. However,
Ai : Cmr → Cm is the projection to the ith summand of Cmr =

⊕r
i=1 Cm, so

R′ =
r∑
i=1

A†iL
⊥ ⊃ R

and (L,R′) are still T rm-independent. That is, we may replace R by the direct sum of r embedded
copies of L⊥. Abusing notation, we write

R′ =

r⊕
i=1

L⊥.

Let E• be the standard flag of Cm. Observe that

r⊕
i=1

L⊥ ∈ Ω◦∪rs=1I(s)×{s}
(hF•)

if and only if

L⊥ ∈
r⋂
s=1

Ω◦I(s)(h(s)E•),

because if i = ms+ k, k ∈ {0, . . . ,m− 1}, then

r⊕
i=1

L⊥ ∩ Fi =
r⊕
i=1

L⊥ ∩ (Fsm ⊕ Ek) = L⊥ ∩ Ek ⊕
s⊕
i=1

L⊥.
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Now T rm is approximately (G,H)-scalable to (P, Im) if and only if

r∑
s=1

m∑
i=1

pi(s) = m

and for all 1 < k < m,
r∑
s=1

∑
i∈I(s)

pi(s) ≤ m− k.

for all (I(1), . . . I(r)) ∈
( [m]
m−k

)r
such that

⋂r
s=1 Ω◦I(s)(h(s)E•) is nonempty for generic (h(1), . . . , h(s)) ∈

GLm(C)r. The change of variables m− k → k yields the claim.

Observation 10.9. By the remarks preceding Definition 10.4 (which can clearly be implemented
efficiently), we have shown that the Algorithm described in Theorem 10.4 exists, because Algorithm
12.10 efficiently finds ε-(Irm → 1

mI, Im →
1
mP )-scalings of T rm by (G,H) for P = diag(p) for

p ∈ Pmr . That this algorithm has the desired complexity on such instances follows from Theorem
12.11 and the fact that the minimum entry of 1

mp is at least 1/3rm.

Further, Algorithm 12.10 actually finds real symmetric matrices because the initial random
scalings are integer matrices and in each iteration the approximate Cholesky decompositions can be
taken to be real matrices.

10.3 An extension of Barthe’s Theorem and Schur-Horn theorem

Let U = (u1, . . . , un) ∈ (Cm)n be an ordered tuple of complex m-vectors, and p = (p1, . . . , pn) ∈
Rn>0. Say a linear transformation B : Cm → Cm puts a collection of vectors U in radial isotropic
position with respect to p if

n∑
i=1

pi
Bvi(Bvi)

†

‖Bvi‖2
= I.

Question 6. Given U and p, when is there a linear transformation B that puts U in isotropic
position with respect to p?

Forster Fo02 showed that Question 6 has a positive answer if p = ~1 and U is in general position,
and used this fact to prove linear lower bounds on unbounded-error communication complexity by
showing that explicit matrices have large sign-rank. Question 6 was completely solved by Barthe
B98 and applied to study the Brascamp-Lieb inequalities in analysis. Barthe’s Theorem has also
been applied in the unsupervised learning problem known as subspace recovery AM13 and to
prove upper bounds on the rate of locally correctable codes over the reals ASZ14. Barthe showed
Question 6 has a positive answer if p lies in a certain polytope, which we now describe.

Definition 10.7. Let U = (u1, . . . , un) ∈ (Cm)n be an ordered tuple of complex m-vectors. Let

B ⊂
([n]
k

)
be the collection of m-subsets S of [n] such that {ui : i ∈ S} forms a basis of Cm. If

q = (q1, . . . , qm) is a sequence of nonnegative numbers, define

Kq(U) = conv{(1S(i)qσ(i) : i ∈ [n]) : S ∈ B, σ : S ↔ [m]}

Informally, each vertex of the polytope is the indicator vector for each basis in U with the nonzero
entries replaced by q1, . . . qm in some order. If ~1 is the all-ones vector, B(U) := K~1(U) is known as
the basis polytope.
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Theorem 10.10 (B98). p ∈ B(U) if and only if there are linear transformations B that put U
arbitrarily close to radial isotropic position with respect to p.

Further, if p is in the relative interior of B(U), then there are linear transformations B that put
U in radial isotropic position with respect to p.

As a partial answer to Question 4, we prove a generalization of Barthe’s Theorem.

Definition 10.8. Say U can be approximately put in Q-isotropic position with respect to p if for
every ε > 0 there exists an invertible linear transformation B such that∥∥∥∥∥

n∑
i=1

pi
Bui(Bui)

†

‖Bui‖
−Q

∥∥∥∥∥ ≤ ε. (47)

Theorem 10.11. Suppose Q is a positive-definite matrix with spectrum q = (q1, . . . , qm). U can
be approximately put in Q-isotropic position with respect to p if and only if p ∈ Kq(U).

Before we prove Theorem 10.11, we observe that it implies the “if” direction of the classic
Schur-Horn theorem relating the diagonal and spectra of a Hermitian matrix.

Theorem 10.12 (H54). There is a Hermitian n × n matrix with diagonal p1 ≥ · · · ≥ pn and
spectrum q1 ≥ · · · ≥ qn if and only if q1, . . . , qn majorizes p1, . . . , pn. That is, for all i ≤ n,

i∑
j=1

pi ≤
i∑

j=1

qi.

We do not use Theorem 10.11 for the “only if” direction because the “only if” direction is very
easy, and the use of Theorem 10.11 would only overcomplicate things.

Proof of Theorem 10.12 from Theorem 10.11. We use an alternate description of majorization; see
the textbook [HJ90]. The sequence p1, . . . , pn is majorized by q1, . . . , qn if and only if p =
(p1, . . . , pn) is in the permutohedron of q = (q1, . . . , qn); that is,

p ∈ conv{(qσ(i) : i ∈ [n]) : σ : [n]↔ [n])}.

However, if U is a basis for Cn, then Kq(U) from Definition 10.7 is exactly the permutohedron of
q. By Theorem 10.11, if p ∈ Kq(U), for every ε > 0 there is an invertible linear transformation
B ∈ GLn(C) satisfying ∥∥∥∥∥

n∑
i=1

pi
Bui(Bui)

†

‖Bui‖
−Q

∥∥∥∥∥ ≤ ε.
If we let ε → 0, by compactness, we may pass to a subsequence in which for all i the vector Bui

‖ui‖
converges to some unit vector vi. Thus, we have

n∑
i=1

pivi(vi)
† = Q.

If V is a matrix with columns
√
pivi, then Q = V V †. However, V †V has the same spectrum as

V V † (i.e. q1, . . . , qn), and the ith diagonal entry of V †V is 〈√pivi,
√
pivi〉 = pi. Thus, V †V is the

promised matrix.
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Remark 10.13. Algorithm GOSI actually shows that the matrix V †V in the proof can be taken
to be a real, symmetric matrix because the random initial scaling is an integer matrix, and in each
iteration the Cholesky decomposiitons can be taken to be real matrices. Note that if the entries of q
are 0 except for q1, . . . , qm for m < n, we can actually say much more about the matrix V appearing
in the proof. Theorem 10.11 tells us for which m × n matrices U (i.e. a matrix whose columns
are the elements of U) there exist matrices B ∈ GLn(C) and n× n diagonal matrices D such that
D†U †B†BUD tends to a matrix with spectrum q and diagonal p. Alternatively, when there exists
m×m invertible Hermitian matrices A and n×n diagonal matrices D such that D†U †AUD tends
to a matrix with spectrum q and diagonal p.

Let us begin the proof of Theorem 10.11. Our proof goes by a reduction to the problem of
scaling an operator to specified marginals.

Proof of Theorem 10.11. Theorem 10.11 will be a straightforward consequence of Lemma 10.15,
which shows that scalability is equivalent with membership in some other polytope, and Proposition
10.16 which shows that said other polytope is actually the same as Kq(U). First we need to form
an instance of operator scaling.

Definition 10.9. If U is a tuple of n vectors in Rd, let TU : Matn×n(C) → Matm×m(C) be the
completely positive map with Kraus operators

Ai :=
[

0m,i−1 ui 0m,n−i
]

for i ∈ [n]. Here 0m,k denotes an m× k zero submatrix.

Let P denote the matrix with diagonal p = (p1, . . . , pm), G = GLm(C), and H the subgroup of
GLn(C) consisting of diagonal matrices. Question 4 now amounts to Question 1 for T, P,Q,G,H.
Note that (T,G,H, F◦(P ), F◦(Q)) is block-diagonal with blocks 〈fi〉, i ∈ [n] for V and one block for
W .

Claim 10.14. U can be approximately put in Q-isotropic position with respect to p if and only if
TU is approximately scalable to (P → Q, Im → In).

