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Abstract

We consider a scalar elliptic equation for a composite medium consisting of
homogeneous C@° inclusions, 0 < ag < 1, embedded in a constant matrix phase.
When the inclusions are separated and are separated from the boundary, the solu-
tion has an integral representation, in terms of potential functions defined on the
boundary of each inclusion. We study the system of integral equations satisfied
by these potential functions as the distance between two inclusions tends to O.
We show that the potential functions converge in C%®, 0 < a < ag to limiting
potential functions, with which one can represent the solution when the inclusions
are touching. As a consequence, we obtain uniform C*® bounds on the solution,
which are independent of the inter—inclusion distances.

1 Introduction

In a bounded domain Q C IR?, we consider a composite medium consisting of a finite
number of inclusions embedded in a matrix phase. We assume that the inclusions
and the matrix have (different) constant, scalar conductivities. The resulting, spatially
varying, piecewise constant conductivity is denoted by a(-). Given a current g on the
boundary 052, with f 90 9 do = 0, we consider the solution u to the elliptic equation

V-(a(-)Vu) =0 inQ, with a(-)0pu=g ondQ ,

in other words, we consider the continuous function w, which is harmonic in each
inclusion as well as in the matrix, which satisfies the usual transmission conditions
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across the inclusion boundaries, and which has the prescribed co-normal derivative g
on 9. To make u unique we impose the condition |, gqudo=0.

In this paper, we are interested in apriori estimates for the solution v, and in particular
its gradient. We assume that () has a smooth boundary, and that the imposed current is
smooth. When the inclusions are merely Lipschitz, it is well known (from elliptic theory
in domains with corners) that Vu is generally not uniformly bounded, i.e., generally
not in L>°. On the other hand, when the inclusions are smooth (say C1'*,0 < ap < 1)
and when they are not mutually touching and do not touch 0€2, it is equally well known
that Vu is bounded. A natural question is whether Vu stays uniformly bounded, even
as some of the inclusions get close.

This question has been addressed in several papers (see for example [11] and [20]). Tt
has been established that Vu is bounded in L*(2) independly of the distance between
the smooth inclusions. The answer given in [20] is actually quite a bit more general.
It addresses the case of a divergence form elliptic equation with ‘piecewise Holder
coefficients’: assume there exist numbers 0 < ag, 0 < 1, 0 < ¢ < Cp, and a positive
integer M such that

i.  contains M possibly touching inclusions D;, 1 < I < M, each of which is a
ChHe0 subdomain.

ii. For any 1 <1< M, dist(D;,09) > 0,

ili. In each inclusion, and in the remaining part Dyr4q := Q \ Ui<< w Dy, the con-
ductivity satisfies ¢y < ap, < Cop, and has C* regularity.

Then

M+1

. Qo
Z ||u||clva(5m(25) < Cllgllr2pq), for any 0 < o < min{y,
=1

EERRE

where Q., € > 0, denotes the set
Q. = {X e, dist(X,090) > ¢}

The constant C' depends on €, a, M, cg, Cy, p1, €2 and the appropriate C1'® “norms” of
the parametrizations of the inclusion boundaries. But note that C' is independent of
the inter—inclusion distance. The proof given in [20] uses elliptic blow-up techniques
and maximum principles, and is thus restricted to scalar problems.

In a subsequent paper [19], Y.-Y. Li and L. Nirenberg extended the above result to
strongly elliptic systems, with the same restriction 0 < « < min{y, ﬁ} for the
regularity “measure” of u. In the scalar case, the recent results of [13] prove that the
restriction can be lifted to av < min{p, o}
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In the case of perfectly conducting or perfectly insulating inclusions the gradients may
blow up as the inter-inclusion distance, 8, approaches 0. In [7], the solution for perfectly
conducting inclusions is shown to satisfy

IVull= < Fllullz290) for n = 2,
IVl < gigllullz@o)  forn =3, (2)
IVulle < Fllullrzan) for n = 4,

where n is the ambient dimension. The case n = 2 was derived independently by Yun,
using conformal mapping techniques [22]. The picture is less complete for the case of
insulating inclusions, see [8].

For n = 2 and for circular inclusions, one can obtain very precise bounds in terms of
both contrast and inter-inclusion distance, since the solution has a series representation
that lends itself to asymptotic analysis [3, 4, 12, 21]. Optimal upper and lower bounds
on the potential gradients are derived in [3, 4] for nearly touching pairs of circular
inclusions. In the case of 2 disks, a decomposition of the solution into a singular part,
and a part that remains uniformly bounded with respect to J, is given [5].

When the conductivity is piecewise constant, and when the inclusions are C1®°, mu-
tually separated and separated from the boundary, then one can represent u in the
form

M
wX) = Y Sip(X)+ H(X) (3)
=1

where H is a harmonic function, where each ¢; is defined on dD;, and where S; denotes
the single layer potential on dD;. Invoking the transmission conditions on 0D; and
the Neumann condition on 02, we can derive a system of integral equations, for the
¢1’s, and an associated (implicit) formula for H. As each inclusion has C1*%0 regularity,
results from classical potential theory (see, e.g., [15]) show that this system is invertible.
Detailed facts about the regularity of u may be deduced from the representation (3).

The aim of this paper is to show that the system of integral equations for the ¢;’s is
uniformly invertible in C%® as inclusions get close. The associated uniform estimates
on the inverse can then be used to derive a priori estimates for the solution, u, in C1®
norms.

The integral representation (3) of solutions has also been used in other related contexts.
In particular, recent works have focused on the connection between the bounds on Vu
and the spectral properties of the kernel of the integral equation system (the Neumann—
Poincaré operator) for varying coefficient contrast and inter-inclusion distance [1, 10].
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For simplicity we always assume that the inclusions are convex, and that any two
that asymptotically meet only meet at one point. Since the regularity of v and the
corresponding estimates only depend on the geometry of the inclusions locally, we
shall restrict ourselves to the case of two inclusions, D; and Ds, of size O(1), that
asymptotically meet (with a horizontal tangent) at the point 0, see Figure 1. We denote
I'; := 0D;,i = 1,2. For simplicity, we assume that the matrix phase has conductivity 1
and that both inclusions have conductivity k # 1. For § > 0, we consider the situation

D

NU
|
lw)
N

I

Figure 1: The touching and near-touching configurations. D¢ = D; — %62, and D3 =
Dy + geg.

where the inclusions are at a distance § apart, say in the unit vertical direction es. As
we shall see, the corresponding system of integral equation for the potential functions
(¢3, %) may be written

“() - () (D) - () o
'2) Ly Al — K (2 942

Here, A = %, (g‘f, gg ) are known functions (given in terms of the boundary flux g)
K} denotes the trace on I'; of the normal derivative of the single layer potential on I';,
and L3 denotes the normal derivative on I'; (or rather, on the —¢ vertical translate of
I'1) of the single layer potential defined on I';. To be precise

LiO3(X) = —vi(X)-VSopd(X —dea), X €Ty,

and similarly for L‘ls. We notice that even though the physical situation is as in the right
picture of Figure 1, we use potentials cpf that live on the § independent curves I'; = 9D,
as in the left picture of Figure 1. Thus, vertical translations (by £ and +6/2) appear
in appropriate places. We also notice that the parameter \ always satisfies |A| > 1/2.

Throughout the paper, we assume that the inclusions are C1®°, with 0 < ap < 1 and
we seek the potentials in the space C%®, 0 < a < ay, of slightly less regular functions.
When § > 0, the kernel of L is smooth, so that L3 is a compact operator from C%%(T'5)
to C%(T'y) [18]. Similarly, L¢ is compact, so that by Fredholm theory, the system (4)
is invertible in C%(T') x C*(T'y).
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If the operators (L{, L) were convergent in the operator norm (C%% to C%) as § — 0,
and if we could show that the limiting system corresponding to (4) is invertible, then
the operators (T5 )~! would converge in norm to the inverse of that limiting system. In
particular (7%)~! would be norm bounded, and we would immediately obtain uniform
piecewise C1'® estimates for u. It is indeed possible to show that the operators (L5, Lg)
converge pointwise to some (L{,LJ), and that the limiting system corresponding to
(4) is necessarily invertible. However, as we shall show that the operators (LY, L3)
are not compact, the convergence of (L‘f, Lg) cannot take place in the operator norm.
Therefore the simple argument above cannot be used to obtain uniform estimates for u.
We note here that we are not entirely sure whether this “degenerate” picture is special
to dimension two. In our opinion it would be very interesting to resolve this question,
and thus to understand any potential “qualitative” difference in the behavior of the
gradients near contact points in dimension two versus dimension three and higher.

