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Abstract

This paper concerns approximate cloaking by mapping for a full, but scalar wave
equation, when one allows for physically relevant frequency dependence of the material
properties of the cloak. The paper is a natural continuation of [20], but here we employ
the Drude-Lorentz model in the cloaking layer, that is otherwise constructed by an
approximate blow up transformation of the type introduced in [I0]. The central math-
ematical problem translates into the analysis of the effect of a small inhomogeneity in
the context of a non-local full wave equation.

1 Introduction

Cloaking by mapping (frequently referred to as transformation optics) was introduced
by Pendry, Schurig, and Smith [23] for the Maxwell system, and Leonhardt [12] in the
geometric optics setting. These authors used a singular change of variables which blows
up a point to a cloaked region. The exact same transformation had been used before
by Greenleaf, Lassas, and Uhlmann [6] to establish non-uniqueness in the context of the
Calderon problem. The singular nature of the cloaks presents various difficulties in practice
as well as in theory: (1) they are hard to fabricate and (2) in certain cases the correct
definition of the corresponding electromagnetic fields is not obvious. To avoid the use of
singular structures, regularized schemes have been proposed in [3| 4, 10} 26, 27].

In this paper we analyse approximate cloaking for a full wave equation using transfor-
mation optics, where we incorporate the Drude-Lorentz model, see e.g., [8], in the layer
constructed by transformation optics. The Drude-Lorentz model takes into account the
effect of the oscillations of free electrons on the electric permittivity (by means of a simple
harmonic oscillator model). We could have incorporated the same model in other parts of
space, to better model conducting metallic elements of these parts as well. For the trans-
formation optics construction we use the approximate scheme introduced in [10], which
is based on a transformation blowing up a small ball of radius € to the cloaked region.
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When viewed in (complex) frequency domain, the refractive index associated with the
Drude-Lorentz model may be extended analytically to the whole upper half plane. As
is well known, an immediate consequence of this is causality for the associated non-local
wave equation, see [8] and [28], — a property which is most essential for the well-posedness
(and the physical relevance) of this equation. Another well known consequence of this
analyticity property are the so-called Kramers-Kronig relations between the real and the
imaginary part of the refractive index (they are essentially related by Hilbert transforms).
However, this fact is not explicitly used in our analysis.

Approximate cloaking schemes for the Helmholtz equation based on the regularized
transformations introduced in [10] have been studied extensively in various regimes, see
[9, 16, 17, 21]. A related scheme, which (in 3d) blows up a small diameter cylinder to
the cloaked region is studied in [I§], under the condition that the cross section of the
cylinder is symmetric, the degree of visibility of this scheme is the same as for the 3d
scheme considered in [9] [16], 2], even though the material properties are less singular. The
corresponding perfect cloaking scheme was introduced in [5 [13], and other approximate
schemes are studied in [14], though no rates of convergence are established. Frequently
a (damping) lossy layer is employed inside the transformation cloak. Without this lossy
layer, the field inside the cloaked region might depend on the field outside (even for
a perfect cloak), and resonance can appear and destroy the cloaking (or approximate
cloaking) ability of the pure transformation cloak, see [I7]. A discussion of the close
connection between cloaking for the Helmholtz equations and quantum cloaking is given
in [I§].

We next describe the setting in details. Given r > 0, let B, denote the ball centered
at 0 and of radius r. Let F. be the standard transformation R¢ — R¢, d = 2, 3, which
blows up the ball B. to B, equals the identity outside Bs, and is given by

x if z € R\ By,
2— 2 lz| \ .
Fu(z) = ( )7 fzeBy\B., 1.1
s(z) -t 2 o e 2\ Be (1.1)
l if z € B..
g

Assume that the cloaked region is the ball By /5, the contents of which is characterized
by a real, matrix valued function a and a complex function o. The surrounding cloak
contains two parts. In the time harmonic regime, these can be described as follows. The
outer part is the Drude-Lorentz version of the standard layer, generated by the blow up
map F.. In this layer, occupying Bz \ Bi, the material characteristics are given by

(F.) 1, (F.) 1401, (1.2)

where

ON
k2 — k%2 —iopk
While the first part (F.), 1 of the refractive index in (1.2) is standard from the transfor-
mation optics approach, the second part o1 is exactly the correction introduced by the

o1c(k,x) = (1.3)



Drude-Lorentz model, see e.g., [8, page 331]. Here o and op are material constants, and
ke > 0 is the so-called resonant frequency of the Drude-Lorentz model; in a more general
model there could be several resonant frequencies {k;.}, and the corresponding part of
the refractive index would be a sum of terms ranging over all these frequencies, see
e.g., [8, page 310]. In this paper, we use the standard notation

_ DF(z)A(z)DFT ()

X(z)
EAW) = —4apr@)

F.2(y) = ldet DF(z)]” * )

for the “pushforward” of a symmetric, matrix valued function, A, and a scalar function,
>, by the diffeomorphism F'. In what follows, we assume for ease of notation that

UN:Upzlint\Bl.

The inner part of our cloak is a fized damping layer as considered in [16]. This damping
(lossy) layer occupies Bi \ By /9, and its material characteristics are given by

7
I,1+4+—.
L g

Therefore, in the time harmonic regime, i.e., in frequency domain, the entire medium is
characterized by [[]

1,1 in R\ By,
F.) I, (F:) 1+01 inBy\ By,
Ao, Y, = (F).1 () ! VB (1.4)
I,1+Z/k' inBl\Bl/g,
a,o inBl/Q.
We assume that a,0 € LOO(Bl/2), with
1 1
TP <ag,€) <A, L <R) <A, and 0<S(0) <A, (15)

for some positive constant A. With this notation, the temporal Fourier transform 4. of
the field EL will be a solution to

div(A Vi) + k2 Setie = —f .

The temporal Fourier transform of a function v(t, x) is given by

1 o0 .
o(k,z) = —— t,z)e™ dt .
0(k, ) o /Oov( x)e

'Notice that the ”damping layer”, B; \ By /2, is a bit different from that in [20] where, for any fixed
v>0,weused A, =1, B, =2+ k%w forn=2and A, =¢l, S, =+ "Elﬂ, for n = 3. This change is,
however, not essential — the essential change is in the layer Bs \ Bi, with the inclusion of o1 .. It would be
interesting to investigate whether, in view of the damping present in o1 ., the layer B; \ By, is necessary
at all.

2where we extend the time domain field by 0 for negative time.




The corresponding field in time domain (for positive time) is the unique weak solution
ue € L*®((0,+00); H'(RY)), with du. € L>([0,+00); L*(R?)), to the non-local wave
equation

{ 1.c08u. — div(AVue) + B2 0iue + G x Oue = f - in [0, +00) x RY, 16)

Opue(t = 0) = ue(t =0) =0 in R?,
where f € LQ((O, +00) X Rd) with compact support. The definition of weak solutions to

(1.6)), and the proof of well-posedness of (1.6]) is presented in Section |4} The coefficients
Y12 and X9 . are given by

1 in R\ By , 0 inRY\ By,
(Fe)«l in By \ By, 0 in B\ B,
e 1 wB\Byy, O |1 inBi\By.
o in By, 0 in By,

and G(t,z) is such that
G(k,z) = —ikoy(k,z) © € By\ By
A computation (see, e.g., [8, (7.110)]) shows that
G(t,x) = ¢(t)H(1) , (1.7)
where H(t) denotes the Heaviside function, i.e.,

{ 0 ift<o0,
H(t) = (1.8)

1 otherwise ,

and

o(t) = ?Gt (e /2 sm(ymt)) , (1.9)
with
Yo =Vk:-1/4. (1.10)

We assume that k. > 1/2, so that g is real and positive.

The presence of the Heaviside function in the formula ((1.7)) implies causality and
plays an important role in our analysis; in particular for the proof of well-posedness of .,
and to establish that the Fourier transform, ., satisfies the outgoing radiation condition.

We only consider zero initial conditions. This is just for ease and simplicity of presen-
tation; indeed, our method would work for the general case, using an approach similar to
that in [20].



Given f, the corresponding field in the homogeneous medium without the cloak and
the cloaked region is the unique weak solution u € L>((0,+00); H'(R?)), with
dyu € L ((0,+00); L*(R%)), to the system

O3u— Au=f in (0, +00) x R? |
ou(t=0)=u(t=0)=0 inR?.
The extent to which we have succeeded in hiding the contents of By, and the cloak itself,

should be measured in terms of the difference between u. and u, outside By. The main
Theorem of this paper gives an estimate of this difference for the scheme in ([1.4)

Theorem 1. Let d = 2 or 3, and let f € C®([0,+00) x RY) be such that supp f C
(0,R) x (Bg \ By) for some R > 0. Suppose c,e~%? < k. < Cye™5 for some positive
constant ¢y, Cy and K > d/2. Given any integer M > 2d+ 4K — 2, there exists a constant
C such that

sup |[uec — ullr2(B\By) < CT | fllomqoriz2ry YT >0, ford=3,

0<t<T
and
1
- <C— T . T>0, =2 .
OiltlETHU u||L2(B5\B2)_C|ln€| | fllereo,rz2Bry YT >0, for

C depends on R,cy,Cy, K and M, but is independent of f, €, k., A and T.
We in fact prove the following slightly stronger result:

Theorem 2. Let d = 2 or 3, and let f € C™([0,+00) x RY) be such that supp f C
(0, R) x (Bg \ By) for some R > 0. Suppose k. > c.e~%? for some positive constant ¢,
then

sup |lue — ullr2(Bs\By) < CeT||f]| VT >0, ford=3,
0<t<T

and
1
sup |lue —ullr2\B,) < Ci—=TIfIl YT >0, ford=2.