Proof. Let T = TU . To see why, note that

T ∗h,g(Im) = diag(|hi|2‖gui‖2)

and

Tg,h(P ) =

n∑
i=1

pi|hi|2gui(gui)†.

If ‖Tg,h(P )−Q‖ ≤ ε and T ∗h,g(Im) = In, then |hi|2 = ‖gui‖−2 and so 47 holds for B = g. If instead
‖T ∗h,g(Im) − In‖ ≤ ε, one has to reset h to impose T ∗h,g(Im) = In. However, that the change in
‖Tg,h(P ) − Q‖ from such a normalization is O(ε). Similarly, if B satisfies 47 then setting g = B
and |hi|2 = 〈Bui, QBui〉−2 satisfies ‖Tg,h(P )−Q‖ ≤ ε and T ∗h,g(Im) = In.

By reasoning analogous to that of Lemma 3.1, TU is approximately (G,H)-scalable to (P →
Q, Im → In) if and only if TU is approximately (G,H)-scalable to (In → Q, Im → P ) because P is
nonsingular.

In what follows, we use Theorem 3.9 to prove Theorem 10.11. Without loss of generality, we
may assume Q is diagonal.
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Lemma 10.15. U can be approximately put in Q-isotropic position with respect to p if and only if

n∑
j=1

pj =
m∑
i=1

qi

and ∑
j∈J

pj ≤
dim〈uj :j∈J〉∑

i=1

qi

for all J ⊂ [n].

Proof. Let P = diag(p). Without loss of generality, assume TrQ = 1. By Claim 10.14, U can be
approximately put in q-isotropic position with respect to p if and only if TU approximately (G,H)-
scalable to (In → Q, Im → P ) where G = GLm(C) and H is the subgroup of diagonal matrices in
GLn(C).
Note that F◦(P ), F◦(Q) can be taken to be subflags of the standard flags F• and E• of Cn and Cm,
respectively. By Theorem 3.9, TU is approximately (G,H)-scalable to (P,Q) if and only if TU is
(p, q, gE•, hF•)-rank-nondecreasing for a generic (g†, h) ∈ G×H. However, hF• = F• because h is
diagonal, so TU is approximately (G,H)-scalable to (P,Q) if and only if TU is (p, q, gE•, F•)-rank-
nondecreasing for a generic (g†, h) ∈ G×H. Equivalently, (TU )g,I is (P,Q)-rank-nondecreasing for
generic g ∈ G.

That is, ∑
i∈I

qi +
∑
j∈J

pj ≤ 1

for all I ⊂ [m], J ⊂ [n] such that Ω◦I(E•)× Ω◦J(F•) contains a (TU )g,I -independent pair.

(L,R) is a (TU )g,I -independent pair if and only if

L ⊂ 〈guj : R 6⊂ e⊥j 〉⊥.

As the pair (LJ , RJ) where
R′ = 〈ej : R 6⊂ e⊥j 〉 ⊃ R

and
L′ = 〈guj : R 6⊂ e⊥j 〉⊥ ⊃ L

is still independent, and we only need check the inequality for maximal independent pairs, we may
assume R = RJ := 〈ej : j ∈ J〉 and L = gLJ := g〈uj : j ∈ J〉⊥ for some J ⊂ [n]. Note that
RJ ∈ Ω◦J(F•). Thus, (TU )g,I is (P,Q)-rank-nondecreasing for generic g ∈ GLn(C) if and only if∑

i∈I
qi +

∑
j∈J

pj ≤ 1

for all I ⊂ [m], J ⊂ [n] such that gLJ ∈ Ω◦I(E•) for generic g ∈ GLn(C). For fixed J and
generic g, gLJ is simply a generic subspace of dimension d = dimLJ . Such a subspace will
satisfy En−d ∩ gLJ = {0}. Equivalently, gLJ ∈ Ω◦{n−d+1,...,n}(E•). Otherwise, the linear map

πE⊥n−d
◦ g : LJ → E⊥n−d is singular, which implies a polynomial (namely, the determinant of the

map) which is not identically 1 vanishes on g. This would be a contradiction to the genericity of g.
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Since the number of J is finite, for generic g we must have gLJ ∈ Ω◦{n−d+1,...,n}(E•) for d = dimLJ
for all J ⊂ [n]. Thus,

(TU )g,I is (P,Q)-rank-nondecreasing for generic g ∈ GLn(C) if and only if

n∑
i=n−dimLJ+1

qi +
∑
j∈J

pj ≤ 1

for all J ⊂ [n]. Equivalently, ∑
j∈J

pj ≤
dim〈uj :j∈J〉∑

i=1

qi

for all J ⊂ [n].

Recall Definition 10.7 of the polytope Kq(U).

Proposition 10.16. p is in Kq(U) if and only if

n∑
j=1

pj =

m∑
i=1

qi (48)

and ∑
j∈J

pj ≤
dim〈uj :j∈J〉∑

i=1

qi (49)

for all J ⊂ [n].

Proof. Polytopes of the form
∑

j∈J pj ≤ f(J) for submodular set functions f are well-understood,
so we first check that our constraints take this form.

Lemma 10.17. The function

fq(J) =

{ ∑dim〈uj :j∈J〉
i=1 qj J 6= ∅
fq(J) = 0 J = ∅

(50)

is a nonnegative, monotone, submodular function on the lattice of subsets of [n].

Proof of Lemma 10.17. Nonnegativity and monotonicity are clear. To show that fq is submodular,
it is enough to show fq gives decreasing marginal returns, that is, for X ⊂ Y and x ∈ [n] \ Y ,

fq(X ∪ {j})− fq(X) ≥ fq(Y ∪ {j})− fq(Y ).

Indeed,

fq(X ∪ {j})− fq(X) =

dim(〈ui:i∈X〉+uj)∑
i=1

qi −
dim〈ui:i∈X〉∑

i=1

qi

= 1uj 6∈〈ui:i∈X〉qdim〈ui:i∈X〉+1 ≥ 1uj 6∈〈ui:i∈Y 〉qdim〈ui:i∈Y 〉+1

= fq(Y ∪ {j})− fq(Y ).
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Next we use a theorem of Edmonds.

Theorem 10.18 (Ed70). If E is a finite set and L is an intersection-closed family of subsets of
E, let

P (E, f) = {x ∈ RE+ : ∀S ∈ L− ∅,
∑
i∈S

xi ≤ f(S)}.

If f is a nonnegative, monotone function on P(E) with f(∅) = 0, then each vertex x of P (E, f) is
given by

xσ(i) = f({σ(j) : j ≤ i})− f({σ(j) : j < i})

for some ordering σ : [|E|]↔ E, and every ordering corresponds to such a vertex.

Next note that p satisfies the equality 48 and the inequality 49 if and only if

p ∈ K′q(U) := P ([n], fq) ∩

{
p :

n∑
i=1

pi =

m∑
i=1

qi

}
.

For x ∈ P ([n], fq),
∑n

i=1 xi ≤
∑m

i=1 qi by the constraint when J = [n]. Thus, K′q(U) is the convex
hull of the vertices of P ([n], fλ) that are contained in the hyperplane {p :

∑n
i=1 pi =

∑m
i=1 qi}.

Recall from Definition 10.7 that these are exactly the vertices of Kq(U); hence Kq(U) = K′q(U).
The proposition is proved.

10.4 Quantum Schrödinger bridges

The classical Schrödinger bridge problem seeks a suitable probability law for a diffusion process (e.g.
Brownian motion) matching a given initial and a final marginal distribution. The discrete version
of this problem for Markov chains seeks the transition matrix B satisfying Bc = r of maximum
relative entropy distance from A.

In [GP15] the authors show that the column-stochastic matrix B satisfying Bc = r of maximum
relative entropy from the prior transition matrix A is in fact a scaling XAY for X and Y diagonal.
The change of variables Y ← diag(c)Y shows that a matrix is scalable to one satisfying the marginals
r and c if and only if it is (r, c)-scalable. Without the relative entropy interpretation, it was
understood that (r, c)-scalings arise as the solution of the same optimization problem as early as
[MO68].

The analogue of a Markov transition matrix considered in [GP15] is a unital quantum channel,
namely a completely positive map T satisfying T ∗(I) = I. Given marginals P and Q, Georgieu and
Pavon seek a suitable unital quantum channel T with T (P ) = Q. Rather than posing a relative
notion of entropy, they simply look for a quantum channel T that is a scaling of a “prior” quantum
channel T ′ in some sense. Friedland [Fr16] points out that, under a change of variables, the channel
Georgieu and Pavon seek is precisely a (P → Q, IW → IV )-scaling of T .