Due to the lack of norm convergence, mentioned above, we appeal to results about
collectively compact operators established by P.M. Anselone [6]. These results require
only pointwise convergence and invertibility of the limiting operator to garantee point-
wise convergence (and thus uniform norm-boundedness) of the (T?9)"'’s. It is very
useful to note that the limiting operators (L(l), Lg) are nearly compact: their kernel is
singular only at one point, namely where the two inclusions touch.

We use this observation to split the operators T? as a sum of operators the supports
of which depend on a small parameter €. Due to our assumptions the curve I'; can,
near X = 0, be parametrized as (z,1(z)) with ¢ € CH*(IR) and such that 11 (0) =
Y1 (0) = 0, and similarly for the curve I'y. Given £ > 0, we introduce approximate
curves 1 ¢, 2 . which satisfy

{ Yie =4 j=12 [a[<e
[[jellere < 2[Yj]]c1a0 €7

for any 0 < a < . where v = ap — a > 0, see Figure 2. We then split Lg as

1

2y 1+ [y (2)]?

where x is a smooth cut-off function that is identically one near the origin. The term

Ly = x|k + (5 + %) | + (1 —x)LS,

K§’6 is (near X = 0) the difference between L3 and the normal derivative at the
approzimate point (x,vyn -(x) — dea) of the single layer potential on the approzimate
curve y — (y,¢2.(y)). Since the original and approximate curves coincide in an e-
neighborhood of the origin, the operators KQE 9 are collectively compact with respect to
§. The term involving I5 % is the normal derivative at the approzimate point (x,11 ¢(z)—
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0.0, (9 +312)

‘b3 S 00+ 52) U, () +5/2 . () +512)

(W, (x) ~8/2) b () -8/2 ., () =872

Figure 2: The approximate curves introduced in the splitting of L3.

dez) of the single layer potential on the straight line y — (y,12.(x)), and the term
. . £ . . .
involving J5*" is the remainder, see Figure 2.

We decompose L‘f likewise and define

x(X) €,0 €,0
L A e+ 1)
S 0. RN E O ) AT
ENE RO
s = K WG+ (=X)L
’ XK+ (1= )L —K3

so that 79 = A.s + C. 5. In this decomposition, the operators C. s are collectively
compact, whereas the operators A.s are pointwise convergent and invertible, with
uniformly norm-bounded inverses. Since they do incorporate a term from the Lf, the
operators A, s are, however, not “diagonal”.

Given |A| > 1/2, we show in Lemmas 6 and 7, that we can fix € > 0 small enough, so
that the norm of the off-diagonal terms of A, 5 is strictly smaller than |A|, uniformly
with respect to 0 < § < 1. The operators A 5,0 < § < 1 are thus invertible in CO(I'y)x
C%*(I'y). We then show (Lemmas 5 and 8) that (Az5,Cz5) converge pointwise to some
limiting operators (Aco,Czp), as § — 0 (for C, 5 in a collectively compact fashion).
These limiting operators correspond to an integral formulation of the limiting elliptic
problem with § = 0. As a consequence, we obtain our main result, Theorem 1: the
operators T? are invertible operators in £(C%®(T'y) x C%*(T'y)), and their inverses are
bounded independently of §. Moreover, the operators (T‘s)_1 converge pointwise to
(T%) "t as d — 0.

The paper is organized as follows: In Section 2, we make precise our assumptions
on the geometry, we describe in detail the system of integral equations, when the
inclusions are not touching, and we also derive the splitting of the system as briefly
explained above. Our main result is found and proven in Section 3. The proof depends
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on a number of technical lemmas that are precisely stated in this section, but the
verifications of which are relegated to appendices A-D. Appendices A-C are devoted to
proving Lemmas 5-7, that concern the properties of the operators (K. 5’6, J; ’6, Ig’é), for
¢ sufficiently small. Appendix D gives a proof of Lemma 8 which asserts that, for fixed
g > 0, the aforementioned operators converge pointwise when § — 0. Finally, Appendix
E is devoted to a proof of the non—compactness of the limiting operators (LO,L(Q)).
Although this result is not needed for the proof of our main Theorem, we feel its
inclusion is nonetheless relevant, since it was what motivated a significant part of our
analysis.

2 Layer potentials for a system of 2 inclusions

2.1 Notations and assumptions

We recall that a closed curve I' C IR? has regularity C'® if it can be covered by a local
set of charts

G rwel; — (Yia(x),¢50(x) C R?,

where I;, 1 < 5 < J, are open intervals of IR, and where the 9 ;’s are C 1"J‘(I_j) functions
with ( ;-71)2 +( ;-72)2 > 0. We say that a continuous function f is of regularity C%*(T")
if for any of the local charts

|f (i), 2(@)) — f(51(2), ¥52(2))]

[f o Yjleoa) = sup - < C
(%) z,2€l;, [z—3|<1 |:E - $|a

The norm on C%(T) is defined by

[fllcoery = max <HfHL°°(F)a max \foibj’co,a(g))

1<i<J

We consider a bounded smooth domain Q C IR? containing 0. D; and D, are two
touching, simply connected domains (inclusions) contained in €2; their boundaries are
denoted I'1 and I's. We assume that D lies in the lower half-plane zo < 0, Dy in the
upper half-plane, and make the following assumptions about the geometry:

Al. The inclusions are strictly convex and only meet at the point 0.

A2. Around the point 0, I'y and T'y are parametrized by 2 curves (x,v1(z)) and
(x,12(x)) respectively. The graph of ¢; (resp. 19) lies below (resp. above) the
T—axis.
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A3. The inclusions D; and Dy are globally C1®0, for some 0 < ag < 1. In particular,
each function v; has regularity C1.

AY. Dy and Dy lie strictly inside €, i.e., dist(9€2, D1 U D3) > ¢ for some ¢y > 0.

Throughout the text, C' is a generic positive constant, that may only depend on the
geometry of each inclusion, but not on the parameters d, £g and € introduced below.

2.2 The system of integral equations
Let g € C*>°(99), such that [,, g = 0. We first introduce the diffusion equation
div(ap(z)Vug) = 0 inQ,

Oyup(x) = ¢ ondQ, (5)
faQUO = 0,

where the conductivity ag is equal to k > 0,k # 1, in D1UDs, and to 1 in Q\ (D1 U Dy).

The real physical situation we are interested in is one in which the two inclusions are
separated by a small distance: For § > 0, we set D{ = D1 —§/2ey, DS = Da+3/2e, and
we denote by as the corresponding conductivity distribution. Let us be the solution to

div(as(z)Vus) = 0 inQ,
Oyus(x) = ¢ on 09, (6)
faQ Ugs = 0.

In other words, the function ug is harmonic inside and outside the inclusions D‘f, Dg )
and satisfies the transmission conditions

+ —
+ - Juy  ; O0u 5
uy = uy - = k5>, ondDj. (7)

Here u; (resp. uy ) denotes the solution outside (resp. inside) the inclusions, and v is
the outside normal to D?. Since the coefficients as = 14 (k — 1)y piupg converge to
a in LP(Q) for any p < oo, it follows from Meyers’ theorem [9] that

lim [[us — wol|m(@) = 0. (8)

Let G(X,Y) = & In(|X —Y) denote the fundamental solution to the Laplace operator
in dimension 2. Let Spq and Dyq denote the single and double layer potentials on 0f2,
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defined on L2(992) by
Soaf(X) = G(X Y)f(Y)doy X €IR*\ 99,

Daof(X) = ma LGX, V) f(Y)doy X € IR?\ 09,

and let S; denote the single layer potential on I';, defined on L?(T;) by

Sif(X) = F.G(X,Y)f(Y)day X € IR*\T,.

We introduce the harmonic parts of ug and us (see [2] sect. 1.4)

{ Ho(X) = —Soa9(X) + Daa(ugan)(X) X €Q ()
Hs(X) = —Spag(X) + Doa(uspa)(X) X €.