0<t<T ‘ In 5‘

Here C is a positive constant depending on R and c., but independent of f, €, ke, A and
T. The norm of f is defined by

171 = 1 f e = /0 (1 B2 | F (k)2 i+ / K23 F (k) o b

)\0/6

for some fized positive constant \y, depending only on c.. Here f 1s the Fourier transform
of f w.r.t. time, [ being extended by zero fort < 0.

The assumption that supp f C (0,R) x (Bgr \ B2) could be replaced by supp f C
[0, R) X (Br \ B2) (i.e., f does not have to vanish in a neighborhood of ¢ = 0) provided
the regularity assumptions, and the norms, now be expressed in terms of f (and not f),



where f denotes the extension of f by zero for ¢ < 0. The condition that f or f be in
C®°, could also be replaced by an assumption about the continuity of only finitely many
derivatives. We leave the details to the reader.

Theorem [1| follows directly from Theorem [2] by noting that if c,e=%2 < k. < Che ¥,
for some K > d/2, then

val

|k e+ [ RS s
0 A

o/e

< c/ (14 K2FAE3) | (1)
0

C </OOO(1 + k)—2>1/2 </0<><>(1 R =2)2) Fg ')@2)1/2

< C”fHCM([O,R];LQ(BR)) ’

IN

for any integer M > 2d + 4K — 2. Here we used that supp f C (0, R) x (Br \ B2) so that
the CM-norm of the extension of f by zero for ¢ < 0 is bounded by I fllem (o, r);22(BR))-

The results obtained in this paper are in a slightly different spirit than the ones in
[20] (and, of course, for a different problem). The constants in Theorem [2| and Theorem
here are independent of A, while the ones in [20, Theorems 1 and 2] are not. However, the
estimates in [20, Theorems 1 and 2| are uniform in time, while the ones in Theorem [2{ and
Theorem [I] here are not. The independence of the constants of A yields a stronger result
about the cloaking effects, since it asserts that the cloak works well for arbitrary objects.
Similar results as in [20] (i.e., results that are uniform in time, but not in A) would hold
in this setting, and results of the type in Theorem [2] and Theorem [I] would hold in the
setting of [20].

The approach in this paper borrows several ideas from the approach in [20], and adapts
these to the setting considered here. In order to do so we study and compare the model with
01, in and the model without o1 ., and establish a perturbation estimate in the time
harmonic regime. Note that, for the model with o1 ., the standard rescaling techniques,
as used in [16} 17, 20, 21], do not work. We hence work directly with this model without
rescaling. The proof is quite delicate, makes use of many ideas from [16] 17, 20, 21], and at
a crucial point requires an argument of “removable singularity”. To obtain the estimates in
time domain from the estimates in frequency domain, we proceed in a slightly different way
than [20]. We use a simple and helpful idea, also used in [19], by establishing estimates for
the difference of the time derivatives of u. and u not for their difference. As a consequence,
we avoid the non-standard estimates for very low frequency in [20]; their proof involved
the theory of H-convergence. Moreover, using this idea, we are also able to obtain the
independence of A for the constants in Theorem [2l As mentioned earlier, another element
of our analysis is the (definition of and) verification of well-posedness of u.. For this
purpose we rely on a non-trivial energy estimate, in the spirit of [19].

The paper is organized as follows. In Section[2] we present results for the model without

o1, and some estimates for (Fa_l)*JLC. These will be used in the proof of Theorem [2| to
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obtain estimates in the time harmonic regime, when the frequency is of order at most
1/e. Section |3| provides estimates for u. in the time harmonic regime for arbitrarily large
frequencies. In section [ we establish the well-posedness of u. and discuss the outgoing
radiation condition for its Fourier transform w.r.t. time. The required non-trivial energy
estimate for u, is also derived there. Finally, the proof of Theorem [2]is given in Section

2 Preliminaries

In this section we recall some known results, which will be used frequently in this
paper, and we derive an estimate related to the model without o1 . in the time harmonic
regime, when the frequency is of order at most 1/¢. This estimate is an extension of [16),
Lemma 2.4]. We also estimate (F. ') o1, in various regions. These results will be used
in Section [5] in the proof of Theorem

Let U denote a connected smooth open region of R? (d = 2 or 3) with a bounded
complement (this includes U = R%). Here and in what follows, a solution v € H! (U)
(d =2 or 3) to the Helmholtz equation

Av+kv=0inU,

for some k£ > 0, is said to be an outgoing solution (or satisfy the outgoing radiation
condition) if

ov | _d—1
—fzk‘vzo(r 2 ) as r — oo .

or
We shall also need the space W!(U); it is defined as follows,
W(U) = {w e 1L 0): =29 ¢ 12(17) and vy € LQ(U)} ford =3,
1+ |z]?
and,
P(x)

wiU) = {zp e LL (U): € L3(U) and Vo € L2(U)} ford=2 .

In(2 +[z[) /1 + |z[?

Lemma 1. Let d = 2 or 3 and k > 0. Suppose f € L*(R?) with supp f C Bs, and let
vk € Hlloc (RY) be the unique outgoing solution to

Avg + kv = fin R? .
Then, ford =2 and 0 < k <1/2,
IVUkllr2(se) + lvellL2(sg) < Clnkl||fllz2
and for d =3 or ford=2 and k > 1/2,
Vgl (Bg) + (K + Dllvkllze(ss) < Cllfllz2 -

Here C' is a positive constant independent of k and f.



Proof. The conclusion in the case k < kg, for arbitrary fixed ko > 0, follows directly from
the properties of the fundamental solution to the Helmholtz equation. The conclusion in
the case k > kg can also be obtained from the fundamental solution to the Helmholtz
equation. In this case, one can alternately obtain the conclusion using the Morawetz
multipliers (see, e.g., [2I, Lemma 2 and Proposition 1]). We note that the estimate in
[21, Proposition 1] requires a damping layer due to the desire to obtain estimates that are
independent of the arbitrary coefficients inside Bj/,. Since the operator here is A + k2
throughout, there is no need for such a layer. The details are left to the reader. ([

We next recall the following result which will be used frequently in this paper. The
result is from [16, Lemma 2.2] (see also [2I, Lemma 3]).

Lemma 2. Let d = 2 or 3, and let D be a smooth, open bounded subset of R? such that
R\ D is connected. Suppose 0 < k < 7, for some fized T > 0, and suppose g, € H1/2(8D).
Let vy € H} (R%\ D) be the unique outgoing solution to
Avg + k%0, =0 iR\ D,

V= Gk on 0D .

Then
vl (Br\D) < CngchHW(aD) for any R>0 .

The constant Cr is independent of k and gi. Furthermore for any € > 0 sufficiently small

that D C B2/€
1okl r2(B5,0\B,)0) < 05_1/2”%”}11/2(313) if d=3

L |H (k/e)

| .
H’Uk’HL2 B B < Hng 1/2 Zf d=2.
( 5/5\ 2/5) |H(()1)(k)| H (8D)

Here the constant C is independent of k, g and e. Finally, if we assume that g, — g
weakly in H'/2(0D) as k — 0, then v, — v weakly in H! (R*\ D) where v e W(R?\ D)
is the unique solution of

Av=0 nRI\D,
v=g ondD.

We next establish an estimate for the model without o4, for frequency at most 1/e.

Lemma 3. Let d =2 or 3, and let a and o be in L>(B5), with
a real symmetric, uniformly positive definite, and (o) >0 . (2.1)

Suppose 0 < € < 7, and 0 < k < 7/e for some fized, positive constant 7. For g €
H_%(BBl) let ve € H' (R?) be the unique outgoing solution to

Av, + €2k%v, =0 in R4\ By ,
div(AVv.) + k*So. =0 in By, (2.2)
v, 1 Ove

= === = 0B .
Or lext €272 Or lint g omob
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Here
]_ ’LfJJE]Rd\Bla
Y=< 1+i/k ifxeBi\ By,

A:{ I ifzeR\ By,
g lfxEBl/Q

a ’I;fLUGBl/Q,

There exists a positive constant C, depending only on d and T, such that

[vellg1(Bs\B1) < C max{k* %, e 2/“’”9”}17j 9B1)’

Proof of Lemma (3, We follow the strategy in the proof of [16, Lemma 2.4], and consider
the case d = 2 and d = 3 separately.

Case 1: d = 2. We first prove

o2l 2o < Cmaxth, L /kHlgl, oy o (2.3)
by contradiction. Suppose this estimate is not true. Then there exist (g,) C H _%(8B1),
(en), (kn), (an), and (oy,) such that 0 < &, < 7, 0 < ky, < 7/en, a, and o, satisfy (2.1)),
and

lvnllL2Bs\B) =1 Jim maX{kml/’f Higall -1 38y =0. (2.4)

Here v, € H lloc (R?) is the unique outgoing solution to

Av, +e2k2v, =0 in R?\ By,

div(A, V) + k2X,v, =0 in By, (2.5)
ovy, ovy,

Gonl | _ OB ,

or lext Or lint g on !

where A,, and X, are defined the same way as A and X, with a and o replaced by a,, and
oy. Multiplying the equation for v, by v, (the conjugate of v,) and integrating on Bp,
we obtain

0,07, — / Vo[ + e2k2 / I
8BR BR\Bl BR\Bl

—/ <AnVUn,Vﬁn>—|—k:72l/ En|vn|2:/ InUn - (2.6)
B1 B1 0B,

Letting R — oo in ([2.6)), using the outgoing condition, and considering the imaginary
part, we derive that

E / 0012 < llgnll -2 I0nli1/2008,) - (2.7)
B1\Bi /2



By Caccioppoli’s inequality, it follows that

/ Vo> < C(R2+1) / o2
By/5\Bsys Bi\By 2

< Cmax{ky, 1/kn}gnll g-12008) vl 12 08,) -

Here and in the remainder of this proof, C' denotes a positive constant depending only on
d and 7 (which might change from one place to another). The above estimate implies that
for some r € (3/5,4/5) (r depends on n),