The authors of [GP15] conjecture that if T (X) � 0 for all 0 6= X � 0 (a condition they refer to
as positivity improving), then T can be scaled to a unital quantum channel T ′ satisfying T ′(P ) = Q.
A proof of this conjecture for P and Q nonsingular appears in [Fr16] using contractive properties
of a metric suited for use with fixed-point theorems. We extend the result of [Fr16] to possibly
singular P and Q, all but proving the conjecture of Georgieu and Pavon.

Before proceeding, let us state their conjecture precisely. If Y is a vector space let D(Y ) =
{Y ∈ S++(Y ) : TrY = 1}. Elements of D(Y ) are called density matrices.

64



Conjecture 10.19 (GP15). For any positivity-improving completely positive operator T : L(V )→
L(W ) and density matrices P ∈ D(V ), Q ∈ D(W ), there exist operators φ0, φ̂T ∈ S++(V ), φT , φ̂0 ∈
S++(W ) and linear transformations χ0 ∈ L(W ), χT ∈ L(V ) such that

T (φT ) = φ0, T ∗(φ̂0) = φ̂T (51)

Q = χ0φ̂0χ
†
0, P = χT φ̂Tχ

†
T (52)

φ0 = χ†0χ0, φT = χ†TχT . (53)

Furthermore, χ0 and χT can be taken to be Hermitian.

Our techniques can prove the conjecture, but, as in [Fr16], our transformations χ0, χT are not
guaranteed to be Hermitian. We state a stronger theorem, and as Corollary 10.23, show that the
theorem implies Conjecture 10.19 (modulo the Hermitian part).

Theorem 10.20. If there exists (g, h) ∈ GL(V )×GL(W ) such that Tg,h is (P,Q)-indecomposable,

there exist positive-definite operators φ0, φT , φ̂0, φ̂T ∈ L(V ) and linear transformations χ0, χT sat-
isfying 51, 52, and 53.

Remark 10.21. The truth is much stronger. If there exists g0, h0 such that Tg0,h0 is (P,Q)-
indecomposable, then Tg,h is (P,Q)-indecomposable for generic (g†, h) ∈ GL(W )×GL(V ). We do
not prove this because the proof is identical to that of Proposition 8.5.

Proof. We begin by showing how to proceed if P and Q are invertible. This shows how matrices 51,
52, and 53 should be obtained from a scaling by renaming variables. If P and Q are invertible, then
by Theorem 9.7, the existence of (g, h) ∈ GL(V )×GL(W ) such that Tg,h is (P,Q)-indecomposable
implies Tg,h is scalable to (P → IW , Q → IV ) by (GL(V )F◦(P ),GL(W )F◦(Q). By Lemma 3.1, this
implies there exists (g, h) ∈ GL(V )×GL(W ) such that

T (hh†) = g−†g−1

and h†T ∗(gQg†)h = P.

Then we can take φ0 = g−†g−1, χ0 = g−1, φ̂0 = gQg†, φ̂T = T (gQg†), and χT = h†.

However, P and Q may not be invertible. To handle this, we will use Proposition 3.16. Suppose
there exists (g0, h0) ∈ GL(V ) × GL(W ) such that Tg0,h0 is (P,Q)-indecomposable. Since Fi(P ) ⊂
suppP and Fi(Q) ⊂ suppQ and the spectra of P and Q are the nonzero eigenvalues of P and Q,
Tg0,h0 is (P ,Q)-indecomposable. By Theorem 9.7, Tg0,h0 is (GL(suppQ)F◦(Q),GL(suppP )F◦(P ))-

scalable to (P → IsuppQ, Q→ IsuppP ). Write T̂ := Tg0,h0 . By Lemma 3.1 applied to T̂ , there exists
(g, h) ∈ GL(supp(Q))×GL(supp(P )) such that

νT̂ (η†hh†η)ν† = g−†g−1,

h†ηT̂ ∗(ν†gνQν†g†ν)η†h = ηPη†.

We need to extend g, h to elements of GL(W ),GL(V ), respectively, to obtain the desired matrices.
That this is always possible is a result of the following elementary fact:
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Fact 10.22. Let A ∈ L(W ) be positive semidefinite, ν a partial isometry to a subspace L ⊂ W ,
and suppose νAν† = g†g for g ∈ GL(L). Then there exists a linear transformation g̃ : W → W
with

g̃†g̃ = A,

g̃L ⊂ L, and

νg̃ν† = g.

Proof of Fact 10.22. Let g̃ be the block Cholesky decomposition of A with respect to the partial
flag ({0}, L,W ). g̃ automatically satisfies the first two properties. Further, by Lemma 1,

νAν† = νg̃†g̃ν† = νg̃†ν†νg̃ν† = g†g.

This implies g = Uνg̃ν† for some unitary operator U on L. Now (U ⊕ IL⊥)g̃ satisfies all three
properties.

We now use the claim to complete the proof. By Claim 10.22, there exists g̃ : W → W such
that

T̂ (η†hh†η) = g̃†g̃,

g̃ supp(Q) ⊂ supp(Q), and

νg̃ν† = g−1.

Since ηη† = IsuppP ,

T̂ (η†hηη†h†η) = g̃†g̃. (54)

We already know

h†ηT̂ ∗(ν†gνQν†g†ν)η†h = ηPη†,

so
η†h†ηT̂ ∗(ν†gνQν†g†ν)η†hη = P. (55)

Plugging in T̂ = Tg0,h0 to 54 and 55, we obtain

T (h0η
†hηη†h†ηh†0) = g−†0 g̃†g̃g−1

0

and η†h†ηh†0T
∗(g0ν

†gνQν†g†νg†0)hη†hη = P.

Take

φ0 = g−†0 g̃†g̃g−1
0 , φT = hη†hηη†h†ηh†,

φ̂0 = g0ν
†gνQν†g†νg†0, φ̂T = T ∗(g0ν

†gνQν†g†νg†0),

χ0 = g̃g−1
0 , and χT = η†h†ηh†.

The only nontrivial property to check for this assignment is Q = χ0φ̂0χ
†
0. Expanding this, we find

χ0φ̂0χ
†
0

= g̃g−1
0 g0ν

†gνQν†g†νg†0g
−†
0 g̃†

= g̃ν†gνQν†g†νg̃†
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However, g̃ supp(Q) = supp(Q), so by Lemma 3.15, g̃ν† = ν†νg̃ν† = ν†g−1. This shows

g̃ν†gνQν†g†νg̃†

= ν†g−1gνQν†g†νg−†ν

= ν†νQν†ν = Q.

This completes the proof.

Corollary 10.23. Conjecture 10.19 is true without the requirement that χ0, χT are Hermitian.

Proof. Suppose T is positivity-improving. We will show T is (P,Q)-indecomposable, so T, P,Q
satisfy the hypotheses of Theorem 10.20 with g = IW , h = IV . Because T is positivity-improving,
if R 6= {0} then T (πR) � 0 and so T (πR)πL 6= 0 for any L 6= 0. Thus (see Remark 3.5) the only T -
independent pairs (L,R) have L = {0} or R = {0}. Since 1 = TrP = TrQ the inequality 6 holds for
any pairs (L,R) where L or R is {0} and the inequality 45 is trivially satisfied for all T -independent
pairs (L,R) such that neither L nor R is {0}. This implies T is (P,Q)-indecomposable.

11 Future work

1. We wonder if there is an algorithm to find ε-scalings in time polynomial in − log(ε) rather than
ε−1. As it is, our algorithm resembles alternating minimization; perhaps other optimization
techniques could result in faster algorithms. The recent fast (r, c)-scaling algorithms [Li17,
M17] give hope that this is possible. It has been indicated to the author that such a speed-up
does exist in the case P = Q = I.

2. The algorithms herein, i.e. Algorithm 12.12, do not decide (P,Q)-rank-nondecreasingness
in strongly polynomial time. In order to certify (P,Q)-rank-nondecreasingness one requires
ε-(IV → Q, IW → P )-scalings for ε as small as a common denominator of the spectra p and
q. However, our algorithm depends linearly on ε−1. It would be nice to understand the
complexity of determinining (P,Q)-rank-nondecreasingness from (p, q); at least for 3 there is
a strongly polynomial time algorithm to decide if the reduction is (P,Q)-rank-nondecreasing
that has nothing to do with operator scaling [MNS12].

3. If the completely positive map T ρ and the bipartite mixed quantum state ρ are in correspon-
dence via the Jamio lkowski isomorphism [Ja74], the scalings of T ρ scale ρ in a very simple
way that closely resembles the transformations allowed under the communication complexity
class known as SLOCC [DVC00]. However, SLOCC equivalence of ρ, ρ′ and interscalability
of T ρ and T ρ

′
are not the same. We hope to infer something meaningful about the relationship

between ρ and ρ′ when T ρ can be scaled to T ρ
′
.