Lemma 1 Let 6g > 0, and w CC €2, such that D‘f U Dg Cw, for d < dy. Then, for all
n € N, there exists C = C(n, k,Q, dist(0Q,w) > 0, such that

Vo <do, [Hsllen@ < Cllgllrzen)- (10)
We furthermore have that

lim [[Hs — Hollen@) = 0 (11)

Proof: The definition of Hs and H( immediately gives
Hs — Ho = Daa(us/a0) — Daa(ugjaq)
and since w is strictly inside €2 we may estimate
|[Hs — Hollen @) < Cllus — uollr2a0) < Cllus — vollm )

where the constants C' only depend on n, © and dist(0€2,w). The assertion (8) now
leads to the desired convergence (11). To prove the uniform estimate (10), we see that

Hsllen < C (llgllizon) + llusllrzea) (12)

and
lusllr200) < Cllus| a1 @) < Cllgllzon) (13)
where the constants C only depend on n, k © and dist(9€2,w). For the last estimate

we have used the Trace Theorem as well as an elliptic energy estimate. A combination
of (12) and (13) gives the desired estimate for Hy. ]
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Let 6 > 0. We define for X € I'y

N 5
Wl (X) = (Dpud — dyu; )|8D<15 (X — 562)

and for X € I'y

_ 0
P3(X) = (Ovuf — Oyug )\apg (X + 562)-

By repeated integrations by parts, it is easy to calculate that us can be represented as

0 0
us(X) = S (X + ze) + Sapy(X — z¢2) + Hs(X). (14)

The standard jump relations for a single layer potential also show that the functions
¢ and  solve the following system of integral equations

A= K)pd(X) — ZS5p8(X —dea) = O Hs(X —3es) X €Ty
(15)
— 2 5108(X +de2) + (M — K3)d(X) = 0,Hs(X + Ses) X €T

In this system, A = % € IR\ [-1/2,1/2], and K} denotes the operator defined on
L*(T;) by
1 (X -Y) v(X)

K f(X) = o5 LTIX VP F(Y)dsy.

Classical results from potential theory show that for any 0 < o < o/ < «p,
1 1 1
15:() or.a ) + 1Si(D) lcr.0@\pp) < Cllillcow ) (16)

for i = 1,2, see [18]. Based on the representation formula (14) and Lemma 1 we thus
immediately get the following result.

Lemma 2 Let us be the solution to (6), and let (¢3,¢3) be the solution to (15),
where Hs is given by (9). For any small n > 0, let Q, denote the set Q, = {z €
Q, dist(x,0Q) > n}. Then for any 0 < a < o’ < ay,

145l o103y + sl e pg) + usllcroe,\gung))
2
5
<C (Z |15 [l oo (ryy + HQHB(aQ)) ;
=1

for some constant C, depending on a, o', ag, 2, k,n, but independent of 4.
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According to this lemma we obtain the desired piecewise Holder estimates (1) on Vuyg,
if we can establish uniform C%* a < ag, bounds on the potentials cp?. Since Hy is
bounded uniformly in any norm on the curves I'; (by Lemma 1) such uniform bounds
on the ¢! follow if we can verify that the operator on the left-hand side of (15) has
a uniformly bounded inverse as an operator on C%%(Ty) x C%*(I'y),a < ag. This
verification is the focus of the remainder of this paper.

2.3 Decomposition of the system of integral equations

In this section, we begin our detailed study of the system of integral equations

0 A — K* LS 5 g
o ‘P1>::< 1 2*><901>:<1>7 17
<goz 2BV AN i a7

Where, for ((1017 (102) S CO,a(Fl) X CO7OC(F2)7

Lipa(X) = —ZSpa(X —des) X €T
(18)
Lipi(X) = —%51901()( + deg) X €Ty,

When § > 0, classical potential theory applies, and one finds that 7° is a continu-
ous linear mapping on C%®(T'y) x C%*(T'y), invertible with bounded inverse, for any
0 < a < ap, and for any || > 1/2.

Our goal is to study the behavior of 79 and its inverse as § — 0. As the inclusions come
to touch, the terms 9, S22 and 9,511 may become singular at the contact point. To
isolate this difficulty, we decompose 79 as a sum A. s + C. s, where for a fixed ¢ > 0
sufficiently small, the operator A, s contains the singular part of T° (i.e., the identity
plus a piece of the off-diagonal terms) and where C; 5 is compact.

We fix a small parameter 0 < gy < 1 so that
1 1+¢eo

<
2 2

< |\l (19)

Let Ry = 2(1 4+ ¢, 1). By a rescaling of €2, if necessary, we may assume that each
inclusion is sufficiently large so that the intersection of (I'y UT'2) N B(0,2Ry) with the
vertical axis is reduced to the contact point 0. In other words, the ‘South pole’ of I'y
and the ‘North pole’ of I'y are at a distance greater than 2R, from the contact point.
Let x be a smooth cut-off function, such that

0<x(X) <1,

X(X)=1 for X € B(0,¢),
Supp(x) € B(0, Ry),
[IVXlloo < €0.
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We also assume that ¢( is sufficiently small so that around the contact point X = 0,
the curves I'; can be parametrized by

{ lz] <eg — X = (z,¢1(x)) €Ty, (21)
lyl<eo — Y =(y,v2(y)) €l
Lemma 3 Given 0 < g < 1 for which (21) holds, and given 0 < a < 1, there exists

an operator B : C9*(Ty) — C%*(IR), such that for any p € CO*(I'y),

[Eolloa < (1+c0)llelloa
Eo(y) = o(y,v2(y)), ¥y € (—€o,€0) (22)
Supp(Ep) C (—2/e0,2/e0).

Proof: Given ¢ € C%*(I'y), we first define $ € C%(IR) by

e(y,v2(y)), ify € [—0, €0
¢(y) = § »(eo0;¥2(e0)), if y > eo
¢(—€0,12(—¢0)), ify < —eo.
It is easy to check that ||@||o.a < ||¢ll0,a: For instance, when |y| < &g, § > o and
ly — 9| < 1, we can estimate

0(y) =@ ey, ¥2(y)) — p(eo, 12(c0))|

|y_g|a Iy—37|a
<l a) —elovacdl o
ly — ol

and similarly for the other choices of y, 9.

Next, let p denote a C'(IR) function with values in [0, 1], with compact support in
(—=2,2), and such that

g0’ €0

{p(y) = 1 if|y[<eo
1 ]le < €0

We define Ep(y) = p(y)$(y), which satisfies [|[Ep|lec < ||@lcc < [|¢l]o0 and

|Eo(y) — Ep(9)] e(y) — 2@ | | ~ 1
sup — < sup (plleo = A+ (130 110 locly — 911
ly—g|<1 ly — 9 ly—g|<1 ly — 9
< (I +eo)llelloas
and the lemma follows. [ ]

We let o < ag and fix 0 < ¢ < g9. We introduce two auxiliairy functions )y ., ¥,
defined on IR, which satisfy (see Figure 3) :

ij,s = ij, ] = 1727 |$| <g, (23)
[Wjellera < 2[[¢jllera0e”, (24)
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where v = ag —a > 0. The existence of such functions follows from the C1® regularity
of 91 and 19, and from the fact that

We simply take

(), x| < e,
Yie(z) = 2¢j(ke) —Pj(£2e — ), e<Fxr <2
27/)j(i5)7 +x > 2¢.

K= (6, ()

0 € 2¢e X
Figure 3: A possible contruction of 9 .: the part between (g, 2¢) is obtained by rotating
the part between (0,¢) around the point (e, 12(e)).

(.0, ()

Let 0 < a < o < 1. Throughout the paper, we set for p € C%(I'y)

o(y) = Ep(y)/1+ [y (y)]?
It is easy to check that this function has regularity C%*(IR) and that

olloa < (1+Co)(A+eo)llelleors), (25)

with C. — 0 as ¢ — 0.

Let § > 0 and ¢ € C%¥(Ty). For X € I'; with first coordinate x, we set X. =
(x,1(z)). We also set T'g e = {Y = (y,1%2.(y)),y € IR}. We then define
-1 v(X) (X =Y —des)

KO0(X) = — Y)d

1 v(Xe) (Xe =Y —deg)
— Eo(Y)doy.
+27T/r2 |X€—Y—5e2|2 90( ) doy

(26)

More explicitely, the second term in the above expression has the form

() (Tt s )

1 1
om\ [1+ [0 ()] /B (@ —y)? + (0 +Y2e(y) — t1e(2))?

o(y)dy.
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We remark that the two integrands in the definition of K ? coincide when ly| < e and

lz| <e,as Y = (y,¥2(y)) = (y,92.(y)) and X = (z,91(x)) = (2,91 ¢(x)) in this case.
We further define for | X| < Ry, and 6 > 0 or X # 0

i O ael) — re(@)) — () — )
e = @ 92 T 0+ Vo) — Gr@P
(@

N (6 + Y2.c(z) — rc(x)) — ¥ @)y — )
B @92 O+ (@) — (@)

o(y)dy

o(y)dy,  (27)

and for d =0and X =0

€ w2e(y)
J00(0) = / —_— dy.
2 ()0( ) R yg +7/}2,e(y)2 ¢(y) Yy

Note that the integral in the expression above is well-defined as 5 .(y) = O(|y
when y — 0. Finally, for | X| < Ry, and § > 0 or X # 0, we define

b (Bt te(@) — () — () — )
LieX) = /R @97 1 (0 + U2e(@) — 12 (@)

’1+a)

d(y)dy, (28)

and

I%(0) = 7p(0). (29)

L I§’6 represents the form one would (locally) have obtained

2m 1+ (0, )
for L, if T'y were a flat boundary at distance §+ g . () — 1 () from T'y, see Figure 2.