/8 V() /B o2 < Cmasc{kn, 1/knHgn im0 lonllivz(om,) - (2-)

T

Multiplying the equation for v, by 7, and integrating on Bj \ B,, we have

_ _ 2, 2.2 2
OpUn Uy, — OV Uy, — / Vo] + 5nkn/ |Un|
9B, Bs\B, Bs\B1

—|—l<:,21/ En|vn|2 :/ InUn - (2.9)
B1\B, 8B,

Since v, € H! (R?\ Bs) is the unique outgoing solution to Av, + e2k2v, = 0 in R? \ B3
and e,k, < 7, it follows that (see, e.g., Lemma

0Bs5

lvnlla1(Be\Bs) < Cllonllgirzop,) » (2.10)

Since Av, + e2k2v, = 0 in Bs \ Bi, using the standard theory of elliptic equations, we
have that
lvnll g2 985 < Cllonllmr sy < Cllvnllzess\sy) - (2.11)

A combination of (4.25) and (4.26]) yields

lvnll i1 (Bo\Bs) < Cllvnllz2(Bs\By) - (2.12)

Using (2.7), (2.8), and (2.12)), we derive from ({2.9)) that
Vou|? < Cmax{kn, 1/kn}gnll 511205, 1onll 12 05,) + Cllvallze g, 5,) - (213)
BS\BT \
We immediately obtain from ([2.13)) that

/ Vo2 + / o2
B5\Bl BS\Bl

< Cmax{kn, ka3 gnll 1208 1vnll 1208,y + Cllonllz2 s, 1)

< C (max{kn, 1/ka}gnll -2y + [oallzzs sy ) loallim sz, > (214)

10



and so, by (2-4)

[onll(ss\py < C 5 and ol gar2ep,) < C (2.15)

From ({2.7) and (2.15]), we conclude

(1+82) / jonl? < Cmax{ln, 1/kn}gn -1 20m,)
Bi\By /2

so by (2.4)
lim (1 + kg)/ v, =0. (2.16)
Bi\By /2

n—oo
Since, for any v € HY(By \ B,),
9117208,y < Cllvllz2so vl H1(8,\B,) -
(see [7, Lemma 5.5]), it follows from ([2.13]), , and (2.16)) that
Jim {[on]|L2(9m,) = 0 -
We have (see, e.g., Lemma for any R > 1,

lvnlla1(BR\B1) < Crllvnllgi/20m,) < Cr

where we used the second estimate of (2.15)) to obtain the last bound. By extraction of a
subsequence (and a diagonalization argument) one might assume that .k, — w € [0, 7]
(since enkn € [0,7]) and v, — v weakly in H' (R?\ B1), vn|op, — 0 weakly in HY2(0By).

By (2.4),
[vllz2(Bs\By) = 1 (2.17)

and for w > 0, v is the unique outgoing solution to E|
Av+w?v=0 inR?\ By
v=20 on 0Bj.

Hence v = 0, and so we have a contradiction to (2.17)). If w = 0, then by Lemma
v € WI(R?) is the unique such solution to

Av=0 inR?\ B
v=20 on 0B .

Hence v = 0, and so again we have a contradiction to (2.17). This verifies the L? estimate
(2.3). We have, as in (2.13)),

/ Ve ? < Cmax{k, 1/k}|gll sr-1/208,) 1ve | ir1/2 0,y + C/ oel*
Bs\ B Bs\B;

3The outgoing property of v is just a consequence of the fact that the fundamental solution of the
Helmholz equation with frequency e,k, converges to the fundamental solution of the Helmholtz equation
with frequency w, since w > 0.

11



and so by (2.3))

vell o1 (Bs\By) < C max{k,1/k}|gll 12098, >
as desired. This completes the proof of the lemma for d = 2.

Case 2: d = 3. We have (see, e.g., Lemma

[vell zr1(B\By) < Cllvell gz (om,) - (2.18)
Hence it suffices to prove that

< Cmax{1,e/k}|g| (2.19)

HUEHH%(aBl) HY0B1)

We first prove ([2.19) by contradiction for € < gy, with g( sufficiently small. Suppose this

is not true. Then there exist (g,) C H_%(ﬁBl), (en), (kn), (an), and (o) such that
0<en<t,0<k,<T7/epn, a, and o, satisty (2.1), , — 0, and

lonll 3y =1 Jim max{L, en/kn}lgnl (2.20)

H3(0B)) H 3(0B1) 0

Here v, € H! (R?) is the unique outgoing solution to
Avy, + 2k2v, =0 in R3\ By ,
div(A,Vo,) + k2X,v, =0 in By,

vy, 1 Ov,
— - = 0B
or lext &, Or lint gn oM !

(2.21)

where A, and X, are defined in the same way as A and X, but with a and o replaced by
a, and o,. Since anHH b 0By = 1, it follows from ([2.18]) that
1
vnll o Bs\B) < C -

In combination with (2.20)), (2.21]), and the fact that &, — 0 this implies

0
lim || . = (2.22)
n—oo |l Or lintl|H=2(6B))
Multiplying the equation of v, by ¥, and integrating on Bgr, we obtain
By VU, — / [V, |* + s,%ki/ |V |
6BR BR\Bl BR\Bl
1 Lk 2 .
- — (A Vu,, Vo) + — Solon|® = gnUn . (2.23)
En B €n By 0B,

Letting R — oo in ([2.23)), using the outgoing condition, and considering the imaginary
part, we derive from (2.20) and the fact ke, < 7 that

lim 1+k2/ v?=0. 2.24
S R [ Tl (2.24)

12



Since Awv, + k2(1 +i/kp)v, = 0in By \ By 2, by Caccioppoli’s inequality, we obtain

/ |Vn|? < C(K2 + 1)/ | |2 (2.25)
By /s\Bsys Bi\B 2
It follows from (2.24]) and (2.25)) that there exits r € (3/5,4/5) (r depends on n) such that
/ |V, |? + (1 + k?l)/ a2 = 0 asn — oo. (2.26)
9B, OB,
Since Avy, + k2(1 +i/ky)v, =0 in By \ B,, we have
- / Vonf2 + (K2 + ikn) / a2 = / Ovontn— | Oontn . (2.27)
B1\Br Bi\B, OB, 9B

A combination of (2.20)), (2.22), (2.24)), (2.26)), and (2.27) yields

lim Vo> =0. (2.28)

n—o0 B \B4/5

From (2.24)) and (2.28)), we conclude that

nh—>rgo ”U"HH%(aBl) = Cnh—>ngo [onll 1(B1\Bys5) = O -

this is a contradiction to (2.20)), and thus (2.19) holds under the additional assumption
that € < ¢ for some fixed 0 < &g, sufficiently small.

It remains to prove (2.19) for eg < € < 7. In this case, we first prove that

HDEHL2(B5\B1) < Cmax{k7 1/k}HgHH7%(aBl) ’ (229)
by contradiction, and then we show that
el vy < C el 1/kHlgly -y (2.30)

We note that since & is bounded (k < 7/¢¢) and ¢ is bounded away from zero implies
. In the argument by contradiction one may without loss of generality assume the
en converge to €1 > 0. Thus the system is asymptotically similar to the 2d system
(2.5), and so the argument of proof proceeds in the same fashion as in the two dimensional
case presented above. The details are left to the reader. [l

We next provide some useful estimates for o1 . which is defined as follows

o1e = (F '), 01, in By\B:. (2.31)
Lemma 4. Assume k. > c.e ', for some fized constant ¢, > 0. We have
C1 . Cx _1
|0175|§W ka<5€ 5
and,
2 csk , Cx 4
’0'1’5| S m and %(O’Lg) Z W lfk Z 58 N

for some positive constants Cy, Ca, cs independent of €, k and k. (but dependent on ¢y ).
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Proof. We recall, by (1.3]), and the fact that oy = op =1,

(2.32)

1
Ol,c =

CT Rk ik

and therefore )

(k2 — k22 + k2~
If k < e then it follows from (2.32) that

(2.33)

S(o1,e) =

Q

01e| < 5
& k? )

since k:g — k%> 3]{7? /4. In this proof, C' denotes a positive constant independent of ¢, k,
and k..

If k> Se?, then it follows from (2.32) that

’0'17c| S

= Q

and from ([2.33]) that
Ck

> .
~ max{k?, k*}

S(o1,c)

Since 01, = (Fg_l)*al,c, the estimates in this lemma are now a consequence of the fact
that
1/C <detDF- ! < Ce™ @1,

3 Stability estimates in the time harmonic regime

Let u.(k,-) be the Fourier transform of wu.(-,z) w.r.t. ¢ E|, ie.,

1 [ .
Ge(k, ) == \/%/ ue(t, z)e* dt .

Then u. € H lloc (RY) (for a.e. k > 0) is the unique outgoing solution to
div(A. Vi) + k2 Seiie = —f

where (A, X.) is given in (1.4) (see Proposition 2] in Section [).
Define i (k, x) = Gc(k, Fz(k,x)). Then 4. € H! (RY) is the unique outgoing solution to

A~

div(A:Vie) + k*Sete = — f, (3.1)

4 After extending u. by 0 for ¢t < 0.
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where

I, 1 in R\ By ,
I, o.(x):=1401.(x) in B\ B,
As) Be = Ed%l, gidu +i/k)  in B\ By, (3:2)
Ed—;a(sx), gda(sx) in B,y ,

and
Ole = (F;l)*al,c . (33)

In this section, we establish the stability for solutions to (3.1)), (3.2)) for quite general
01,; hence in the remainder of this section, we do not assume that oy, is of the form
(3.3), but only that it satisfies certain bounds. We recall that

a is bounded, uniformly elliptic, and o € L*°(B;) with S(o) >0 . (3.4)
The first result of this section concerns the small to moderate frequency regime.