4. The Littlewood-Richardson coefficients give combinatorial conditions for scalability. We won-
der if this is possible for other operators than the one arising in the reduction for 3.

12 Appendix

12.1 Additional background

The following facts are standard and can be found in any textbook on matrix analysis, e.g. [HJ90].
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Fact 12.1. If A and B are n× n matrices, then

‖A‖ ≤
√
n‖A‖2,

‖AB‖ ≤ ‖A‖2‖B‖,
‖AB‖ ≤

√
n‖A‖2‖B‖2,

and ‖AB‖2 ≤ ‖A‖2‖B‖2.

Fact 12.2. If A and B are matrices, then

‖A−1 −B−1‖ ≤ ‖A−1‖2‖B−1‖2‖A−B‖
and ‖A−1 −B−1‖2 ≤ ‖A−1‖2‖B−1‖2‖A−B‖2

and ‖A−1 − I‖ ≤ ‖A− I‖
1− ‖A− I‖

provided ‖A− I‖ < 1.

12.2 Additional proofs

Proof of Lemma 3.6. Recall that we wish to show

det(P,Xh) = det(P,X) det(P, h), (56)

det(P, h†Xh) = det(P, h†h) det(P,X), (57)

and det(P, h−†h−1) = det(P, h†h)−1. (58)

First we prove 56.

det(P,Xh) =
∏

i:∆pi 6=0

det(ηiXhη
†
i )

∆pi

=
∏

i:∆pi 6=0

det(ηiXη
†
i ηihη

†
i )

∆pi

= det(P,X) det(P, h).

By taking two transposes of 56, we obtain

det(P, h†Xh) = det(P, h†) det(P, h) det(P,X)

=
∏

i:∆pi 6=0

det(ηih
†η†i ηihη

†
i )

∆pi det(ηiXη
†
i )

∆pi

=
∏

i:∆pi 6=0

det(ηih
†hη†i )

∆pi det(ηiXη
†
i )

∆pi

= det(P, h†h) det(P,X),

proving 57. The identity 58 follows from 57 and det(P, I) = 1.

Proof of Lemma 3.1. First prove that 1 =⇒ 2. If g ∈ GE◦ and h ∈ HF◦ are such that Tg,h is an
ε-(P → IV , Q→ IV )-scaling of T , then

‖g†T (hPh†)g − IV ‖ ≤ ε and ‖h†T ∗(gQg†)h− IV ‖ ≤ ε.

Note that
√
P ∈ HF◦ because H is block-diagonal and P is diagonal, and hence upper-triangular,

in the basis F . Let h̃ = h
√
P ∈ HF◦ so that

‖Tg,h̃(IW )− IV ‖ ≤ ε
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and

‖T ∗
h̃,g

(Q)− P‖ ≤ ‖
√
PT ∗h,g(Q)

√
P − P‖ ≤ ‖P‖22‖T ∗h,g(Q)− IV ‖ ≤ ε,

so T has an ε-(IV → IW , Q → P )-scaling by (GE◦ , HF◦). A similar proof shows that if T has
an ε-(IV → IW , Q → P )-scaling, then T has an ε-(IV → Q, IW → P )-scaling. The rest of the
implications are similar.

Proof of 3.16. We first show 1. Recall

cap(T, P,Q) = inf
h∈GL(V )F◦(P )

det(Q,T (hPh†))

det(P, h†h)
.

However, det(Q,X) only depends on νiXν
†
i for i ∈ σ(F◦(Q)), and νiν

†ν = νi. However, νiν
† is a

partial isometry suppQ→ Fi(Q). Thus,

det(Q,T (hPh†)) =
∏

i∈σ(F◦(Q))

det(νiT (hPh†)ν†i )

=
∏

i∈σ(F◦(Q)

det(νiν
†νT (hPh†)ν†νν†i )

= det(Q, νT (hPh†)ν†).

A similar replacement can be made in the denominator. Now

cap(T, P,Q) = inf
h∈GL(V )F◦(P )

det(Q, νT (hPh†)ν†)

det(P , ηh†hη†)

= inf
h∈GL(V )F◦(P )

det(Q, νT (hη†Pηh†)ν†)

det(ηPη†, h†h)

= inf
h∈GL(V )F◦(P )

det(Q, νT (η†hPh†η)ν†)

det(P , h†h)
,

but in fact, GL(V )F◦(P ) = GL(suppP )F◦(P ), so

cap(T, P,Q) = inf
h∈GL(suppP )F◦(P )

det(Q,T (hPh†)

det(P , h†h)
= cap(T , P ,Q).

We now prove 2. Let n′,m′ be the dimensions of suppQ and suppP , respectively. Clearly,

m∑
i=1

qi =
n∑
j=1

pj := N

if only if
m′∑
i=1

qi =

n′∑
j=1

pj := N.

Further, the inequality∑
i∈σ(F◦(Q))

∆qi dimFi(P ) ∩ L+
∑

j∈σ(F◦(P ))

∆pi dimFj(P ) ∩R ≤ N (59)
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holds for all T -independent pairs (L,R) if and only if it holds for all T -independent pairs (L,R)
where L ⊂ suppQ, R ⊂ suppP . The “only if” statement is clear, but the “if” statement follows
because σ(F◦(P )) ⊂ [n′] and σ(F◦(Q)) ⊂ [m′], and in particular Fn′(P ) = suppP and Fm′(Q) =
suppQ. Thus, replacing L by L∩suppQ and R by R∩suppP does not change the left-hand side of
the inequality. However, if L ⊂ suppQ, R ⊂ suppP , then (L,R) is T -independent if and only if it
is T independent, because the Kraus operators of T are νAiη

†, and for l ∈ suppQ and r ∈ suppP ,
we have lνAiη

†r = l†Air. Thus, T is (P,Q)-rank-nondecreasing if and only if

m′∑
i=1

qi =
n′∑
j=1

pj := N

and 59 holds for all T independent pairs (L,R); equivalently, T is (P ,Q)-rank-nondecreasing.

12.3 Complexity assumptions

Here we prove the claim that the assumption that there are at most mn Kraus operators is without
loss of generality. Alone, this is not difficult to prove. However, proving that T can essentially be
represented by nm Kraus operators with small integer entries is slightly more difficult. The content
of the following Lemma is that if we are interested in testing (P,Q)-rank-nondecreasingness or we are
looking for ε-(IV → Q, IW → P )-scalings then we can efficiently replace T by a completely positive
map T̃ represented by nm Kraus operators with small integer entries and run any algorthm on T̃
instead. Note that T̃ may depend on ε.

Lemma 12.3. Suppose T, P,Q are as in 3.6 and the Kraus operators A1, . . . Ar of T have b-bit
binary complex entries with r > mn. Then for any ε > 0, there is a completely positive operator
T̃ with Kraus operators B1, . . . Bmn, each with poly(r, b)-bit binary complex entries, such that for
every (g, h) ∈ GL(W )×GL(V ), T̃g,h is (P,Q)-rank-nondecreasing if and only if Tg,h is (P,Q)-rank-
nondecreasing and any 1

3
√
mn
ε-(IV → Q, IW → P )-scaling of T̃ is an ε-(IV → Q, IW → P )-scaling

of T .

Further, the Kraus operators B1, . . . Bmn can be computed in time poly(r, b,− log ε).

Proof. The strategy will be to find a completely positive map T̃ with Kraus operators Bi =∑r
j=1 UjiAi that approximates T , but has Bi = 0 for i > mn.

Claim 12.4. If Bi =
∑r

j=1 UjiAi for an invertible matrix U ∈ GLr(C), then the completely positive

map T̃ : X 7→
∑r

j=1BjXB
†
j has T̃g,h rank-nondecreasing if and only if Tg,h is rank-nondecreasing.

Proof of claim. The Kraus operators of T̃g,h will be related to the Kraus operators of Tg,h by the
same matrix U . However, the T -independent pairs are precisely the T̃ -independent pairs, because

x†
r∑
i=1

UjiAiy = 0

for all j ∈ [r],x ∈ L, y ∈ R if and only if x†Aiy = 0 for all i ∈ [r], x ∈ L, y ∈ R by the invertibility
of U .

Claim 12.5. Suppose T̃ has the Kraus operators B1, . . . , Br where Bj =
∑r

i=1 UjiAi for i ∈ [r] and
‖UU †−Ir‖ ≤ δ < .5. Further suppose that ‖T̃ (I)−P‖ ≤ δ. Then ‖T (X)−T̃ (X)‖ ≤ 2δ

√
nTr T̃ (X).
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Proof of claim.