The expression

Using the above definitions and recalling the definition (20) of x, we may now decom-
pose the off-diagonal operator Lg, 6 > 0, as follows

Lip(X) = x(X)Lp(X)+ (1 — x(X))Ly(X) (30)

= x(X) KO+ !
( T o L4 (@)

+H(1 = x(X))Lp(X). (32)

(J5° + 157‘5)) p(X) (31

In a similar manner, we define operators Kf’é, Jf’é,lf’é from C%*(I'y) into C%¥(Ts),
that help decompose the operator L‘f

1

2\ 1+ [P ()]

+(1 = x(X)) LYp(X),

L = x(X) (KfM <Jf"5+ff’6>) p(X)
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for 0 < e < ¢gy.

The integral equation system (17) may now be written

T5< ®1 ) — A575< P1 > + C&é( ®1 >7 (33)
Y2 Y2 Y2

with
K} 0
M e+
A€,5 - X (JE,6+IE,6) e A (34)
2my/T+ 5 (@)]2 21 1
and
_ [ KD xES? _ 0 Ly
Cs,é - (XK?(g _Kék +(1 X) L(15 0 : (35)

For 6 =0, and X € I'y, with | X| > ¢, the definition (18) is used to define an auxiliary
operator ﬂggp(X), i.e.,

. )
Lp(X) = —gsw(X) X €Ty, |X|> e (36)

Since the single layer potential Ss¢ is infinitely regular away from the curve I's, we
have that L9y = lims_o Ly in C%%(T1 N {|X| > £0}), and as a consequence it follows
immediately that

(1—x)L5 — (1—x)LY, asd—0,

in operator norm, from C%%(T'y) to C%%(T;). We also note that the operators (1—yx)L3
and (1 — X)Lg are compact. We now define a global operator by

LIp(X) = x(X) | K5+ (I +15°) | o(X)

1
21y 14 [ ()]

+(1 = x(X)Lyp(X).

The operator L9 is independent of € and &g, since it is, as we shall show (in Lemma 8),
the pointwise limit of the €, eg-independent operator Lg, as 0 — 0. For that same
reason LYp(X) is also given by the formula (36) for X # 0. However, as we used the
former to define the latter, different notation seems appropriate. A similar approach
yields an ¢, g- independent operator LY. We use the operators LY, i = 1,2 to define

7

0 ¥1 _ AI—KT L(z) P1
g (902) B < LY Al — K3 w2 ) (37)

the system
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As we shall show (in Lemma 8) this is indeed the limiting system corresponding to
(17) as 6 — 0. Due to the definition of T it is easy to see that this operator may be
decomposed as

TO = AE,0+CE,07

with
0 .0
M L eE 2t h)
Aeyo = X (J€,0+I€,0) o~ AI (38)
2\ [T+ WG @) 1 1
and
—K¥  xK5Y 0 LY
C.o = 1 2 1-— N 2 ). 39
o= (e Y )ra-o(g g 2

3 Main results

Our main goal is to show that the system of integral equations (17) is invertible, uni-
formly with respect to 6. As already discussed, all involved operators do not converge
in norm as 6 — 0, and the limiting system (37) is not of the form A times the identity
plus a compact perturbation. The single layer potentials K are compact operators on
CY(T;), as the curves I'; have regularity C1** [15]. However, the off-diagonal terms L?
are not quite as nice, even though their singular parts concentrate near only one point.

Lemma 4 The operators Lg and L(l) are not compact on CO for any 0 < a < .

This result immediately implies that the compact operators (L‘ls , Lg) do not converge
in norm to (LY, LY), and this eliminates a simple proof of uniform invertibility of (17).
In order to overcome this difficulty, and still prove the uniform boundedness and con-
vergence of the solutions to (17), we base our analysis on the decomposition (33), and
use some fairly basic results from the theory of collectively compact operators, [6].

Definition 1 Suppose X and Y are two Banach spaces. A family of compact linear
operators B® : X =Y, 0< 6 < 8y is called collectively compact if and only if the set
(B, |lollx =1, 0< 8 <&} is precompact in'Y .

The next three lemmas describe some important properties of the operators in the
decomposition (33) of our system of integral equations. We only give the statements
for the operators indexed by 2 ( i.e., those defined on C%%(T'y)) but similar statements
hold for the operators indexed by 1.



Ammari, Bonnetier, Triki and Vogelius  Elliptic estimates 17

Lemma 5 Let ¢ be fized with 0 < € < e9. The operators XK§’5 : CO(Ty) — CY(Ty),
0 <9 < dg form a collectively compact family of operators.

Lemma 6 Given any 0 < e < gy and any 0 < § < dg, the operator XJ§’6 s a continu-
ous linear operator from C%*(I'y) to C**(T'1), a < ag. Moreover, we have

X

H—JE’(SHﬁ CY(T5),C0%a (I < C(€)7
- [wi,aP 2 (COx(T2) (I'1))

where C(g) converges to 0 uniformly in 9.

The operator 1”2E 9 contains the most singular part of the off-diagonal term, however, it
is possible to give a very precise estimate of the the size of this singular part in terms
of |\l

Lemma 7 Given any0 < e < gp and any 0 < § < g, the operator XI§’5 18 a continuous
linear operator from C%*(I'g) to C**(T), a < ag. Furthermore we have the estimate

X £,0
| —F—=L"lccoamy) conr) < 1/2(1+C(e))(1 + &), (40)
o Lt et

where C(e) — 0, as € — 0, uniformly in 0.

The next statement concerns the pointwise convergence of the operators T’ 5, as opera-
tors from C%*(I'1) x C%¥(Ty) to C¥¥(I'1) x C%*(I'y).

Lemma 8 Let 0 < a < a, and fix 0 < € < 9. Then, as § — 0, for all (¢1,p2) €
CO’O‘(Fl) X CO’O‘(PQ),

£,0 £,0 £,0 €,0 . 0,
K01, Ky — K71, Ky o, inCe.

Additionnally, as § — 0, for all (o1, p2) € CO%(T) x C%*(T'y),

/
. /
in CO, o < a.

o ) 0 0
xJ1e1, XITe1 — XJT 1, XA e
£,0 £,0 €,0 €,0
XI5 02, XL 2 —  xJ{ o2, X1y o2,

Consequently, since we already know that (1 — X)Lfgpi — (1— X)i?gpi, in C%%, i =1,2,
it follows that as § — 0,

cw( zl > . C€70< Y1 > in CO(T) x CO(Ty),
2

P2
T9 ¥1 T0 ¥1 in CO (T coe' (T /
’ — i’ in (T'1) x (Ty), o < a
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By the Uniform Boundedness Principle, the operators C; 5 are uniformly norm-bounded

m E(CO’O‘(Pl) X CO’Q(PQ)).

The proofs of the lemmas stated above are given in the appendices A through C. We
now state our main result.

Theorem 1 Let |A| > 1/2 and o < ag. There exists 59 > 0 such that the operators
T9, 0 < § < &y, are invertible with inverses that are bounded independently of § in
L(C%(T) x C%(Ty)), < ag. Moreover, the operators (T°)~' converge pointwise to
(T as 6 — 0 in in LCO (I')) x CO¥(Ty)), for any 0 < o/ < a.

Proof:

Step 1. Let |A| > 1/2. Recall that we have tuned ¢¢ so that |A| > (1+¢¢)/2. Invoking
Lemmas 6 and 7, we may fix ¢ > 0 sufficiently small that the off-diagonal terms of A, s,
being bounded in operator norm by (1 + C(e))(1 + €0)/2, are strictly smaller than ||
uniformly for 0 < § < §y. Consequently, A, s is invertible in £(C%¥(T1) x C%%(T'y)) and

c
Al = (14 C(e)(1 +20)/2°

VO<8<d, |IAZ§llzconmyxcoams)) < (41)

with C(e) — 0, as € — 0, uniformly in §. Further, it follows from Lemma 8, that for
(p1,42) € CO(T1) x CO(Tg),

ai(2) - aa(l) meia<a )

Step 2. As I'y and I'y are of regularity C1 Y, K7 and K are compact operators on
C%¥(Ty) and C%*(T'9) respectively (see for instance [15]). By Lemma 5 and Lemma 8
C:,0 is the strong limit of the collectively compact family of operators C. 5, and so it
is also compact. In summary the operator 70 = Aco + C:pis a Fredholm operator:
it is therefore invertible if proven injective.