Lemma 5. Letd =2 or3, 7> 0,0 < e,k <7, and g € L*>(R?) with suppg C By \ B..
Assume that

lotellLoe(Bo\B) < Co,  and  S(o1e) > 0. (3.5)

Let v € Hlloc (RY) be the unique outgoing solution to
div(A.Vv.) + k*Sv. = g in R (3.6)
There exists a positive constant C, depending only on d, T and Cy, such that

0=l 2B\ B.) < Cmax{1,1/k}lgll.> - (3.7)

Remark 1. In Lemma@ the support of g is assumed to be inside By\ B not B4\ Bz, since
g will be of the form —kQULaﬁl,g, when we apply this lemma in the proof of Theorem @
The blow up technique does not work for Lemma@ due to the presence of o1, # 0 inside
By \ B.. It is not essential that the support of g be inside By \ Be, this could be replaced
by By \ Be for any M > 4. The constant C' in the estimate would depend on M.

Proof. The proof is based on a contradiction argument, in which we use an argument of
removable singularity. Suppose (3.7) does not hold. Then there exist {k,},{en} C (0,7),
O, On, On, and {gn}, supp g, C Ba\ Be,,, such that (3.5)) holds for o1 5, ay, and o, satisfy

, and

max{1,1/kn}|gnllr2 = 0asn — oo, |lvall2ss\B.,) =1 - (3.8)

Here v, € H lloc (RY) is the unique outgoing solution to

div(A,Vv,) + k28,0, = gn in RY,

15



where A,,, ¥, are defined in the same way as A., ¥. with k,¢, 01, a, and o replaced by
kn,en, 01, apn, and o,. Using the outgoing radiation condition, as in (2.24]), we obtain,

k
o ol < / gl on] -
€n J B, \Be,, /2 Rd

Here we also used that J(o1,,) and (o) are non-negative. Since supp g, C By \ Be,, and
lvnllz2(Bs\B.,) = 1, the above inequality implies that

ko, +1
d—1/ lvn|? < 26, max{1,1/k,}||gnll L2 - (3.9)
En BEn\BEn/2

We have )

k
Avn + ﬁ(l + i/kn)vn =01in B5n \BEH/Q '

n

It follows from Caccioppoli’s inequality that

C(k2+1) /

/ Tonf? < L
B45n/5\B35n/5 677'

and so
En

C(k 1
dQ/ [Vn[* < (ZT)/ [onl® - (3.10)
en ~(kn +1) Byc, /5\B3ep /s En Ben\Be, /2

In this proof, C' denotes a positive constant depending only on d and 7. From (3.9) and

(3-10)
En

2k, 4 1)
A combination of (3.9)) and (3.11)) now yields

/ |Vn|? < Cepmax{1,1/kn}|gnll2 - (3.11)
Bie,, /5\Bsc,, /5

1 kn+1 £
d_2/ n |'Un|2 + - n 1 |an|2) < Ce¢p, max{l, 1/kn}HgnHL2 :
€n Bie,, /5\B3e, /5 &n nt

It follows that for some « € (3¢,,/5,4¢,/5) (o depends on n),

1 kn+1 €
H/a ) < ngn v |2 + o :_ 1|an|2) < Cmax{1,1/k,}H|gnllzz =0 asn— oo .
(3.12)

En
Here we used (3.8)) for the last convergence assertion. Multiplying the equation for v, by
Un, and integrating on Bs \ B,, we have

1
—/ |wn|2+kg/ (14 o) on]? — s Vo2
B5\Bgn Bs\Be,, En En e
k2 i 9 _ _ 1 _
L S O N AP SR
Sn k:n Ben\Ba B5 8B5 En 8Ba
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Since v, € Hlloc (R9\ Byg») is an outgoing solution to Av,, + k2v, = 0in R4\ By 5, we have
(see, e.g., Lemma
anHHl(B6\BQ/2) < CH“nHHl/?(aBg/Q) )

and so, by the standard theory of elliptic equations,

lonll 1 (Be\By 2) < Cllvnllz2(ss\B.,,) - (3.14)
Using (3.5)), (3.8), (3.9), (3.12), and (3.14)), in combination with (3.13]), we now obtain
/ Vo2 < C . (3.15)
BS\Ba

Define u,, € H'(B,) as follows
Au,=0in B, and wu, =v, on dB, .
We derive from (3.8) and (3.12]) that

/ |V |> 4 [un* = 0 as n — oo . (3.16)

o

Indeed, set wy(z) = u,(ax) for x € B;. Then
Aw, =0in By ,

and
Junlrsom < (a7 [ JunP 0¥ [ 9uf?) < Cmax{1,1/kuHlgulze
OBq 0Bq

where we used (3.12)), and the fact that 3¢, /5 < a < 4e,,/5 for the last estimate. It follows
that

/ Vwnl? + funl? < Cmax{1,1/kn} lgnllz -
By

which in terms of wu,, yields

a_d/ |un|2+a2_d/ [Vu,|? < Cmax{1,1/kn}gnll 12 -
« BOt

The assertion (3.16)) now follows from (3.8). Define

v, inR%\ B,
V, =

U, in B, .

We derive from (3.8), (3.9), (3.15), and (3.16]) that

/ V2 + V2 < C.
Bs

17



It follows that (see, e.g., Lemma [2))

[Vallz(Bp\Bs) < CrlIVallgirzop,y < CrllVallmiss) < Cr

for any R > 5, and as a consequence

HVnHHl(BR) S CR )

for all R > 0. After extraction of a subsequence we may thus assume that k, — kg > 0,
en — €0 > 0, @ — ag (recall that o depends on n), o1, — o1 weakly in L? (o; satisfies
(3:5)), and V;, = V weakly in H' (R%).

Suppose kg > 0. If g = 0 then V is an outgoing solution to the equation

AV +k2(1401)V =0 in R\ {0} .
Since V € H! (R9), it follows that
AV + k(1 +01)V=0inR?.

Therefore, V' = 0, and we have a contradiction to the fact that [, [V]* = lim fBg,\Bg Vi |?
= 1. Similarly, if kg > 0 and ¢ > 0 (and thus ag > 0), then V' is an outgoing solution to

AV + k(1 +01)V =0in R\ By, . (3.17)

It follows from (3.16) that V' = 0 in By,,,. Hence V|gay B, 18 the unique outgoing solution

to (3.19) with V' = 0 on 0B,,, and as a consequence V = 0 in all of R?: we have also
arrived at a contradiction.

This leaves kg = 0. We start by considering the case ¢g > 0 (and thus ag > 0). By
Lemma [2, V € W(R?\ B,,) is a solution to the equation

AV =0in R\ By, . (3.18)

It follows from that V = 0 in B,,, and thus V is the unique solution to , with
V =0on dB,,. Hence V =0 in R?\ B,,, and as a consequence V = 0 in R%, so we have
arrived at a contradiction.
Finally this leaves only the case kg = g9 = 0. By Lemma [2| V' € W!(R?) is a solution
to the equation
AV =0in R\ {0} . (3.19)

Since V € W(R?), it follows that
AV =0in R?. (3.20)

Thus V = 0 in the case d = 3, and we have arrived at a contradiction in three dimensions.
In two dimensions, we can only at present conclude that V is a constant, due to (3.20)).
We proceed to prove that V' = 0 in the case d = 2 as well. Set

Un(2) = vn(enw) for z € By \ Byys

18



From (38), (3:9), and (3.I5), we have

[ By < € ( [ wars w) —o ( [ wupe efw) <c.
Bi\By/s Be\Bye /s

(3.21)

Since lim,,—,c0 ||f)nHL2(Bl\B4/5) = 0 by (3.8) and (3.9), it follows from (3.21)) that ©,, — 0
weakly in H'(By \ By/s), and thus

B, — 0 weakly in H'/2(0By) . (3.22)
Let v1,, € H lloc (R?) be the unique outgoing solution to
Avyp + kv, = —K2071 pvy, in R

Applying Lemma (1} the regularity theory of elliptic equations, and using (3.5)) and (3.8)),
we have
1

kn+1

Hv2”1,nHL2(B5) + val,nHLQ(Bs) + (kn + 1)||”17n”L2(B5) < Ck%ﬂ Ink,|+1) .

As a consequence of this and the fact that k, — 0,
IVviallL2ss) + lvinllne(ss) < Ck2(|Ink,| +1) . (3.23)
By a rescaling (remember d = 2) we get
IV G0l 22 (35) + 11,0l oo () < Chi (| In k| + 1)
with 01 ,,(2) = vin(enx), and thus
1810l /2 (0m,) < Chin(|Inkn| +1) =0 . (3.24)

We define
. 2 .
Wy, = Up — V1, in R\ B, ;

w, € H' (R?\ Be,) is the unique outgoing solution to
Aw,, + k%wn =0 in R? \B.,, and w,=wv,—v1,o0ndB;, .

Set
Wy (x) = wy(epx) for z € R?\ By .

Then W,, € H! (R?\ By) is the unique outgoing solution to

AW, + k2e2W, =0in R*\ By, and W, (x) = 9n(z) — 91.n(2) on 0B; .

5Setting o1,n» equal to zero outside B> \ B., .
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Applying Lemma [2| for W,, and using (3.22) and (3.24)), we have W,, — 0 weakly in
H} (R?\ Bj), and by interior elliptic regularity estimates

loc

HW””H1/2(6BQ) —0asn—0.