T̃ (X) =

r∑
j=1

BjXB
†
j

=

r∑
j=1

(
r∑
i=1

UjiAi

)
X

(
r∑

i′=1

Uji′Ai′

)†

=
r∑
j=1

r∑
i,i′=1

UjiUji′AiXA
†
i′

=
r∑

i,i′=1

AiXA
†
i′

r∑
j=1

UjiUji′

=
r∑

i,i′=1

AiXA
†
i′(UU

†)ii′ ,

so

‖T̃ (X)− T (X)‖ ≤
r∑

i,i′=1

‖AiXA†i′‖|(UU
† − Ir)ii′ |

≤ ‖UU † − I‖

√√√√ r∑
i,i=1

‖AiXA†i′‖2

≤ δ

√√√√ r∑
i,i=1

TrAiXA
†
i′Ai′XA

†
i

= δ
√

TrT ∗(I)XT ∗(I)X

= δ

√
‖
√
XT ∗(I)

√
X‖2 ≤ δ

√
n(Tr

√
XT ∗(I)

√
X‖)2

= δ
√
nTrT (X).

Note that Aj =
∑r

i=1 U
−1
ji Bi, and by Fact 12.2,

‖U−1U−† − I‖ = ‖U−†U−1 − I‖ = ‖(UU †)−1 − I‖ ≤ δ

1− δ
≤ 2δ.

Thus we can apply the previous bound with the roles of T̃ and T reversed to obtain ‖T̃ (X) −
T (X)‖ ≤ 2

√
nδTr T̃ (X) ≤ 2

√
nδ(1 +

√
mδ) ≤ 4δ

√
mn.

If for every δ we can efficiently obtain U with ‖UU †−I‖r ≤ δ, and poly(r, b,− log δ)-bit complex
binary entries with Bj = 0 for j > mn we will be done: if T̃g,h is an ε-(IV → Q, IW → P )-scaling,
by the second claim applied to Tg,h, T̃g,h and T ∗h,g, T̃

∗
h,g with X = I and δ = ε we have

‖Tg,h(I)−Q‖ ≤ T̃g,h(I)−Q‖+ ‖T̃g,h(I)− Tg,h(I)‖
≤ ε+ 2

√
nεTr T̃ (I)

≤ ε+ 2
√
nε(1 +

√
mε)

≤ 4ε
√
mn.
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Such U exists and can be found efficiently by none other than finding an approximately orthonormal
basis for some mn vectors. We first need

r∑
i=1

Uji(Ai)lk = 0

for all (l, k) ∈ [m]× [n] and j > mn. That is, we need the vectors (Uji)i∈[r] for j ∈ {mn+ 1, . . . , r}
to be orthogonal to the mn vectors ((Ai)lk)i∈[r] for (l, k) ∈ [m] × [n]. Thus, an orthonormal basis
for the orthogonal complement of ((Ai)lk)i∈[r] for (l, k) ∈ [m] × [n] would suffice. The rest of the
vectors (Uji)i∈[r] for j ∈ [mn] could be taken to be an orthonormal basis for the span of ((Ai)lk)i∈[r]

for (l, k) ∈ [m] × [n]. However, exact orthonormal bases may not have rational entries. Instead,
we’ll use the following standard fact which follows from the fact that Cholesky decompositions can
be done in polynomial time.

Fact 12.6. Given a real number δ > 0 and at most r vectors u1, . . . , uk ∈ Rr where each entry
of the uk is a b-bit complex binary number, one can find a basis v1, . . . , vk whose entries are
poly(b, r,− log δ)-bit complex binary numbers for the span of u1, . . . , uk such that if V is the matrix
whose rows are the vi, ‖V V † − I‖ ≤ δ in time poly(b, r,− log δ).

This, we set the last r −mn rows (Uji)i∈[r] for j ∈ {mn+ 1, . . . , r} to be the basis guaranteed
by Fact 12.6 applied to some basis of the orthogonal complement of ((Ai)lk)i∈[r] for (l, k) ∈ [m] ×
[n] with poly(r,M)-bit binary complex entries (which can be computed in time poly(r,M) using
Gaussian elimination. For the first mn rows (Uji)i∈[r] for j ∈ [mn] we do the same using the vectors
((Ai)lk)i∈[r] for (l, k) ∈ [m]× [n]. Then the first mn rows are automatically orthogonal to the last
r −mn, and there will be a contribution of δ2 from the first mn rows and δ2 from the last r −mn
rows to the squared trace norm. Thus,

‖UU † − I‖ ≤
√

2δ.

and U has poly(r,M,− log δ)-bit complex binary entries.

12.4 Algorithm TOSI with rounding

Superficially, the algorithm with rounding does not resemble Algorithm TOSI, but we will show
that the steps of the new algorithm capture each step of the old.

Remark 12.7. The algorithms in this section actually compute ε-(P → IW , Q → IV )-scalings.
However, by Corollary 3.20, ε-(P → IsuppQ, Q → IsuppP )-scalings can be converted efficiently to
3ε-(IV → Q, IW → P )-scalings.

Definition 12.1. If A is a Hermitian matrix with entries represented as signed binary numbers
and s a positive integer, let RndsA be the Hermitian matrix obtained by dropping all but s bits
of each entry after the decimal point.

Algorithm 12.8 (Algorithm TOSI with rounding).

Input: T , P , Q, G, H such that (G,H,F◦(P ), F◦(Q), T ) is block-diagonal, a real number ε > 0, and
an integer s > 0.

Output: g ∈ G and h ∈ H such that dsP,Q(Tg,h) ≤ ε.

Let s be a nonnegative integer, and set S̃i0 = IFi(P ) for i ∈ σ(F◦(P )).
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1. Increment j.

2. If j is odd: For i ∈ σ(F◦(Q)), set

S̃ij =

νiT
 ∑
k∈σ(F◦(P ))

∆pkη
†
k Rnds

(
S̃kj−1

)
ηk

 ν†i

−1

.

Find g ∈ GF◦(Q) and h ∈ HF◦(P ) such that

‖gg† − S̃ij‖2 ≤ 2−s

and
‖hh† − S̃ij−1‖2 ≤ 2−s

If j is even: For i ∈ σ(F◦(P )), set

S̃ij =

ηiT ∗
 ∑
k∈σ(F◦(Q))

∆qkν
†
k Rnds

(
S̃kj−1

)
νk

 η†i

−1

.

Find g ∈ GF◦(Q) and h ∈ HF◦(P ) such that

‖gg† − S̃ij−1‖2 ≤ 2−s

and
‖hh† − S̃ij‖2 ≤ 2−s.

3. If dsP,Q Tg,h < ε,

Return: g, h.

Assumption 2. The entries of p and q are binary ≤ logM -bit numbers.

Theorem 12.9. Suppose (G,H,F◦(P ), F◦(Q), T ) is block-diagonal and T, P,Q satisfy satisfy As-
sumptions 1 and 2. Define

s = d2(t+ 4)2(lgα+ lg β)e

and

t =
112(m+ n) log(m+ n) + 56 logM

min{ε, pn},+ min{ε, qm}
+ 2.

If T is (P,Q)-rank-nondecreasing, then Algorithm 12.8 terminates in at most t steps and can
be performed in time

poly(ε−1, p−1
n , q−1

m , n,m, logM).

We delay the proof of Theorem 12.9 until after some analysis of the effect of rounding errors. We
now show how to incorporate Algorithm 12.8 into Algorithm GOSI. The algorithm with rounding
is identical to Algorithm GOSI except instead of calling Algorithm TOSI after scaling randomly,
we call Algorithm 12.8.

Algorithm 12.10 (GOSI with rounding).

Input: T, P,Q as in 3.6 where P and Q have rational spectra and a real number ε > 0.
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Output: Left and right scalings g ∈ G and h ∈ H such that Tg,h is an ε-(IV → Q, IW → P )-scaling of
T , or ERROR.

1. Let 0 < γ ∈ Z be such that γP and γQ have integral spectra. Choose each entry of (g0, h0) ∈
⊕i Matni(C)×⊕j Matmj (C) uniformly at random from K := [3 max{2γ2, n,m}]. If g0 or h0

is singular, output ERROR.

2. Let pmin, qmin be the least nonzero entries of p, q, respectively. Let g and h be the output of
Algorithm 12.8 with input Tg0,h0 , P ,Q,

ε
4 min{pmin,qmin} . If any step of Algorithm 12.8 on this

input cannot be performed, output ERROR.

3. Use (g, h) to compute (g, h) such that Tg0g,h0h is an ε-(IV → Q, IW → P )-scaling of Tg0,h0 as
guaranteed by Corollary 3.20. Return (g0g, h0h).

Theorem 12.9 and Claim 8.10 lead to good complexity bounds for Algorithm 12.10.