Step 3. Let (p1,¢2) € C¥¥(T'1) x C%¥(T;), such that

T0< 901> = 0. (43)

P2

By Lemma 8, ngpg — LYps as § — 0, and so

/ LYpsdo = lim [ Lipydo
Iy 0

=0 Jr,

= —1im/ 9,S205(X — deg)dox.
6—0 I



Ammari, Bonnetier, Triki and Vogelius  Elliptic estimates 19

Since S2¢3(X —dez) is harmonic in Dy, the integrals on the last right-hand side vanish,
and so do their limits. Invoking well known results in potential theory [16], we now get

/ (M = K})1 + LYpo] do = /(/\I—Kik)%do'
Fl F1

_ ()\—1/2)/F ordo .

A similar relation for (Al — K3)¢s + LYp1 holds on T's. Thus, as a consequence of (43)
and of the fact that |A| > 1/2,

/(pldO' = /(,DQdO’ =0 . (44)
Fl FQ

Step 4. Consider the function wy defined on IR?\ (I'y UT) by
wo = Sip1+ Sapa. (45)

We claim that wy = 0 in IR Indeed, S1p1 and Saps are continuous functions on IR?
and harmonic in IR? \T'; and IR? \ 'y respectively. The regularity of I'; and I'y implies
that V.S1¢1 and VSyps are bounded. Thus, wy is piecewise harmonic in IR? \ (I Uly),
with Vwg piecewise continous and bounded. In particular, wy € H IIOC(ZR2). We note
further that (43) expresses the continuity of agd,wq across I'y and I'e, except possibly
at 0, and consequently wy is a local solution to

div(agVwg) = 0 in IR?\ {0}. (46)

As for the behavior of wy at infinity, a classical estimate of the Newtonian potential [16],
under condition (44), yields

wo(X) = O(X|™Y) Vug(X) = O(X[™?) for |[X| —o00 .  (47)

Let 0 < p < R and let B, and Bg denote the balls of radii p and R, centered at 0. We
compute

/ a0 Vo2 = / a0l Vuwol? + / ao|Vwo|? (48)
Bpr BR\Bp BP

As wq is ap—harmonic away from 0, the first integral reduces to

/ apwoOrwo do — / apwoOrwo do
0BR 0B,

< 0/63 R~ do + ||lwol| e 08,) [la0Vwol| Lo o5, 0B,|
R

< CR?+Cp ,
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where C is independent of R and p. We estimate the second integral by

‘/ CLoVZU(] . VZU(]
By

Letting R — oo and p — 0 in (48), we conclude that fBz ao|Vwg|?> = 0 , and in view
of (47) that wo = 0.

< Nlaoll g (m2) [[Vwol oo (g, 1Bl < Cp*.

We now use the jump conditions for the single layer potential to obtain

01 (X) = dwg —0w; =0, Xely\{0}
(X)) = duws —dw; =0, X ely\{0}

which together with the continuity of the ¢;’s at 0 yields that ¢ = @y =0, i.e., T is
injective.

Step 5. At this point we have verified that A=0 and A9 are invertible for e sufficiently
small, the latter with inverses whose operator norms are bounded independently of §.
We next claim that

(i) The operators 05751\6_; are collectively compact.
(ii) CE,OA;(I) is compact.
(iii) C’E,(;Aa_é — 5,OA;é pointwise in £(C%¥(T'y) x C%*(I'y)) as § — 0.

Under these conditions, Theorem 1.6 in [6] states that the operators (I + Ce,gAa_é)_l
exist, for § sufficiently small, and are bounded uniformly in ¢ if and only if I+ C’&OA;(I]
is invertible. Moreover in that case

(I—I—Cg,(;Aa_é)_l — (I—i—C’E,OA/X;(l])_1 pointwise . (49)

Since 7% = (I + C€,5A;§)A575, and since we already know that 7° and A% are invert-
ible, the validity of the claims (i)—(iii) will thus let us conclude that (I + Ce,gA;é)_l
are uniformly norm bounded and that (49) holds. In combination with (41), (42) it
follows that

(T°)" = AT+ Cesh5)™!
are uniformly norm bounded, and satisfy

(T)~' — (T%7! pointwise as § — 0 .

It therefore only remains to verify the claims (i)—(iii) in order to complete the proof
of Theorem 1. As already noticed in Step 2, it follows directly from Lemma 5 and
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Lemma 8 that the operators C. s form a collectively compact family and that the limit
C: is compact. The uniform bounds (41) now imply that the operators C€75A€_§ also
form a collectively compact family. This verifies the claims (i) and (ii).

Since the operators C. s are collectively compact in C%(I'y) xC%(T'y), and since (Ae_; -

A;(l))cp is uniformly bounded in C%®(T'y) x C%(T'y), a subsequence of Ce’g(A;(% - A;é)gp
converges to some function w € C%*(I'y) x C%*(I'y). However, in view of (42), and
of the fact that the operators C. s are norm-bounded in £(C%® (') x C%®(I';)), this
subsequence must converge to 0 in C% (I';) x C% (I'y), 0 < o/ < . Uniqueness of the
limit implies that w = 0, i.e., that 0575(1\;; - A;(l))gp — 01in C%*(I'y) x C%*(T). Since
this is true for any subsequence, the whole sequence 0575(1\;; — A;(l))go converges to 0
in C%%(T'y) x CO(Ty).

We then write

- (¢ 1A~ il
(05751\5% — Cg,oA&(l)) < (P; > = |:CE,6(A5,§ - Aa,é) + (06,5 - C&,O)Ae,(l)] < (P; >

to conclude that C€75A€_§ converges pointwise to CE,OA;é in C%*(Iy) x C%*(T'y) as
0 — 0, and therefore that (iii) holds. ]

Recall that the solution to the conduction problem where the inclusions are § apart
has the representation (14), in terms of the solutions (¢{,¢3) to (15) and the harmonic
function Hs from (9). A similar relationship holds between the solution ug to the
conduction problem with touching inclusions and the solutions (¢9,¢9) to

0 o H
To<901> _ ( vito/T, > ’ 50
© OvHor, (50)
where Hj is the harmonic function from (9). This is the assertion of the following
theorem.

Proposition 1 The solution ug, to (5), may be written
u(X) = S19)(X) + Sppd(X) + Ho(X) XeQ (51)
where Hy is harmonic inside 0, and defined by (9), and where the pair (£, 3) €

CO(Ty) x C%*(T'y) is the unique solution to (50).

Proof:
Since Hj is harmonic inside €2, and since I'y and I'y are C'+?0, the right-hand side of
(50) lies in C%*(I'1) x C%*(T'y). By Theorem 1, the integral equation (50) therefore has
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a unique solution (¢, pY) € C%¥(T1) x C%*(Ty), for any 0 < a < . By Lemma 1,
O, Hsp, — 0,Hyr, in C%(T;), and so we infer from Theorem 1 that

5 0
@9 ©5 _ sv—1 ( OvHsr, ) 0y—1 < Oy Hyr, )
_ = (T — (T
< 05 > ( 09 ) ") ( Oy Hsr, (") OvHor,
— (1) [( Oy Hsp, ) < Oy Hor, >]
81/H6/I‘2 a,,HO/FZ

This convergence of gpf immediately implies that

1) 1)
S1e(X + 562) — $19%(X), and Sypd(X — 562) — S205(X), (52)

uniformly on compact subdomains of 2\ (I';UI's), as 6 — 0. Consider now the solution
to the conduction problem (6), us(X) = S1¢p{(X + Se2) + Sopd(X — eo) + Hs(X).
From Lemma 1 we know that Hs — Hy uniformly on compact subdomains of €2, and
if we combine this with (52) we obtain

1) 1)
us(X) = 5190(15(X+§€2)+52¢3(X— 562)+H5(X) — S17(X) + Sa95(X) + Ho(X)

uniformly on compact subdomains of 2\ (I'y UT'3), as § — 0. Since we also know that
us — ug in H'(9), it follows from the uniqueness of the limit that ug = S1¢9+S209+Hg
on compact subdomains on © \ (I'; UT'2). Both sides of this identity are continuous
functions, and so we get ug(X) = S10(X) + S20%(X) + Ho(X) for all X € €, just as
desired. ]

The representation formula (51) of the previous theorem guarantees that ug and its
gradient are piecewise smooth functions in €2,, and uniformly bounded. This property
is transmitted to the solutions ug, as expressed in the following Theorem, an entirely
different proof of which was already given in [20].

Theorem 2 Letn >0 and 0 < o < ag. The solutions us to (6) satisfy
||u5||01’“(9n\(DfUDS)) + ||u6||Cl’Q(D7f) + ||u5||01,a(D73) < C||9||L2(8Q)'
The constant C depends on n, but is independent of § and g.