Applying Lemma 2] to W,, again and rescaling, we obtain

Clln ky,|
lwnll 2B\ ) < mHWn|yH1/2(aB2> —~0asn—o0. (3.25)

A combination of ([3.23)) and (3.25)) yields that v, — 0in L?(Bs\ By); it follows that V =0
in By \ By, and thus V = 0 in all of R? (since we already know it must be a constant). We
have a contradiction, and the proof is complete. O

The second result in this section deals with the moderate to high frequency regime.

Lemma 6. Let d =2 or3,0<e<1/2, and k > kg > 0 for some constant ky. Suppose
g € L?(RY) with supp g C By \ B- and let v, € HlloC (RY) be the unique outgoing solution to

div(A.Vv.) + k2.0, = g in RY (3.26)
Assume that
lo1elle =x1, and  I(o1c) > x2 a.e. in By \ B: , (3.27)

for some x1 > x2 > 0. There exist two positive constants A and C, independent of k, €,
X1, X2, and g such that

i) If kx1 < A, then

/ (\Vva\2+k2|v£|2)gC(k4+1)/ g7 . (3.28)
Bs\ Be R4
1) If kx1 > A, then
k2X4
/ (Ve + E*ve|?) < © <k4+ 21> lg)* . (3.29)
Bs\ Be X2 R4

Remark 2. As in the previous lemma, it is not essential that the support of g be inside
By \ Be, this could be replaced by Bas \ Be for any M > 4. The constants in the estimates
would depend on M. We also note that the estimate 1s stronger than the estimate
, since k > ko > 0. It thus follows immediately that

]{22 4
/ (\vm2+k21v512>so(k4+Xl) / 92 |
2
B5\BE X2 R4

for all k > ko > 0. These facts shall both be used in the proof of Theorem[3
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Proof. The proof is inspired by [21]. To simplify notation we drop the subscript & from
ve. Multiplying (3.26) by v and integrating on Br, R > 1, we obtain

/ 8,4;1)—/ <AEVU,VU>—|—/<:2/ Zg|v]2:/ gu .
OBp Bp Br Br

Letting R go to infinity, using the outgoing condition, and considering the imaginary part,

we have
k
klimsup/ [v|? + d/ ]v|2+k2><2/ |v|? g/ lg||v] - (3.30)
R—oo JoBg € JBAB. ), B2\B- R

Since Av + lz—jv +i§2v = 01in B\ B3 and k > ko, it follows from Caccioppoli’s inequality

that
Ck? | |2

/ Vol < —- v|? . (3.31)
B4S/5\B36/5 € BE\BE/Q

In this proof C denotes a positive constant independent of ¢, k, x1, x2, and g. It follows

from and (| - that

k2
/ w2+ / of? < €212k / jgllo] -
B45/5\B35/5 € BE\BE/Q R4

Thus there exists ¢t € (3¢/5,4¢/5) such that

_ Ced1
/ ]Vv|2 < Ce? 3k:/ lgllv] and / |v\2 < ’ / lgllv| . (3.32)
OBy R4 OB R4

Applying [21, Lemma 2] with « = e and R > 8 > 5 (§ is a fixed constant which will be
chosen later), we havelﬂ

ﬁ : |Vv|2+k2|v|2§F5(570+)—F5(R,v)+ﬁ(?)2_d)/ |::|32
5\ Be Br\Bg
+C [ 1al(')+ o) +c/ 2 (ollv'] + o) . (3.33)
Here
Rt =5 [ o [ [ aimn
1

5 @y [ PmNasat,

5This inequality is a variant of an inequality due to Morawetz and Ludwig [I5] (see also [24]).

21



with

B
— i r>p, é i
P(r) = dz_rl and Q«(r)=1<¢ r it r>p,
— f0<r<g, 1 f0<r<g.
d—1
Note that
kZT/ 2 r / 2
Fs(r,v) = F(r,v) :== — vl — v
sy = Fr) =gy [ =gt |

1/ 2v/ r 2
-5 ([v]%) +/ Vop,v|”, (3.34
2 GBT’ | d—1 8BT‘ " (334

for 0 < r < 3 (where F is independent of 8). Since Pi(r) = 5 and Q.(r) = 1 for
0<r<p,

2r 2
Av + E? Ty 47| = Av + k? VT +7)|.
R Bg\Bt( v+ v)[d_lv +v] /BE\Bt%[( v+ v)(d_lx VU—HJH
We have [
R A k?2 2 — — _ 1 2 ]{32 2
{( v+ k%) (d— x-Vv—i—v)}——ﬁ(]Vv] + k*|v]?)
_ 1 2 _ § 2
+RV- [rvu(x-vu)—d_ 2 |Vol? + Voo + —— xm]. (3.35)
Integrating over the domain B \ By, we obtain:
1
x Av + kv vr—i—v + — Vol? + k2 |u)?
BE\Bt( )[ ] d—1 /g5, (Ve o)
€ I -
< — a1 U+d— |v\>
2t k%t
- ( ITQ——W + v, U+ v2>.
(2 Vo st
It follows that
1) BB [Vol® + k7[v] S—gdi_gF(&U—)+€de(t7U)
€ t
Ck?
+—a (elo]|[v'[ +[0f*) . (3.36)

B:\B¢

"This is the “Rellich” identity which originates from [15, 22, 25].
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Adding (3.33)) and (3.36[), we obtain

1
Vol? + k2|v]? —I—/ Vo2 + k2|v]?
[, (VR 4 g [ (90 4 4207)

<(d-1) (F(s,v+) —_ Fy(Ryv) — gdL_QF(s, v ) + 8(11_2F(t,v)>

Ck? BB —d)(d—1 v|?
c O el oy 282D [ R
<\ DBt Bp\Bg T

+c/ 91| + o]) +c/ Rxa(olle!] + o). (3.37)

We next estimate the first and second lines of the RHS of (3.37). We start with the
first line. Using the outgoing condition, we have

lim sup — F(R, v) < CBk? limsup/ lv|?,
OBRr

R—o00 R—o0

which implies, by (3.30)),

limsup —Fg(R,v) < Cﬁk/ lgl|v| (3.38)
R—oo
We claim that )
F(e,v4) — > F(e,v.) < Ck:Q/ w2 . (3.39)
€ dB.

In fact, if d = 2 then there is nothing to prove since vy = v_ and 0,vy = d,v_ on 9B..
Assume d = 3. Since vy = v_ on 0B, and € < 1 we get, by (3.34)),

1 k(1 —¢ £ 1
Fleon) = 2P < SU=D [ e 2 [ e f [ g
3 OB 0B 0B

]‘ / ]‘ /
5 g [ Geepy . @ao

Using the fact that v/, = (1/¢)v”. (and € < 1), claim (3.39) follows from (3.40). We next
estimate the RHS of (3.39)). We have

1/2 1/2
[kt [ ppse( [ ) ([ )"
8B5 aBt Ba\Bt Bs\Bt

This implies

Cc Ck2ed—2

2 d—1 2 - 2 2

v e/t / v / Vol + / V|7, 3.41
/85" (/) 6t|‘ k2€d2 E\t’ | c 6\t|| ( )
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for some small positive constant ¢, which will be chosen later. A combination of (3.39)

and (3.41)) yields

F(e,vy) — ——=F(e,vo)

c k2€d72
) d_2/ |Vo|? + / |v|? +/ lv2| . (3.42)
k2e B\Bi c B:\Bq OB

From and (| -, we have
k4€d_2
/ Wwﬁ/ fo? §C<k362d2+kad1>/ gllol . (3.43)
C B:\Bt OBy Rd

It follows from ([3.42)) and (3.43)), by choosing ¢ sufficiently small, that
1 3_2d-2 d-1 1 2
5 Fe0) < C(k 22 4 ke ) MERE =" . IVol2. (3.44)

We also have, by (3.34)),

k
Fe <o [ pvelso(E [ et [ o)
OB, k Jag, € Jon,

which, by (3.32]), implies

< Ok

FKE,U+)-—

F(t.o)<C [ lglll (3.45)
Rd
Combining (3.44) and (3.45)), we reach the following estimate for the first line of the RHS

of (37)

1 1
F(e,vy) + limsup —Fg(R,v) — Ed—_QF(E7 v_) + gd—_zF(t, v)

R—oc0

_ _ 1
< O(K3e®72 4 ke ¢ Bk)/ lgl|v| + 3d—1/ IVol? . (3.46)
R4 € B:\B;

Here we used that £k > kg > 0, and 8 > 5. We next estimate the second line of the RHS
of (3.37)). For that purpose

k2 kA k2 c
s ol +1oP) < [ ([~+]MM-W©
€d Bg\Bt( ) Bg\Bt ng Ed Ed_2

for ¢ > 0. Using (3.30)) and choosing ¢ sufficiently small, we have

k2 1
b 0w R [ gl gy [ W
BE\Bt Be\Bt

2. (3.47)

=\ Bt

On the other hand, using [21], (2.25)-(2.26)], we have for d = 2,

2
/ [ <c/ dr/ w? < CQ/ w2 < CQ/ o2 . (3.48)
Br\Bs T 0Bg g dBg 5% JBs\B,
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From (3.47)) and (3.48)), we reach the following estimate for the second line of the RHS of
(13.37)

2 - B 2
Ok~ (elol]v'] + [v]?) + elG d2)(d 4 /BR\B5 x

od =l

1 C
§0k3+k/ gv—l—/ 1/2—1—/ v|? . (3.49
W) [ el [ WS [ e

B:\By

€

A combination of (3.37)), (3.46) and (3.49) yields (by taking a ”limit” of large R)
1
[P+ R0l + o [ (VeP R pP)
Bﬁ\BE € BE\Bt

k3+5k/ |g|rv|+c/ \guvrw/ (o]l + o) . (3.50)

for 8 sufficiently large. Here we used the fact that 0 < e < 1/2 and k > ko > 0.
Case 1: kx; < A. It follows from (3.50) that

1
/ (IVo]* + K*|v]?) + “/ (Vo] + K*[v]?) < C(k* + 1)/ 9>, (3.51)
Bs\B: € B:\B; Rd
since
(K + k)lgllv] < (K + 1) (k + Dlgllv] < (k2 +1)%gl* + c(k + 1)%[v]? (3.52)

and .
lgllv/| < <lgl* + elv/* . (3.53)

n (3.51) we have absorbed the remaining terms of the RHS of (3.50) by the LHS (by
taking ¢ sufficiently small) since A can also be chosen sufficiently small.