Theorem 12.11. Suppose (G,H,F◦(P ), F◦(Q), T ) is block-diagonal and T, P,Q satisfy Assump-
tions 1 and 2. Define

s = d2(t+ 4)2(lgα+ lg β)e.

If T is approximately (G,H)-scalable to (P,Q), then Algorithm 12.10 on input T, P,Q,G,H, ε, s
outputs ERROR with probability at most 1/3, and can be performed in time

poly(ε−1, p−1
min, q

−1
min, n,m, logM).

In particular, Algorithm 12.10 terminates.

Proof. The first step succeeds in producing g ∈ G0 and h ∈ H0 such that Tg,h is (P,Q)-rank-
nondecreasing with probability at least 2/3 by Claim 8.10. By Assumption 2, the parameter γ in
Algorithm GOSI can be taken in [2(m+n) logM ]. Thus, the new Kraus operators can be computed
in polynomial time and have bit-complexity logM ′ = poly(n,m, logM).

Thus, Tg,h satisfies Assumption 1 for logM ′ = poly(n,m, logM), and Assumptions 3.14 and
2 are unchanged. By Theorem 12.9, Algorithm 12.8 outputs correct scalings with probability at
least 2/3 and can be performed in time poly(ε−1, p−1

min, q
−1
min, n,m, logM) By Corollary 3.20, step 3

is possible and since the output of Algorithm 12.8 must have had bit-complexity poly(s,m, n), can
be done in time poly(ε−1, p−1

min, q
−1
min, n,m, logM).

Now we can obtain an exponential time algorithm for membership in K(T,G,H), proving
Theorem 3.13. Along with Algorithm 12.10 this implies an exponential time algorithm to decide
approximate scalability of T to (IV → Q, IW → P ).

Algorithm 12.12.

Input: T , P , Q, G, H such that (G,H,F◦(P ), F◦(Q), T ) is block-diagonal and P and Q have
rational spectra with denominator d.

Output: YES with probability at least 2/3 if (p, q) ∈ K(T,G,H) and NO if (p, q) 6∈ K(T,G,H).

1. Run Algorithm 12.10 with parameters as in Theorem 12.11 with some ε < 1
(
√
n+
√
m)d

. If

ERROR is output, return NO. If ERROR is not output, return YES.

Corollary 12.13. There is a poly(n,m, d)-time algorithm that outputs YES with probability 2/3
if x ∈ K(T,G,H) and NO with probability 1 if x 6∈ K(T,G,H).
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Since d can be taken to be at most the total bit-length of the descriptions of p and q, Theorem
3.13 is proved.

Proof. By Theorem 12.11, Algorithm 12.10 outputs an ε-(IV → Q, IW → P )-scaling with proba-
bility at least 2/3 if (p, q) ∈ K(T,G,H). Note that Algorithm 12.10 outputs ERROR if it does not
output an ε-(IV → Q, IW → P )-scaling.

By Corollary 7.2, if Tg,h is an ε-(IV → Q, IW → P )-scaling for

ε < min

 1√
m+

√
n

∣∣∣∣∣∣TrP −
∑
i∈I

qi −
∑
j∈J

pj .

∣∣∣∣∣∣ : I ⊂ [m], J ⊂ [n]

 \ {0}
then Tg,h is (P,Q)-rank-nondecreasing, or (p, q) ∈ K(Tg,h, F◦, E◦) ⊂ K(T,G,H). Note that the
above inequality holds if we take ε < 1

(
√
n+
√
m)d

. Thus, Algorithm 12.12 outputs YES with proba-

bility at least 2/3 if (p, q) ∈ K(T,G,H) and always outputs NO otherwise.

12.4.1 A recurrence from Sinkhorn scaling

We define a matrix recurrence that captures the scalings from Algorithm G for arbitrary marginals.

Definition 12.2. Define Si0 = IFi(P ) for i ∈ σ(F◦(P )), and

If j is odd: For i ∈ σ(F◦(Q)),

Sij =

νiT
 ∑
k∈σ(F◦(P ))

∆pkη
†
kS

k
j−1ηk

 ν†i

−1

.

If j is even: For i ∈ σ(F◦(P )),

Sij =

ηiT ∗
 ∑
k∈σ(F◦(Q))

∆qkν
†
kS

k
j−1νk

 η†i

−1

.

Observe that the above recurrence is the same recurrence as that in Algorithm 12.8 without
rounding. We analyse Algorithm 12.8 by showing that the above recurrence contains gjg

†
j and hjh

†
j

from Algorithm TOSI in a precise way.
First, we show several useful relationships between scalings g and h and the operators gg† and

hh† which will be used to analyse the recurrence.

Lemma 12.14. Suppose g ∈ GL(W )F◦(Q) and h ∈ GL(V )F◦(P ). Let Sm1 = gg† and Sn0 = hh†, and

define operators Si0 and Sj1 by

(Sj0)−1 = ηj(S
n
0 )−1η†j .

for j ∈ σ(F◦(P )) and

(Si1)−1 = νi(S
m
1 )−1ν†i

for i ∈ σ(F◦(Q)), Then

Sj0 = ηjhη
†
jηjh

†η†j , S
i
1 = νigν

†
i νig

†ν†i , (60)

hPh† =
∑

k∈σ(F◦(P ))

∆pkη
†
kS

k
0ηk, gQg

† =
∑

k∈σ(F◦(Q))

∆qkν
†
kS

k
1νk (61)
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and

dsP,Q Tg,h =
∑

i∈σ(F◦(P ))

∆pi Tr

Si0ηiT ∗
 ∑
k∈σ(F◦(Q))

∆qkν
†
kS

k
1νk

 η†i − IFi(P )

2

+
∑

i∈σ(F◦(Q))

∆qi Tr

Si1νiT
 ∑
k∈σ(F◦(P ))

∆pkη
†
kS

k
0ηk

 ν†i − IFi(Q)

2

(62)

Before proving the above Lemma, we use it to show how the Sij determine the iterates of
Algorithm TOSI.

Corollary 12.15. For j ≥ 0, define gj and hj as in Algorithm TOSI.

For j ≥ 0 odd: For i ∈ σi∈F◦(Q),

νigjν
†
i νig

†
jν
†
i = Sij .

In particular,
gjg
†
j = Smj ,

For j ≥ 0 even: For i ∈ σi∈F◦(P ).

ηihjη
†
i ηih

†
jη
†
i = Sij

In particular,
hjh

†
j = Snj .

Proof of Corollary 12.15. We prove the first two claims by induction on j; 62 will follow from those.
For j = 0, clearly the claims hold. We only perform the induction step in the case where j is odd,
because the proof for j even is analogous.

If j odd, in Algorithm TOSI we defined gj by

gjg
†
j = T (hj−1Ph

†
j−1)−1.

By induction, hj−1h
†
j−1 = Snj−1. By 61,

gjg
†
j = T

 ∑
k∈σ(F◦(P ))

∆pkη
†
kS

k
j−1ηk

−1

= Smj .

The claim for j odd now follows from 60.

Now we prove Lemma 12.14.

Proof of Lemma 12.14. First we show 60. We only show Sj0 = ηjhη
†
jηjh

†η†j ; the other equation is
analogous. By h ∈ GL(V )F◦(P ) and Lemma 3.15.

(Sj0)−1 = ηj(h
†)−1h−1η†j = ηj(h

†)−1η†jηjh
−1η†j .
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By Lemma 3.15, (Sj0)−1 = (ηjhη
†
jηjh

†η†j)
−1, proving 60.

Next we show 62. By Definition 5.1,

dsP,Q Tg,h =
∑

i∈σ(F◦(P ))

∆pi Tr
(
ηi(h

†T ∗(gQg†)h− I)η†i

)2
+

∑
i∈σ(F◦(Q))

∆qi Tr
(
νi(g

†T (hPh†)g − I)ν†i

)2

Using the cyclic properties of trace, we can rewrite the first term in the above sum:∑
i∈σ(F◦(P ))

∆pi Tr
(
ηj(h

†T ∗(gQg†)h− I)η†j

)2

=
∑

i∈σ(F◦(P ))

∆pi Tr
(
ηihη

†
i ηih

†η†i ηiT
∗(gQg†)ηi − IFi(P )

)2
.

Applying 60 and 61 to the above line, we obtain∑
i∈σ(F◦(P ))

∆pi Tr
(
ηj(h

†T ∗(gQg†)h− I)η†j

)2

=
∑

i∈σ(F◦(P ))

∆pi Tr

Si0ηiT ∗
 ∑
k∈σ(F◦(Q))

∆qkν
†
kS

k
1νk

 η†i − IFi(P )

2

.

The second term can be rewritten analogously, proving the claim.