Proof:
Recall that us has the representation

1) 1)
us(X) = Sipd(X + 562) + Sopd (X — 562) + Hs5(X),
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where (¢3, %) solves (15) in C%%(I'1) x CO¥(T'g), for any o < & < ap. Adapting the
arguments developed for the case of C? contours in[14], Theorems 2.13 and 2.16, one
easily obtains that

0 0
113X + Se0)llorn@ipn + 15168 + Sealllnazry < Clllllovaqry)

and similarly

A

o o
"SQQDg(X - 562)”@@(@) + HS%Og(X - 562)"01,0((3(25) < C H(ngCO’@(fb)
Due to Theorem 1 and the fact that (¢, ¢3) solves (15)

5 5
letllcoary) + ll@allcosry) < CllHsllcra(a,),

for n sufficiently small. At the same time, due to Lemma 1,

[Hsllcra,) < Cllgllrzoa)-

A combination of these four estimates with the above representation formula for wug
immediately gives the apriori estimates from the statement of this theorem. [ |

A Proof of Lemma 5

To simplify our exposition, we drop the index 2 on the operators Ke’é, J§’5, 15’5. Con-
sidering the definitions of 11 ., ¥, for X € I'1, | X| < €/2, the operator K¢&9 is given
by

1 v(X) (X =Y —de)

K*%p(X) = Xy s (- X()e(Y) doy

2T s

1/ V(X)) (X —Y = e)
TNyl ><}

B 1 / (0 +92e(y) —P1e(x) — 1 () (y — 2)
21y /1+ [ ()2 JRagly>ey (@ —y)? 4+ (0 + Y2e(y) — P1e())?

Since for |y| > € and |z| < &/2, (v — y)? > £%/4, one easily checks that the kernels in

o(y) dy.

all the above integrals are bounded and have regularity C%®0, so that K%¢ is compact
and maps C%*(T'y) into C%*(I'; N {|X| < &/2}), for any 0 < a < ap. An even more
direct argument works for | X| > ¢/2. We also note that the bounds on the kernels are
uniform with respect to 0 < § < 1. As a consequence, the operators K90 < § < 1
form a family of collectively compact operators.

|
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B Proof of Lemma 6

Recall that we assumed 1)1, have regularity C%® for some 0 < ag < 1. Let o < ayg
with v = apg —a > 0. Our construction of the auxiliairy functions v . and v, . implies
that the following bound holds

||¢1,€||1,a,||¢2,5||1,a < Cev.

In this section, we show that J=% maps C%(T) into C%*(T';) for any 0 < a < .

Given s, z,z € IR, we write henceforth

a = a(x) = 0+ () — P1e(2)
i = @) = 0+ (i) — bre(d) -
13 = b(z,s) d+ 7/’2,5(3 +x) — 1/11,5(35)
b b(z,s) = 0+ 12e(s+T) —Yr1:(2).
B.1 Preliminary estimates
We will repeatedly have to estimate differences such as
b—al = [2e(s+x) —Poe(T)l.
The mean value theorem shows that for some 6 between 0 and s
b—al = [ (z+0)s]
< (Whe(@)] + [pc(a +0) = ¥h(2)]) |s]
< ([9a@)] + [[¥5ello.alf]) sl
< (@) + [[¥5elloals®) Isl. (54)
Alternatively, we may bound |b — a| by
b—al = (W5(s+2) + l[¥5clloals|®) Isl. (55)

Similar estimates can be derived for |b — b|: setting d = |z — &|, we have for some 0
between = and &

b—b = [h(s+0) =i (0)d
< (W}é,a(s + i')’ + ‘w&,a(‘%)’ + W}é,a(s + 6) - 1/15,5(3 + ‘%) - w&,a(e) + 1//1,5(‘%)‘) d
< (Whe(s + @)+ [1.(@)] + d* (o clloa + W1 clloa)) d. (56)

Similar estimates hold for |a — a| and [b— al.
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Recall also that ¢(y) = Eo(y)\/1+ [¢4(y)]? has support in (=R, Rp). Thus, there
exists M > 0 such that for any X € I'y with first coordinate z, the function s —

¢(s + ) is supported in (—M, M).
Our analysis relies on the following lower bound on |1y .|, [1)2.c|:

Proposition 2 Suppose 0 < o < ag. There exists a constant C' > 0, independent of
e, such that for any x € IR,

Wi (z)] < Clpie(z)| s, i=1,2. (57)

Proof: We only focus on 15, but the same arguments apply to ;. Recall that we
assume I'y is strictly convex, and that vy is C1'® and positive, vanishing only at 0. The
function 19 is only defined in a neighborhood (—&g, ) around 0. We may nevertheless
extend it on the whole of IR, as a C® function that only vanishes at 0 and such that
21,0,k < 2/[12]11,0,(—c0,c0)- It follows that for any z € [~M, M| and for any 0 € IR

bala +0) < () + h(2)0 + O(|6]),
so that for some constant C' > 0, independent of 6.
Uo(x) + Yh(z)0 + C|O" T > 0.

As a function of 6, the left-hand side of the above expression is minimal when 6y =

_(C%Ef(l))l/a if Y4(x) > 0, and when 6y = (gﬁf{l‘))l/o‘ if ¢4 (x) < 0. In both cases, the

positivity of ¢y yields (57) for the function .

We note that (57) is therefore satisfied by 1o . when |z| < e. It is trivially satisfied
when |z| > 2e. Furthermore, when ¢ < 2 < 2¢ one has

[W2(x)] = 2¢a(e) —¢a(2e —2) > ta(2e — )

lta lta
Clyy(2e — )| = = Clpy(2) = .

v

Proposition 3 For any s,t > 0 and for any 0 < p < 1 we have
sS+tt > stteloe
Proof: We may assume that ¢ > 0 and p < 1. By homogeneity, it suffices to show

that g(s) := s? — s!*# +1 > 0 for any s > 0. One easily checks that ¢’ only vanishes
1
at sg = (HT“)H and that

9(s0) =
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B.2 Uniform bound on J%%, § > 0:

Let ¢ € C%%(I'y), and X € I'y, | X| < Ry, with first coordinate z. Let

o) = (M) ) a@) @
Je61%) s2+b(x, s)? s? 4 a(z)? ’
so that after the change of variable s =y — x,

€0 = - s(s,x s+x).
JO(X) = / _ Jealss2) ols +2)

It follows that

b— sl () a— sy (2)

‘JE’(;SD(X)‘ < /s|<M‘ 82_’_}:2 - S2+;L€2 H¢H07Oc
< 11l / |b— al(s® + |ab] + |s] .(x)] |a + b])
= 0 f e (s + 02)(s2 + a?)
< cuwo,a/ b-al | Ib-adl

|<M82+CL2 524 b2

Recalling (54)-(55), and using propositions 2 and 3, we see that

[ hed b
|s\<M82+b2 82—|—a2

< [ N P don) | o (84l )
o |s|<M s2 + b2 s? + a?
o sl (s + ) 2 sl o) 2
= et B oo ) +37 B (o) + 07
+Clgloe [ s
|s|<M

We choose 1 such that 1/(1 4+ «) < p < 1, and thus o/(1 4+ «) — (1 — p) > 0, to obtain

[ fed, bed
\s|<M52+b2 S2+a2

Tra—(1=p) _
< CWhellow M® + C |ocl| / o]
|s|<M

o (1—
C (Hwé,guo,a MO + ||| ie 07 M) < Cfe), (58)

IN

where C(e) — 0 as € — 0, uniformly with respect to ¢, since |[1)2¢||1,« = O(g”). Hence,
recalling (25), we see that

[7%0(X)] < C(e) llllo (59)
where C'(e) — 0 as € — 0, uniformly with respect to § (and X).
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B.3 Holder continuity of J*°, § > 0

Let X,X €1 N B(0, Ry), with respective abcissae z,Z and set
d = |z—2 < |X-X]| (60)
Using the notations of the previous section, we form

J0p(X) = J*0p(X)

= b— 31//175(95) a— 31%,5(33) )
R /s|<M ( P Ry > [6(s +2) = o(s + )

4 / (ea(5:2) — Gos(s,2)) 05 + &) — S(2)]
|s|<M A
+ qb(:i") / <b - 81/1175(33) a— Swl,a(‘r) b— Swl,a(‘r) a— 81/1175((5))
|s|<M

2402 s24a? $2 + b2 52 + a2

= Ry + Ry + Ra. (61)

B.3.1 Control of R;
Using (54), it follows that

b—sre(z)  a—sy.(x) )
Ry = '/|M( st - R ol o) - o+ )] ds
/ |b — al (32 + |ab|] + |s(a—|—b)1,bi’€(3:)|) 18llo.d”

= Ji<nt (5% + a?)(s% + 17) o
o lb—al  [b—aq|

<

< Oloload [ o7t are

and we conclude from (58) that
[l < Ce)ll9lload, (62)

with C(¢) — 0 when & — 0, uniformly in § (and X, X).