Case 2: kx1 > A. It follows from (3.50) that

1 K xi
Vol? + k2ol + = Vol + Ko < O (K1 +T5L) [ Jgl? (3.54)
d—2 2
Bs\Be € B:\B; X2 R4

since
Exa([vl[o'] + [o]?) < e + CE* o,

and, by (3.30)),

k%/ [of? X1/||r|< Xl/\mc/ Ko,
BQ\BS B4\Be

Here we also used (3.52)) and (3.53) to treat the remaining terms of the RHS of (3.50) in
the same fashion as before. The proof is complete. O
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4 Weak solutions and the well-posedness of the non-local
wave equations

In this section, we first introduce the notion of weak solutions for the system and
establish the well-posedness of these. We then outline a proof of the fact that the Fourier
transform in time of these solutions solve a corresponding “outgoing” Helmholtz problem
for almost every frequency. We start with

Definition 1. Let d =2 ord =3. We say a function
u € L*([0,00); Hl(Rd)) with Opu € L ([0, 00); L*(R%)

is a weak solution to (L.6)) provided w(0,z) =0 in R? and

_ /Ot /Rd El,c(%)%u(s,x)%v(s,l') dx ds + /Ot /Rd<AC($)V’U,(37[I;)7 Vu(s, z)) dz ds

t t
+ / / Zz,c(a})gu(s, x)v(s,z)drds+ / / G * Osu(s, z)v(s,x) dx ds
0 JBi\Bs ds 0 JB2\B;

—/ f(s,x)v(s,z)dxds (4.1)
0 JRd

for allt >0 and all v € L>([0,00); H(R?)) with dv € L>([0, 00); L*(RY)).

Note that u € C°([0, 00); L*(R?)) and so the initial condition u(0,z) = 0 makes sense,
also note that the initial condition u;(0,x) = 0 is well-defined in a weak sense. It is clear
that if u € C?([0,+00) x R?) is a weak solution in the sense defined above, then it is a
classical solution to (L.6). Our definition is motivated by the standard definition of weak
solutions to the wave equation.

The well-posedness of weak solutions to ([1.6|) is given by the following

Proposition 1. Let d = 2 ord = 3, and let [ € L‘X’([O,oo) X LQ(Rd)) with compact
support in [0,00) x R, Then there exists a unique u € LOO([O,OO);Hl(Rd)) with Oyu €
L>([0,00); L*(R)) which is a weak solution to (L.6)). Moreover,

E(t,u) < Ct||f|3

22 (j0.]xRe) forae. t>0. (4.2)

Here C' is a positive constant depending on A and €, but independent of f and t, and
1
E(t,u) := 2/ <21,c|8tu(t, )2+ (AVu(t, z), Vu(t, z)) )dx, (4.3)
Rd

The proof is based on a standard Galerkin approach, as part of which we derive a
non-trivial energy estimate. Similar ideas were used in [19].
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Proof. We first establish the existence of a weak solution by an approximate (Galerkin)
approach. Let (p;)32; C C>(R%) be an orthonormal basis in H'(R?). For m € N, consider

Uy, of the form
m

=3 dg (1) 95(@) .+ diy € C2([0,00)) | (4.4)
j=1

satisfying

2
ia | Er@n(s,a) i) do + [ (AT un(s,2), Vs(2) do
Rd R4

+ i / Yoc(@)um (s, x) pj(z) de + / G * Osum(s,x) pj(x) dx
ds Bi\By/2 Bo\B1

:/ f(s,x) pj(x)dx, (4.5)
R4
for j=1,...,m, and

dmj(0) =d,, ;(0) =0 forj=1,...,m . (4.6)
Since (¢;); are linearly independent, the (nxn) matrix M given by M; ; = (i, ¢;) [2(ra) I8

invertible. Therefore, the existence and uniqueness of u,, follow by a standard argument,
for example, one can use the theory of Volterra equations (see, e.g., [2, Theorem 2.1.1}).

We now derive an estimate for u,,. Multiplying (4.5) by d, ;(s), summing up with
respect to j, integrating on [0, ¢] with respect to s, and using (4.6]) we obtain

t t
E(t,um) + / / G * Ogtim (8, ) Osum (s, z) dr ds + / / 2270]83um|2 dsdz
0 JB\B 0 JBiI\By

t
:/ f(s,x) Osum(s,x)dxds . (4.7)
0 JRrd
We claim that
t
/ / G * Ostup (8, ) Ostupy (s, x)dxds >0 for a.e. t >0 . (4.8)
0 JBy\B:
Indeed, define

- ) Osum(s,z) if0<s<t,
s,x) =
( 0 ifs>t,
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and extend U by zero for s < 0. Then

t
// G * Osup (s, x)@um(sx)da:ds—/ / G+UUdxds
0 BQ\Bl BQ\Bl

/ / G+ UU dz dk 23%/ / G+U U dxdk
By\B; By\B;
_2/ / G)|U? dz dk 2/ / o U dedk >0,
_ k2
BQ\Bl BQ\BI 5

by the definition of G. This establishes (4.8). From (4.7)) and (4.8), we arrive at

¢
E(t,um) < /0 N f(s,x) Osum(s,x)drds . (4.9)

It follows from (4.9) that

E(t,um) < (/Ot 9 \6sum(s,x)]2d:):ds) V2 (/Ot /]Rd |f(s,x)]2d:):ds) V2 ,

which implies

E(t, w) gC(/OtE(s,um)ds>1/2 (/Ot /Rd ]f(s,x)\Qda:ds>1/2. (4.10)

Here and in the remainder of this proof, C' denotes a positive constant which depends on
e and A, but is independent of f, t, and m. We derive from (4.10]) that

t
E(t,um) < Ct/o /Rd |f(s,2)|* dds . (4.11)

Hence, for any fixed T' > 0, there exists a subsequence of (u,,) (which is also denoted
by up, for notational ease) such that u, — u weakly star in L°°([0,T], H'(R?)) and
Oyt — Opu weakly star in L*°([0,T], L*(R?)). It is clear that u(0,z) = du(0,z) = 0,
and that u satisfies for any v of the form v(s,x) = ¢;(z)¥(s), ¥ € C([0,00).
By a standard linearity and approximation argument it follows that u satisfies for
any v € L([0, 00), HY(R?)) with dv € L>([0,00), L*(RY)). In other words, u is a weak
solution to (1.6]). To see that u is unique, it suffices to prove that if w € L™ ([O, T),H! (Rd)),
with dw € L= ([0, 7], L*(RY)), w(0,z) = dw(0,z) = 0, and w satisfies with f =0
then w is identically zero. We have

t t
—/ / Yi1,c(2)0sw(s, z) Osv(s, x) dx ds —|—/ Ac(x)Vw(s, z)Vu(s,z)dx ds
0 JRd 0 JRrd

t t
+/ / Yo.c(z)0sw(s, z) v(s,x) dx ds+/ / G *Osw(s,x)v(s,z)drds =0,
0 JBi\By s 0 JB2\B;
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for all v € L> ([0, 00), H'(RY)) with d,v € L ([0, 00), L*(R?)). After integration by parts,
this implies

t t
—/ / Y1 c(x)0sw(s, z)0sv(s,x) dx ds —i—/ Ac(x)Vw(s,x)Vu(s,z)dx ds
0 JRd 0 JRrd

t t
—/ / Yoc(x)w(s,x) Osv(s, x) dx ds —/ / G xw(s,x)0sv(s,z)dxds =0,
0 JB1\By s 0 JB:\Bi
(4.12)

for all v € L*([0,00), HY(R?)) with 9,v € L>®([0,00), L>(R?)) and v(t,z) = 0. Setting

v(s, ) = /:’LU(T,{L‘) dr ,

substituting v in (4.12]), and using the fact that Osv(s,z) = —w(s, z), we obtain

//Z‘lc )Osw(s, z) w sxd:z:ds—// x)0sVu(s, x)Vu(s, ) dx ds
Rd Rd

t
—i—/ / Eg’c(:z:)|w(s,x)\2da:d5—|—/ / G*w(s,z)w(s,z)drds =0 .
0 JBi\By/s 0 JB2\B1

It follows that

1/ (S1elw(t,z)2 + Ae(2)|Vo(0, 2)?) da
R4

2
t t
—1—/ / Eg’c(x)|w(s,w)\2dxds+/ / G*w(s,z)w(s,z)drds =0,
0 JBi\By, 0 JBy\B:

which in particular yields
/ Yiw(t,z)*de =0,
R4

or
w(t,z) =0 forae zeR%andallt>0.

Here we used the fact that

t
/ / Gxw(s,x)w(s,x)drds >0,
0 JBy\B:

cf. (4.8). This establishes the uniqueness of the weak solution u. The proof is complete.
O

Let .(k,z) be the Fourier transform of u. w.r.t. time, i.e., |§|

Ue(k,x) : \ﬁ/ o(t, x)e*t dt.

We have
8We extend u. by 0 for ¢t < 0.
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Proposition 2. Let d =2 ord =3, and let [ € LQ([O, +00) X Rd) with compact support.
Suppose uc € L> ([0, +00); H(R?)) with dyu. € L>®([0,400); L*(RY)) is the unique weak
solution to (L1.6)). Then u.(k,-) € Hlloc (RY) is the unique outgoing solution to the equation

A~

div(A. Vi) + k*Setie = — f (4.13)
for a.e. k> 0. Moreover,
kte(k,z) € L2 ([0,400) x R?) .