12.4.2 Perturbations of Sinkhorn iterates

Next we’ll need to analyse sequences S̃ij that are very close to Sij , e.g. the S̃ij in Algorithm 12.8.

Definition 12.3. Say a sequence of sets of matrices {S̃ij : i ∈ σ(F◦(Q))} for j odd and {S̃ij : i ∈
σ(F◦(P ))} for j even is a δ-sequence if

S̃i0 = IFi(P ) for i ∈ σ(F◦(P )) and

If j is odd: For i ∈ σ(F◦(Q)),

S̃ij =

νiT
∆j +

∑
k∈σ(F◦(P ))

∆pkη
†
kS̃

k
j−1ηk

 ν†i

−1

If j is even: For i ∈ σ(F◦(P )),

S̃ij =

ηiT ∗
∆j +

∑
k∈σ(F◦(Q))

∆qkν
†
kS̃

k
j−1νk

 η†i

−1

where ∆j are Hermitian operators with ∆j ≺ δP if j is odd and ∆j ≺ δQ if j is even. The ∆j

should be thought of as small perturbations.

For small enough δ, a δ-sequence does not stray far from the actual Sij ’s. To prove this we will
need some eigenvalue bounds.
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Lemma 12.16. Suppose P ∈ S++(V ), Q ∈ S++(W ) and (p, q) ∈ K1(T, F•(Q), F•(P )) where T
satisfies Assumption 1. Then

1. ‖T (P )‖2 ≤ (mnM)2 and ‖T ∗(Q)‖2 ≤ (mnM)2.

2.

‖T (P )−1‖2 ≤ ‖T (P )‖
1
qm
2 e

5(n+m) log(n+m)+2 logM
qm

and

‖T ∗(Q)−1‖2 ≤ ‖T ∗(Q)‖
1
pn
2 e

5(n+m) log(n+m)+2 logM
pn .

Proof. First we show 1. We prove ‖T (P )‖2 ≤ (mnM)2; the other claim of 1 follows similarly. Since
TrP = 1, p1 ≤ 1, so

T (P ) � T (I).

However, ‖T (I)‖2 ≤ (mnM)2. The last inequality follows because each entry of T (I) is of magni-
tude at most (mn)nM2 and since T (I) is m×m, ‖T (I)‖2 ≤ (mnM)2.

Next we show 2. If (p, q) ∈ K1(T, F•(Q), F•(P )), then by Lemma 5.10,

det(Q,T (P )) ≥ cap(T, P,Q) ≥ e−5(n+m) log(n+m)−2 logM .

But
det(Q,T (P )) ≤ ‖T (P )‖2λmin(T (P ))qm ,

so

‖T (P )−1‖2 = λmin(T (P ))−1 ≤ ‖T (P )‖
1
qm
2 e

5(n+m) log(n+m)+2 logM
qm .

2 can be proved analogously because

(p, q) ∈ K1(T, F•(Q), F•(P )) ⇐⇒ (q, p) ∈ K1(T ∗, F•(P ), F•(Q)),

by symmetry of the definition of K(T, F•(Q), F•(P )) from rank-nondecreasingness.

Lemma 12.17. Suppose (p, q) ∈ K1(T, F•(Q), F•(P )) and T satisfies Assumption 1. Let

α = e
8(m+n) log(m+n)+4 logM

qm .

and

β = e
8(m+n) log(m+n)+4 logM

pn .

Suppose t ≥ 2 even, and that S̃j is a δ-sequence with δ ≤ (αβ)−t/2.

1. If j < t is odd,
‖S̃ij‖2, ‖(S̃ij)−1‖2 ≤ α(j+1)/2β(j−1)/2,

and if j < t is even,
‖S̃ij‖2, ‖(S̃ij)−1‖2 ≤ (αβ)j/2.

2. If j < t, ‖S̃ij − Sij‖2 ≤ δ(αβ)(
j+3
2 ).
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3. For odd j < t− 1, suppose g̃j ∈ GL(W )F◦(Q) is such that ‖g̃j g̃j†− S̃mj ‖2 ≤ δ, and if j is even,

suppose h̃j ∈ GL (V )F◦(P ) is such that ‖h̃j h̃j
† − S̃nj ‖2 ≤ δ. Then∣∣∣dsP,Q Tg̃j ,h̃j−1

− dsP,Q Tgj ,hj

∣∣∣ ≤ δ(αβ)(j+4)2 .

Proof. We prove the first two items by induction on j. We prove 1 first. Clearly 1 holds for j = 0.
We only perform the induction step in case j is odd, since j even is analogous. Suppose t−1 ≥ j ≥ 1
is odd. Then the Leowner ordering is reversed under inversion, so

‖S̃ij‖2 =

∥∥∥∥∥∥
νiT

 ∑
k∈σ(F◦(P ))

∆pkη
†
kS̃

k
j−1ηk + ∆j

 ν†i

−1∥∥∥∥∥∥
2

≤

∥∥∥∥∥∥
νiT

 ∑
k∈σ(F◦(P ))

∆pkη
†
k(αβ)(j−1)/2Iηk − δP

 ν†i

−1∥∥∥∥∥∥
2

≤
∥∥∥∥(νiT (((αβ)(j−1)/2 − δ)P

)
ν†i

)−1
∥∥∥∥

2

By Lemma 12.16, and δ ≤ (αβ)−t/2 ≤ 1
2(αβ)−(j−1)/2, the last line is at most

((αβ)−(j−1)/2 − δ)−1(m2n2M2)
1
qm e

5(m+n) log(m+n)+2 logM
qm

≤ 2(αβ)(j−1)/2(m2n2M2)
1
qm e

5(m+n) log(m+n)+2 logM
qm

≤ α(j+1)/2β(j−1)/2.

Next, by our induction hypothesis,

‖(S̃ij)−1‖2 =

∥∥∥∥∥∥νiT
 ∑
k∈σ(F◦(P ))

∆pkη
†
kS̃

k
j−1ηk + ∆j

 ν†i

∥∥∥∥∥∥
2

≤
∥∥∥νiT ((αβ)(j−1)/2P + δP

)
ν†i

∥∥∥
2
≤ ((αβ)(j−1)/2 + δ)m2n2M2 ≤ α(j+1)/2β(j−1)/2

with a great deal of slack. Next we prove 2. By Fact 12.2 and 1,

‖S̃ij − Sij‖2
≤ ‖(S̃ij)−1‖2‖(Sij)−1‖2‖(S̃ij)−1 − (Sij)

−1‖2

≤ (αβ)j+1

∥∥∥∥∥∥νiT
∆j +

∑
k∈σ(F◦(P ))

∆pkη
†
k

(
S̃kj−1 − Skj−1

)
ηk

 ν†i

∥∥∥∥∥∥
2

.

By our induction hypothesis,

(αβ)j

∥∥∥∥∥∥νiT
∆j +

∑
k∈σ(F◦(P ))

∆pkη
†
k

(
S̃kj−1 − Skj−1

)
ηk

 ν†i

∥∥∥∥∥∥
2

≤ α2j
∥∥∥νiT (δP + (αβ)(

j+2
2 )δP

)
ν†i

∥∥∥
2

≤ (αβ)j+1
(
δ + (αβ)(

j+2
2 )δ

)
m2n2M2

≤ δ(αβ)(
j+2
2 )+j+2 = δ(αβ)(

j+3
2 ).
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again with room to spare.

Finally, we prove 3, again only in case j is odd. Let Ŝmj = g̃j g̃
†
j and Ŝnj−1 = h̃j−1h̃

†
j−1, and define

matrices Ŝij−1 and Ŝkj by

(Ŝij−1)−1 = ηj(Ŝ
n
j−1)−1η†j .

for j ∈ σ(F◦(P )) and

(Ŝkj )−1 = νk(Ŝ
m
j )−1ν†k

for k ∈ σ(F◦(Q)). By Lemma 12.14 and 1

‖Ŝkj ‖2 = ‖νkg̃jν†kνkg̃
†
jν
†
k‖2 ≤ ‖Ŝ

m
j ‖2 + δ ≤ 2(αβ)(j+1)/2 (63)

and

‖(Ŝkj )−1‖2 ≤ ‖(Ŝmj )−1‖2
≤ ‖(S̃mj − δI)−1‖2
≤ 2(αβ)(j+1)/2. (64)

Applying Fact 12.2 twice implies

‖Ŝkj − S̃kj ‖2 ≤ ‖Ŝkj ‖2‖S̃kj ‖2‖(Ŝkj )−1 − (S̃kj )−1‖2
= ‖Ŝkj ‖2‖S̃kj ‖2‖νk((g̃j g̃

†
j)
−1 − (S̃mj )−1)ν†k‖2

≤ ‖Ŝkj ‖2‖S̃kj ‖2‖(g̃j g̃
†
j)
−1‖2‖(S̃mj )−1‖2‖g̃j g̃†j − S̃

m
j ‖2

≤ 4(αβ)2(j+1)δ. (65)

By the triangle inequality,

‖Ŝkj − Skj ‖2 ≤ 4(αβ)2(j+1)δ + (αβ)(
j+3
2 )δ ≤ 2(αβ)(

j+3
2 )δ (66)

By similar proofs, the same bound holds for Ŝij−1, (Ŝ
k
j−1)−1.