B.3.2 Control of R,

We rewrite Ry as

o /|8<d<b—swa,€<:c> - ) o

52 + b2 52+ a?

b— sy (2 a— sy (2
o /|<d< 7;[)1,5( ) _ ¢1,5( )) [¢(S+§Z‘)—¢(i’)]

52 + b2 s? +a?
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+/ <b_8¢17£($) B b—s«bl,e(iv)) (6(s + %) — 6(2)]
d<|s|<M

s2 + b2 s2 4 b2
a—sPy(x)  a— sy (2) ) )
- /d<|s<M < 32 + CL2 o 32 + d2 > [@(S + :E) - ¢($)]
_= Sl + 52 + Sg —|— 54_ (63)

The first term can be estimated by

|b—al |b— al
S| < C “ a
sio< o [ (G fe) el

< oo | EIEA TN
- O, |s|<d 82 + b2 82 + a2
< Cldlloa b lloa / o]
[s|<d
< Clldlloa |1 Iloa d®. (64)

The same estimate holds for Ss.

Concerning S3, we can rewrite the term in parentheses in the integrand as

(b — b)(s% — bb) N s () o (2) — i ()
(s24+b2)(s2 +b2)  (s2+ b2)(s2 + b?)
+sb2(w’1,e(i’> — (@) + s () (b — b) (b + b)
(s24+0%)(s2 + 132)

The estimate (56) then shows that

1S3] <

IN

IN

<

h— i) s I4+a|, 4
/ ‘ : ’ _ ’S’a H(bHO,a + / 9 | | ||7p;,€||0,a H(ﬁ”oﬂ
d<|s|<M s% + min(b, b)? d<|s|<M s
|91 clloolb =],
d<|s|<M s? 4+ min(b, b)

(Whellow + Wiclloa)d | o

g2

Cl1dllon / (14 [0l oo)
d<|s|<M
+Clélloe / 114, lo.ad?] 5]
d<|s|<M

C ll¢lloa (1 + 111 clloo) (I1¥ello0 + 191 cllo.a) <d / s 4 M“da>

d<s<M

C llglloa (1 + 11 cllo) (12 cllo + 11 cllo.a) d*. (65)

The same argument yields a similar estimate for S4. In summary we obtain

[Ryl < Ce”|dlload®, v=ao—oa (66)
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B.3.3 Control of R3

The term Ry is the most singular in (61). We rewrite it as ¢(Z)Rj with

R / b—sth(s+a)  b—sph.(s+)
S Jisjemr 5% + b2 s2 + b2

/ a a
|s| <M S2+CL2 S2+€L2

n / <3(1/}é,e(3 1) = ¢i(@)  s(p(s+2)— 1%,5(9?)))
|s|<M

s2 + b2 52 + b2

(A iy,
|s|<M s2+a2 82+d2

= TV + Ty +T5+Ty. (67)

Noting that zbé’a(s + x) = 0sb the first term can be integrated explicitely to obtain

T, = [arctan( ) — arctan(

s
b(s,x) b(s, &

~—

The mean value theorem shows that

| arctan( M ) — arctan( )| M (WEE(M +Ol+ |¢/15(9)|) |z — Z|
b(M,x) b(M,z)" — M2+ b(M,6)2
< C (V1o +1195ll0.a) d; (68)
and similarly with M replaced by —M. It follows that
Ty < Cl(e)d, (69)

where C'(¢) — 0 as ¢ — 0, uniformly in 6.

The term T5 can be treated in the same fashion. Note also, that as ﬁ is an odd
function of s, Ty = 0.

Finally, we decompose T3 as follows:

T _ / S[wé,s(s—’_x) _wi,s(x) _wé,e(s—i_‘%) +1/}/1,5(‘%)]
’ d<|s|<M 5% + b

/ ~ / ~ 1 1
b s+ D =) (- )
sl (s +a) =i ()] slg (s + &) — ¢ (2)]
" /|s<d 5% + b2 /s|<d s2 + b2
= Ui+ Uy+Us+Us. (70)
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Estimate for U;:
The fact that ¢} . and 4 . are C*¥ for any o < § < ag gives

Uil < d°(1Wicllos + v / il

| 1| (||71Z)1, ||0,ﬁ ||¢27 ||0,5) d<|s|<M 2 + (¢175(3§‘) _5)2
< ([ cllos + 1¥hello,s) In(s® + (¢1.e(z) — 0?3
< Cd([¥rellos + [Wacllop) | (@),

for d sufficiently small. Thus, we have

U C (191.ellos + [[¥a.cllo,6)d” | In(d)|

<

< Ce™Pa, (71)
for any a < 8 < . This shows that

U1 < Ce”d?,

for any 0 < v < ag — a, where C' is independent of ¢,d and 4.
Estimate for Us:
To estimate Us we proceed as follows:

R R b—b| |b+b|
Us| < / s| [Wh (s + &) — ) (2 .
Ua| d<|s\<M’ | |45 ( ) — Y1(2) (2 1 02)(2 1 B9)
[ b=b b0
< / S\ o ’ MR
> /d<|s<M ‘1/}275(3—’_‘%) 1/11,5(35) <82—|—b2 52 —l—b2)
X . |b=D|
< Py (s +2) — by (2) =
/d<|s<M‘ 2 be s2 + b2

+ he(s+
L<%@Aw%® o)~ ¥idle |32+b2

b—b
[ s+ ) @)~ ok ) UL [
d<|s|<M

2 + b2
Recalling (56) we obtain

d ([ clloa + [1¥5 cllo.a) d

Uy < / 0o (s + ) — ) ()
d<|s|<M

s2 + b
/ N (A d (‘wé,a(s +2)| + ’7//175("%)‘)
+ /d< oy |05 (s 4+ &) — ] (2) N
/ / d (lel,eHO,a + Hwé,aHO,a) d
# [ e+ ) L
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: , d (|95 (s + )| + |¥1.(2)])
+ /d<s|<M |¢2,e(3 + LL’) - ¢1,5($)| 52 n b2

, , 9 da+1
oy (el o)

= Vi+ Vo + V3 4+ Vy+ Vs

The first term can be estimated by

Vi

IN

cowum@+wawmfd“{/ =

d<s<M
C ([l clloe + [[ocllo,)? .

IN

We easily obtain a similar estimate for V3 and V5.

To control V5, we use once again propositions 2 and 3

d([¢ho(s+ ) + [ (2)]?)

Va < C i
d<s<M % + b?
< Ccd / max (|12 (s + i’)A!, 11,6 (2)]) THe '
d<s<M shtu pl=p

Choosing 1 — p = « yields

max(‘wza(s + @)’, ‘wl,a (i)’) Ire
glt+n El—u

Q_Q_ - -_—
< max(|thye (s + 2)], 1hy(&)])[TFa A7) ga=2

a(l—a)

< (IW1elloe + l1¥2ello,0) T s*72

A

From (24), it follows that Vo < Cf(e) d*. The same argument applies to V4. In
summary we conclude that

Ua| < Cle)d”, (72)

where C'(¢) — 0 as ¢ — 0, uniformly in 6.

Estimates for Us and Uy:
Both terms can be treated in the same fashion. We only present the case of Us. Using

the fact that f‘s = 0, we have

s
|<d s2+a?

a s (s + ) — ¢ (o)
Us = /s|<d s52 4+ b2
o 8[¢é75(8 + l‘) - ¢é,e($)] / ’ S S
- /s|<d ) + b2 + [w2,€(x) - 1/11,5(33)] /|s<d <82 + b2 - 52 +a2>
= W1 + Wg.
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The first term can be estimated by

10| |
S 2110,

Wil < 0/ T eel00 o ot o .
<s<d S

As for the other term, we have by (54)-(55)

b—alls||a+0
< |l — Y |
‘W2’ = ‘w2,€(x) 1/}176(‘7:)‘ sl <d (32 + a2)(82 + b2)
b —al
S ‘wé,g(x) - 1/}/176(‘,1;)‘ | ‘<d 82 + (12

1b—al
+/|s< W}263+‘T) wls ‘ 2—|—b2

+/|s<d|w2,€<s+x — 1y (x \

32+b2
15 Mo, + sl (2))|
< ! oo ,e 10, €
> |¢2,e($) wl,s(l‘” 0<a<d 82—|—a2
195 cllo.as™™ + st (s + )|
/ / € ) €
o[ ) vl e

§ ||¢é e| |0 «
+ / Sa ) )
L bl s

< Ol [ s
0<s<d
L smax ([P . (2)], [ . (2)])?
0<s<d s? +a?
L smax(|y] o(x)|, |5 (s + 2)])?
0<s<d s? + b?
2a
/ smax(|Pc(z)], [P2.c(2)]) T+
< C leeHaada + C 0<s<d sltu gl—n
o s max((y,c (o)), . (5 + @) ) 755
gl+p pl—p

0<s<d
Choosing again 1 — yu = « yields

a(l—a)
W, < © (||wé,a||3,a T max(llrcllo [[d2ellon) 55 ) &

It follows that
Us| < C(e)d?, (73)

where C'(e) — 0 as € — 0, uniformly in §. By a combination of (67)—(73) it now follows
that

[Rs| < Cf(e)d”, (74)
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where C'(¢) — 0 as ¢ — 0, unifomly in 6.