We recall that 4. denotes the Fourier transform of u. (u. is extended by 0 for ¢t < 0).

Outline of Proof. The proof of the first fact is similar to the one of [20, Theorem

A1], and is based on the so called limiting absorption principle. A key ingredient, as in

[20, (A9)], is the technique from the proof of Proposition [I| where the energy estimate

was established. The fact that ki, € L?OC([O,—FOO) X Rd) is obtained as follows. Let

us € L ([0, +00); HY(R?)) with dyus € L ([0, +00); L*(R?)) be the unique weak solution
to

{ $1,.05us — div(AcVus) + Xo Opus + G * Opus + 00us = f in [0, +00) X R? |

Oyus(t =0) = us(t =0) =0 in RY .
(4.14)
Then, as in the proof of Proposition

t
5// |Ous|®> < C . (4.15)
0 JR4

This implies yus € L([0, +00); L2(R?)), and thus kis € L%([0, +00); L2(RY)) = L2([0, 00) x
R?). Here 15 denotes the Fourier transform of us (us is extended by 0 for ¢ < 0). As in
the proof of [20, Theorem Al] E, for almost every k > 0, 4s(k,) € H*(R?) is the unique

solution to K
div(ANVaugs(k, ) + E*S.as(k, ) + idkis(k, ) = —f(k, -).

Fix kg > 0 arbitrary. We have, for 0 < k < kg and for 0 < § < 1,
a5k, M2y < Ok F (k) L2g) for (4.16)

for some positive constant C, independent of § and k, see Lemma [7| below. Since f has
compact support,

1F (R, 225y < Cl N2 - (4.17)
A combination of (4.15)), (4.16)), and (4.17) yields
(/mlg(k)) is bounded in L2 ([0, +00) x RY). (4.18)
0<é<1 o¢

9The definition of weak solutions for the equation of us is similar to the one for the equation of ..
More precisely, [20, (A10) and the following paragraph].
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By the limiting absorption principle (see e.g [11, Section 4.6]) we have, for almost every
k>0,
as(k,) — V(k,-) weakly in H' (R?) (4.19)

where V(k,x) € Hlloc (RY) is the unique outgoing solution to (#.13). On the other hand
(see e.g., the proof of [20, Theorem A1l] in particular [20, (A13)]),

kds(k, ) converges to kV (k,z) in the distributional sense on R x RY . (4.20)

Since V(k,-) = uc(k,-), k > 0, we derive from (4.18)), (4.19)), and (4.20) that

ki € L? ([0, +00) x RY) .
The proof is complete. O
In the proof of Proposition [2, we used a simple consequence of the following lemma.

Lemma 7. Given g € L?*(RY) with suppg C Bg,, 0 < 0 < 1, and 0 < k < ko, let
vgs € HY(RY) be the unique solution to

div(A:Vog5) + (K*Se 4 ikd)vgs = g in R

There exists a positive constant C independent of k and § such that

o5l L2(Bg,) < C( WP +1)|gll2  ford=2, (4.21)

and
lvesll2sr,) < Cllglze  ford=3. (4.22)

Proof. Under the conditions k < kg and < 1, the estimates and follow
from a standard contradiction argument if k is bounded below by a positive constant.
Lemma [§] below implies these same estimates for sufficiently small k£, and the proof is
complete. O

Lemma 8. Let A € [L®(R%)]%*4 and ¥ € L®°(R?), d = 2,3 be such that A is uniformly
elliptic, A = I in RY\ By, ¥ = 1 in R\ By, R(X) is strictly positive, and I(X) > 0.
Given g € L*(R?) with suppg C Bg,, and 0 < e, § < 1, let Ve € H'(RY) be the unique
solution to

div(AVu. ) + (€*E +id)v. 5 = g in RY .

There exist two positive constants ¢ and C' independent of € and § such that if 0 < e, §d < ¢
then

vesllzz(sa) < ClnePlglze  ford =2,

and
loesllzasny < Cllglle  for  ford=3.
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Proof. The proof of this lemma for d = 3 is simpler than for d = 2. Essentially the proof
for d = 3 follows along the first third of the argument for d = 2. For this reason we only
present the proof for d = 2. We may without loss of generality suppose Ry > Ry (if not,
simply increase R;), and for simplicity of notation we use Ry = 4, Ry = 5. The proof
proceeds by contradiction. Suppose there exist a sequence ¢, — 0, a sequence 6, — 0,
and a sequence (g,) C L*(R?) such that supp g, C By, and

lim | gallze =0, and [lonlzzey =1 (4.23)

Here v,, € H'(R?) is the unique solution to
div(AVvy,) + (€22 4 i6,)v, = g, in R? .
Multiplying this equation by v,, and integrating the obtained expression on Bj, we have

/ (AVon, Vi) — / (€25 + i6,)|on]? = — / nin + / On (4.24)
Bs

Bs Bs oB; Or
Since Avy, + (€2 +i6,)v, = 0 in R?\ Bg, and v, € H'(R?), it follows that E
[onll 1 (Br\By ) < Crllonllmir2(a8,,5) < CrllvallL2(s\p) < Cr - for R>9/2. (4.25)

It follows from (4.23)) and (4.24) that

/B [Von|* < C . (4.26)
5

A combination of (4.25) and (4.26]) yields

HUTLHHl(BR) < CR VR>0.

Thus (after extraction of a subsequence) v, — v in L? (R?), where v € W'(R?) is a
solution to [
div(AVv) = 0 in R? .

It is clear that v = « for some (complex) constant a. For d = 3 the proof would proceed
similarly until this point, where we could automatically conclude that « is zero, and we
would have reached a contradiction. In the two dimentional case it requires the following
additional argument to show that « is zero. Since Awv, + é%vn = 0 in R? \ By with
€2 = ¢2 448, and 3(¢,) > 0, v, € H'(R?) can be represented as
[e.9]
(@) = Y anHY (Ealz)e®  |z| >4, (4.27)

l=—00

" One can use (#.27) below to derive this property.
2The proof is similar to the one of Lemma
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where H, l(l) is the Hankel function of the first kind of order {. This implies

Up =Von +V1n |z]>4. (4.28)
where
Vo = aonHS Ealal),  and  vin =Y @ H Elal)e®, |z > 4. (4.29)
1£0

By orthogonality, it is clear that for any R > 4,

||U0,n”H1(BR\B4) + ”Ul,nHHl(BR\B4) < C||UnHH1(BR\B4) .

After extraction of a subsequence, we may assume that vo, — ap in L2 (R*\ By) and
v1n — v1 in L2 (R?\ By) for some (complex) constant o and some vy € L2 (R?\ By).
Therefore,

a=v=ap+v1 |z|]>4.

This implies that vy is constant on {|z| > 4}. It follows that v; = 0 for |z| > 4 since

/ v; = lim vy =0.
Bg\Bs =0 JBe\Bs

As a consequence
lim v, = lim vg,, =g in L? (R%\ By) .
n—oo loc

n—o0

‘We have

&»Unvn:/ <Aan,an>—/ (5%E+i5n)|vn|2—|—/ GnUn .
8BR BR BR BR

If we let R — oo and consider only the imaginary part, then we obtain
%/(%E+MM%P:%/9MW (4.30)
R2 R2

Due to the fact that £" has a postive imaginary part we have that vg, € H*(R?) (actually
it decreases exponentially at 0o), and so

87"00,717_)0,11 = _/ ‘VUO,TL
8B5 RQ\B5

which leads to

2, / (€2 + ib,) von? |
R2\ Bj

2

Ry 87410,”170,” = %/ (Ei + i5n)\v07n|2 = / 5n‘U0,n
9Bs5 R2\Bs R2\ B

< / Snlvn]? < %/ (2% +i8,)|vnl? .
R2\Bs R2
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For the last two inequalities we used the orthogonality of the decomposition (4.28)), and
the facts that ¥ = 1 in R?\ Bs and ¥ > 0. In combination with (4.23)) and (4.30) this
gives

(\; —
’\9 arv(),nUO,n

- < lgnllz2llvallL2(s) < llgnllz2 - (4.31)

A simple calculation, based on (4.29) and the well know asymptotics of the Hankel function
H(()l) for small argument (see e.g., [I, page 360]), gives

C|a0,n’2 < ’% a7"U0,n'(_)0,n

dBs

9

and so, in combination with (4.31)), and (4.23]) we get

|Ine,|?laonl* < Cllnel*||gnllz2 — 0asn — oo .
This estimate and the formula (4.29)) for vg, now yields

lim vp, =0 on any bounded subset of R? \ By .
n—oo

Accordingly we have o = ag = 0, and so it follows that the v, converge to 0 in LZQOC(RQ).

We have thus reached a contradiction to the fact that ||v,|[z2(p;) = 1, and the proof is
complete. O

5 Proof of Theorem [2
The proof is related to that in [20], however, we shall estimate O,u. — dyu as a way of
getting to u. — u. This idea was also used in [19]. Let 4.(k,-) be the Fourier transform of

Uue w.r.t. time. By Proposition for a.e. k>0, a.(k,-) € Hlloc (RY) is the unique outgoing
solution to R
div(AVie) + K2 St = — f (5.1)

where (Ac, X.) is given in (1.4]). Moreover,
ki, € L2 ([0, +00) x RY) . (5.2)

As before we introduce @ (k,z) = dc(k, Fz(k,2)). Then 4. € H! (R?) is the unique
outgoing solution to

div(A. Vi) + k*S.. = —f in R? . (5.3)
Here

I, 1 in R\ By ,

I, 0.(z) =1+ 01.(x) in By\ Be,
A%, = 1 1 . . (5.4)

o wfa 67(1+Z/k) in B:\ B,z ,
1 1 .
| 5d—_2a(x/s), 67[0’(33/’3) in B.g ,
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and
O1e = (Fs_l)*aLc .
Recall that o1 . is given by (1.3) with op = on = 1. Let @1, € Hlloc(Rd) be the unique

outgoing solution to

diV(ALgVﬂLE) + kQEl,sal,s =-f,

with
1,1 in R\ B, ,

1 1 . .
A1,57 E1,5 = cd—2 Iv Eid(l + l/k) in B \ B5/2 )

1 .
60177261(55/5), e—da(fv/s) in By .