Note that Lemma 12.14 applies to g̃j , Ŝ
i
j and h̃j−1, Ŝij−1 for j odd. By Corollary 12.15, Lemma

12.14 applies for gj , S
i
j and hj , S

i
j−1 as well. Define Ŝij+1 via (the even step of) the recurrence in

Definition 12.2 applied to Ŝij . Then ∣∣∣dsP,Q Tg̃j ,h̃j−1
− dsP,Q Tgj ,hj

∣∣∣
≤

∑
i∈σ(F◦(P ))

∆pi

∣∣∣∣∣Tr
(
Sij−1

(
Sij+1

)−1 − IFi(P )

)2
−
(
Ŝij−1

(
Ŝij+1

)−1
− IFi(P )

)2
∣∣∣∣∣

+
∑

i∈σ(F◦(Q))

∆qi

∣∣∣∣∣∣Tr
(
Sij
(
Sij
)−1 − IFi(Q)

)2
−

ŜijνiT
 ∑
k∈σ(F◦(P ))

∆pkη
†
kŜ

k
j−1ηk

 ν†i − IFi(Q)

2∣∣∣∣∣∣ ,
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so ∣∣∣dsP,Q Tg̃j ,h̃j−1
− dsP,Q Tgj ,hj

∣∣∣
≤

∑
i∈σ(F◦(P ))

∆pi

∣∣∣∣∣Tr
(
Sij−1

(
Sij+1

)−1 − IFi(P )

)2
−
(
Ŝij−1

(
Ŝij+1

)−1
− IFi(P )

)2
∣∣∣∣∣ (67)

+
∑

i∈σ(F◦(Q))

∆qi

∥∥∥∥∥∥ŜijνiT
 ∑
k∈σ(F◦(P ))

∆pkη
†
kŜ

k
j−1ηk

 ν†i − IFi(Q)

∥∥∥∥∥∥
2

. (68)

We first bound 68. Using the triangle inequality, the ith term can be bounded as∥∥∥∥∥∥ŜijνiT
 ∑
k∈σ(F◦(P ))

∆pkη
†
kŜ

k
j−1ηk

 ν†i − IFi(Q)

∥∥∥∥∥∥
2

≤

∥∥∥∥∥∥
(
Ŝij − Sij

)
νiT

 ∑
k∈σ(F◦(P ))

∆pkη
†
kŜ

k
j−1ηk

 ν†i

∥∥∥∥∥∥
+

∥∥∥∥∥∥SijνiT
 ∑
k∈σ(F◦(P ))

∆pkη
†
k

(
Ŝkj−1 − Skj−1

)
ηk

 ν†i

∥∥∥∥∥∥
2

.

By applying the Fact 12.1 and the inequalities 65 and 63 to the two terms in the parentheses, the
squared quantity is at most

m
(

2((αβ)(
j+3
2 )δ)(2(αβ)(j+1)/2)‖T (P )‖2

)2

= 28(αβ)j
2+6j+7δ2m(mnM)4

≤ (αβ)j
2+6j+9δ2 = (αβ)(j+3)2δ2.

Since
∑

∆qi ≤ p1 ≤ 1,

68 ≤ (αβ)(j+3)2δ2.

Next we bound 67. On each term we can use the identity (A−I)2−(B−I)2 = (A+B−2I)(A−B),
and then |Tr(A+B − 2I)(A−B)| ≤ n‖A+B − 2I‖2‖A−B‖2 which, on the ith term, will yield∣∣∣∣∣Tr

(
Sij−1

(
Sij+1

)−1 − IFi(P )

)2
−
(
Ŝij−1

(
Ŝij+1

)−1
− IFi(P )

)2
∣∣∣∣∣

≤
∥∥∥∥Sij−1

(
Sij+1

)−1
+ Ŝij−1

(
Ŝij+1

)−1
− 2IFi(P )

∥∥∥∥
2

∥∥∥∥Sij−1

(
Sij+1

)−1 − Ŝij−1

(
Ŝij+1

)−1
∥∥∥∥

2

≤ 3(αβ)j+2

∥∥∥∥Sij−1

(
Sij+1

)−1 − Ŝij−1

(
Ŝij+1

)−1
∥∥∥∥

2

(69)

because 1 and j < t− 1 implies

‖Sij−1

(
Sij+1

)−1 ‖2 ≤ ‖Sij−1‖2‖
(
Sij+1

)−1 ‖2 ≤ (αβ)j

and 63 implies∥∥∥∥(Ŝij+1

)−1
∥∥∥∥

2

=

∥∥∥∥∥∥ηiT ∗
 ∑
k∈σ(F◦(Q))

∆qkν
†
kŜ

k
j νk

 η†i

∥∥∥∥∥∥
2

≤ 2(αβ)(j+1)/2(mnM)2, (70)
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so

‖Ŝij−1

(
Ŝij+1

)−1
‖2

≤ 4(αβ)(j+1)(mnM)2 ≤ (αβ)j+2.

Next we apply the identity ‖AB − CD‖2 ≤ ‖B‖2‖A − C‖2 + ‖C‖2‖B − D‖2 to 69 and take the
sum to obtain

67 ≤

3(αβ)j+2
∑

i∈σ(F◦(P ))

∆pi

(∥∥∥Sij−1 − Ŝij−1

∥∥∥
2

∥∥∥∥(Ŝij+1

)−1
∥∥∥∥

2

+
∥∥∥Ŝij−1

∥∥∥
2

∥∥∥∥∥∥ηiT ∗
 ∑
k∈σ(F◦(Q))

∆qkν
†
k

(
Skj − Ŝkj

)
νk

 η†i

∥∥∥∥∥∥
2

 .

We now use the bounds 63, 66 and 70 and
∑

∆pi ≤ 1 to obtain

67 ≤ 3(αβ)j+2
(

4(αβ)(
j+3
2 )+(j+1)/2(mnM)2δ

)
= 12(αβ)(j2+8j+13)/2(mnM)2δ ≤ 1

2
(αβ)(j+4)2/2.

Combining our bounds on 67 and 68 yields 3 with plenty of room.

12.4.3 Proof of Theorem 12.9

Proof of Theorem 12.9. Suppose Algorithm 12.8 terminates in at most t steps where t is defined
as in Theorem 12.9; since

t ≤ poly(ε−1, p−1
n , q−1

m , n,m, logM)

and
s ≤ (20(t+ 4)2(m+ n) log(m+ n) + 8 logM)(p−1

n + q−1
m ),

rounding ensures the bit-complexity of the matrices S̃ij remains polynomial. This ensures that

computing the S̃ij can be done in polynomial time. Finding g, h can be done in polynomial time by
Fact 3.14.

We now show Algorithm 12.8 terminates in at most t− 2 steps. By Lemma 12.17, it is enough
to show that for some j ≤ t− 2,

dsP,Q Tgj ,hj ≤
ε

2
(71)

and that S̃ij is a δ-sequence with

δ(αβ)(t+4)2 ≤ min
{ ε

2
, 1
}
. (72)

(72 always implies the hypothesis δ < (αβ)−t/2 for Lemma 12.17.) The inequality 71 holds for some
j ≤ t− 2 by Corollary 12.15 and Corollary 5.12.
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Now we show S̃ij is a δ-sequence satisfying 72.Indeed, suppose j is odd. The proof for the even
case is analogous. If

s > 2(t+ 4)2(lgα+ lg β),

then Rnds S̃
k
j = S̃kj + ∆i

j with

‖∆i
j‖2 ≤ (n+m)(αβ)2(t+4)2

so ∑
k∈σ(F◦(P ))

∆pkη
†
k Rnds

(
S̃kj−1

)
ηk

=
∑

k∈σ(F◦(P ))

∆pkη
†
kS̃

k
j−1ηk +

∑
k∈σ(F◦(P ))

∆pkη
†
k∆

i
jηk

where ∑
k∈σ(F◦(P ))

∆pkη
†
k∆

i
jηk � (n+m)(αβ)−2(t+4)2P.

As
(n+m)(αβ)−2(t+4)2 ≤ min{1, ε

2
}(αβ)−(t+4)2 ,

we are done.
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