Finally, let @(k,x) be the Fourier transform of u w.r.t. time; a(k,-) € H! (R?) is the

unique outgoing solution to
At+ k4 =—finR?,

We first estimate
1/e
/0 kllt,e — all 2Bs\B,) dk -
For this purpose, let Ulya(k, ) € Hlloc (Rd) be the unique outgoing solution to
AU .+ kU, =—f inRY\B.,
Upe=0 in B, ,
and define, in all of R,
wie(k,") =Uie(k,") —ak,-) and woe=t1c(k,-) —Ure(k,-) .

Then w1 (k,-) € H' (R?) is the unique outgoing solution to

Awq e + kzwl,g =0 inR?\B.,
(5.5)
Wie = —U in BE y
and wo . € H lloc (RY) is the unique outgoing solution to

Aws . + k*wa = 0 in R\ B, ,

V- (A1 Vwae) + k*Sy cwg e =0 in B, , (5.6)

611}2 e 1 8?1)2 € 8ﬁl 5

: - — ’ =—— 0B: .
Or lext €92 Or lint or of g

We first estimate wy .. By Lemma [l and the theory of regularity of elliptic equations,
we have, for d =3 or (d =2 and k > 1/2)

1

IV ey + IVik, gy + (k+ D[k, 2y < CIF G, Iz (5:7)
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and for (0 <k <1/2 and d = 2)

IV2a(k, ) 228 + IVA(k, 28y + 18k, ) 22(8,) < Ol k|| f(E, )| 2

(5.8)

Here and in the remainder of this proof, C denotes a positive constant independent of e,

k, and f. Since Ad(k,e-) + k?e%i(k,e-) = 0 in By, it follows that

/B Vil ) < Cmax(1,6%) /B i, < Clilh, M

for 0 < k < 1/e. Using (5.7)) and (5.8)), we derive that for 0 < k < 1/¢,
la(k, &)l gr2am,) < Clk+ DIfe, )2, d=3,

and
@k, el mrrzom) < Clk+ Dpk) || f(k, )2, d=2.

Here

plk)=1ifk>1/2, and ¢(k)=|Inklif0<k<1/2.

Applying Lemma [2| and rescaling, we have for 0 < k < 1/e,

lwr,e (k. )l 28\ By) < Celk + 1)[|f (K, )| 2 for d =3,

and
(1)
Hy/ (k 2
b sy < € 8 D s o d =2
o (ke
Since )
rp—1/2
|Hy " (k)| gcmm{k > |Ink| +2} for0<ke<1 |,
‘H(()l)(kg)‘ | In(ke)| + 2
and thus |Ink|+2
nk| -+
, i+ <
!H(él))(k)lgc EEESAN
H:" (ke e <k<
[Ho7 (el [Ine[+2 tsk<l/e,
we have
=Y (k)| k(|Ink|? +1)
kolicp(k) <C—/———-

(5.11)

(5.12)

(5.13)

for 0 < k < 1/e. It now follows from (5.11)) and (5.12) that, in the range 0 < k < 1/¢,

Ellws < (k, )| 22(85\8y) < Cek(k +1)||f(k, )2 for d =3,

and

C o
Kllwse(k, M 23y < otk + 1) (kP + 1) [ Fk, )12 for d=2.

|Inel
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We next estimate wy . Applying Lemma [3] we have, for 0 < k < 1/e,

0 /-~
s (b, )iy < Cmax{1, /R 5 (Orelh2) |,y ford =3, (516)

and

o /-~
e (k,e) 2B\ 5y < Cmax{k, 1/k} | 5~ (O1e(ki ) ford=2. (5.17)

HH*l/Q(BBl)

For 0 < ek < 1, the standard trace estimate, and a classical interior elliptic estimate, yield
||w2,s(k75')HH1/2(aBz) < CHw2,€(ka5')||H1(B4\B3/2) < C||w2,6(ka5')”L2(B5\Bl) )

and so by use of Lemma [2} (5.16)), (5.17) and a scaling argument, it follows that

w2 (ks ) L2(Bs\By) = 63/2”w2,€(k’5')||L2(B5/€\B2/5)
Cellwze(k &) 25\ By) (5.18)

Camax{l,a/k}“% (Ulﬁ(k,s-)) HH—l/Q(aBl) ford =3,

IN

IN

and

lwae(k, M2\ = ellwaelk,e)llr2p,,.0B,).)
1) (k)|
|HS (ck)|
o 1H ()

|HS (ck)|

C

IN

[wa,e (ks )l L2 (Bs\By) (5.19)

max{k, 1/14:}”% (f]lﬁ(k,s-)) HH*l/Q(aBl) ford=2.

We have

I (@19) sy = N 1D sy * i O D

Applying Lemma [2| to w; ¢ (k, e-) and using (5.9) and (5.10)), we obtain, for 0 < k < 1/¢,

0 ~ ~
- . < . =
|5 (@) | 2oy, < O+ DTG for d =3,
and
|2 (1-9) | < Ck+ V(R (k. )| 2 for d = 2.
or ’ H-1/2(0By) — ’
It now follows from (5.18) and (5.19)) that, for 0 < k < 1/e,
Fllwz,ell 255\ ) < Celk + 1) max{k, e} | f(k, )| g2 for d =3 , (5.20)

and

Clk+1)

e (AP + 1) max{L, Yk, e for d =2 (5.21)

Ellwaellr2(Bs\By) <
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For the last estimate we also used (5.13). A combination of (5.14)), (5.15), (5.20), and
(6-21) yields

1/e 1/e .
/O klltre —allL2(B;\By) dk < 05/0 (k+ 12| f(k, )z < Cellfll ifd=3, (5.22)

and
1/e C 1/e R
[ bl =l i < 5o [ AR @02 17
C
< — if d=2 2
< gl a2, (5.23)

where || f|| is the norm introduced in the statement of Theorem

We next estimate ||tz (k, ) — t1.¢(k, )| 12(Bs\B,) for k of order up to 1/e. We already
know that $(o1.) > 0 for k > 0, and from Lemma {4 and the fact that k. > c./e%? we
have

C
|o1e < ) < Coe , (5.24)
for 0 < k < %*5_1. Applying Lemma |5( and the first part of Lemma |§| to e — Uy, (with
g = —k%01 .11 ) we obtain
kllae(k,-) = a1e(k, ) 2y < CR + Dk sup ol ae(k, )ll2sp)  (5:25)

for 0 < k < Cios (X is the constant from Lemma|§| ). A combination of (5.24) and ([5.25|)
yields
kllae(k, ) — a1z (k, ) z2(3;\B,) < OK*e(k® + 1)l dre(k, ) 22(8,\5.) - (5.26)

for 0 < k < Ao/e, with \g = min{1,¢,/2,\/Cp}. Similarly, applying Lemma [5[ and the
first part of Lemma |§| to the function 4. (with g = —f and coefficients A; ., 31, i.e.,
A;, ¥, with o1, = 0) we obtain

kl|ie(k, )| p2(o\ By < C (K2 + D) F (K, )22 (5.27)
for 0 < k < Ao/e. A combination of (5.26) and (5.27) yields
)\0/8 ~ _ )\0/5 507

| Ml =l i < O [ G DR < e (529

We now consider the regime k& > \o/e. From the second part of Lemma@ and the remark
following, we have

~ ]{JXQ ~ C k‘2X2 ~
K|tz (k, )| 2B\ Ba) < C(k2 + X—;) 1 (ks )2 < )\—05<k3 + ?1) 1f(k, )z - (5.29)

On the other hand, using Lemma [I| we have
N A C .
Ella(k, M 2B\ < CIf(E, )2 < )\T)Eknf(k’ SIFZ (5.30)
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for k > A\p/e. Lemma [4] yields

k232 < OF? 1 max{k} K%} < Cmax{k?,k‘l}
X2 e2(d-1) 2 k - ke2(d—1)

for k > A\g/e. We derive from ([5.29)), (5.30), and (5.31]) that

< O(R2 p B2435h 0 (5.31)

| Rl =l dk < Ce [ R RS e
Ao/e Ao/e
or .
/ K| — a2 dk < Cel|f]] (5.32)
)\0/&‘

A combination of ([5.22)), (5.23)), (5.28)), and (5.32)) now gives

/0 Kllie — allg2(sp\ 5y dk < Cellf| ifd =3,

and - o
/O bl = 2yt < 1) =2
Therefore, since t.(k,-) = tu(k, ) outside By (and since u. and w are real, so that

Go(—k, ) — @(—k, ) = Go(k, ) — a(k,-) ) it follows that

sup [|puc(t, ) — Opult, ) 2(Bs\By) < Cellfll  ifd=3,

t>0

and

C
D — . <~ fd=2.
sup [0ruc(t, ) — Opult, )l L2(Bs\ By) < Hng‘\lf\l ifd=2

From this we conclude

sup ||ue — ullp2(B\B,) < CTe|f|| ifd=3,
0<t<T

and

cT
— < — ifd=2.
S lue = ullz2(Bs\Bs) < el [
The proof of Theorem [2]is complete. U
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