B.3.4 End of the proof of Lemma 6: Holder continuity of J&9 for § > 0

Collecting the estimates (59), (61), (62), (66) and (74), we obtain that for any o < «v,
for any ¢ € C%%(I'y), and for any X, X € I'y, |X|,|X| < Ry,

{ | Jesp(X)] < C(e)

A~

es(X) = Js(X)] < Cle)d,

where lim._,oC(¢) = 0, uniformly with respect to 6. Lemma 6, for 6 > 0 follows
immediately.

B.4 Lemma 6, the case § =0
Recall that for X € Ty N B(0, Ry), J ¢ has the form

bo—sy _(x) ap—sy] . (x) .
f‘8|<M<O AL 4 >¢(s+x) if X #0

JE’OQD(X) sz—is-bg s2+a?
f‘5|<M 752-%12[;;’(5()5)2 (8) if X =0,

where ag = Y2.(2) —Y1:(x), b = V2.(s+x) — 11 (x). When X # 0, the estimates of
section B.2 remain valid, since the denominators of the kernel are always greater than
|Y1£(z)] > 0. When X = 0, we have

Vocll1.als/t T
[ iy,
s|<

g2
< 2elliallglle M < Ce”||@]]oo-

|7=%(0))

IN

It follows that

11750 L inBO,R)) < CE)¢lloas

where lim._,g C'(g) = 0.

As for Holder estimates, when both X and X are different from 0, the quantities
|J50p(X) — J0p(X)| can be estimated exactly as in B.3, again because the denomi-
nators of all the kernels involved in these estimates never vanish. Therefore, we only
need to examine |J*%(X) — J%p(0)| when X # 0.

A careful analysis of the previous estimates shows that only the term S in section B.3.2
and T7 + T in section B.3.3 require a modified treatment compared to the case § > 0.
Indeed, we only used the fact that the denominators in the integrands are greater than
s?to control the terms S3, Sy and Tj.
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The term So: When X = 0, this term reduces to (see (63))

I O
9 = | et -0,

(here d = |z|) which can be bounded by

iy - (5) — 1y o (0
N ==

< Jdlloa lzello / go1
[s|<d
< Ce)|olload™.

The term T} + T5: When X = 0, this expression reduces to

T 4T / bo — S%,E(S +x)  ae(s) - 3%,5(3) ao
1+12 = - - :
|s|<M 52 + b(2) 52 + w%,a(s) 52 + a(%

Note that since ¥ (s) = O(s!T%), and V5. (s) = O(s%), the second term is integrable
with an integral equal to

i | M e(s) — sth.(5) / Uaels) = 595.(5)
=0 ), S HYE(s) v S YEL(s)
= lim [arctan(i) — arctan(L) - arctan(i) + arctan(_ip
p—0 Y2,(M) Ya.c(p) Y2,e(—M) V2,e(=p)
= arctan(L) - arctan(i) — .
1/}275(M) 1/}275(_M)
It now follows that
T+T, = [arctan(i) — arctan( M )}
bo(z, M) P2.c(M)
- [arctan(i) — arctan(i)]
bo(z, —M) P2.c(=M)
- [arctan(%) - arctan(ﬂ)} + .
ag ag

Arguing as in (68), the absolute value of first two terms are easily bounded by C(e)|x|.
As for the last terms, one has

a
2L < Olhae — Prell1a zHH

; (:EM)+7T
arctan(—— —
F 5l = oy S

ao

It follows that |7} + T5| < C(e) |z|, and Lemma 6 also holds in the case 6 = 0.

)
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C Proof of Lemma 7

We first note that due to (25), and since Suppx C B(0, Ro), ||X|loc < 1,]1X||co < €0

and HT//LgHo@ < &” (which can be made smaller than gy by taking e sufficiently small),
we only need to show that

5 S o

s L°p(X) = I, p(X)
Iy SD(X)‘, sup —
X1, X< Ro [ X — X]

< m(1+C)l[olloa- (75)

max | sup
| X|<Ro

C.1 The case § >0

For X,X € I't N B(0, Rp) with abcissae = and &, we split the expression of 125’6 as
IQ - Il with

/RO wi,a(x)(y - x)
—ro (T = Y)? + (6 + hoe(x) — Yre(x))

Ro ((5 + ¢275(Z’) - 7/}1,5('%))
12(x) - /—Ro (:E — y)2 + (5 + T,Z)2,€($) B ¢175($))

and next estimate the L°° and Holder semi—norm of these two operators.

Ii(z) = 5 ¢(y) dy,

50(y) dy,

L> estimate of Z;: Since ¢ has compact support, changing variables to s = y — x
yields

¢1e( )

52 +a?

L) = 1 o(s + ) ds|

Noting that ;2%5 is an odd function of s, we see that

87/)15
A = _
n@l = | [ D6+ 0 - s ds
4l
< / ;X
< il [ T ds
< C<ldlloa (76)

where C only depends on ¢p, M and 1, but is independent on & and d.

Holder estimate of Z1: We form
/ S[wi,a(x) - wi,a('@)]
R 52 + a2

Ioa S s+d
+010) [ (i ) o ads (D

Zl(x) — Il(i') =

¢(s +x) ds
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with d := x — Z. The first integral above is easily estimated using (24) and the fact
that s — SQJFLQQ is an odd function: it is bounded by

191ello.a |2 — 2|

| lets +a) (@l ds

Sl-‘,—a
< — ——d
< W lloale — 2 ||<z>||0a/s< o ds
< Celllloala— 37 v—a-a. (78)

To treat the second term, let us assume (without loss of generality) that d =z — & > 0

and rewrite the integral factor in this term as

s s+d
/R<82-|-a2 N (s+d;r2+d2>¢(s+$)d8
- 2 - 5[0(s +2) — o(z)] — %[gb(s +z)— ¢z —d)]ds
|s|<dd S° + a Is|<ad (8 +d)* +a

s+d
- /|8<4d M;wwx —d) — ¢(z)] ds

S s+d
! /|s>4d (32 +a  (s+d)? +a2> [6(s + ) — o(2)]
= 11+Z2+13+Z4

Here we have used the fact that — +a2 and ( d+a2 are odd functions of s and s + d

s+d)
respectively. We estimate 71 by

s
2 2
|<d4d 5+ @

[¢(s +x) — d(x)] ds

lir] =

|s
Sl—l—a
< ||¢||o,a/ ds < C|l¢lloqd®

) a?
|<48+

The second term iy can be estimated in the same way, as |¢p(s + z) — ¢(x — d)| <
|¢]l0,a(s + d)*. For iz we have

s+d
i3] = ds
il = lola- "/Md e
5d 5d o
< d“ —d d“ ——d
<l \/_3d02+&2 o < Nolload [ do

25d2% + a? 5
= 0d®1/2In(———) < In(= o d%.
18ll0.0:d” 1/210 (5 5——5) < In(3) [14llo

IN
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Finally, the remaining term, i4, can be bounded as follows:

. S s+d
fia] = '/|d (s raas ) (e )~ ool as

/ s2d + sd® + s(a —a)(a + a) — a®d
si>aa (87 +a?) ((s +d)* +a?)

[0(s + ) — p(x)] ds

d d2 |a — d|
< C “ a N L
a |s|>4d (82 N s3 + 52 > [s[* l[¢]]o,a ds
d d2 d T;Z), _ ¢/ -
< C _2+ — + || 2, . 1,5|| ’3’“”¢H07ad8
|s|>4d \'S S S
< Clllo,ad™

It follows that the second term in (77) can be bounded by C' |[¢] .|lco [|#l]0,a |2 — 2|
In combination with (78), we conclude that

Ti(z) = Ta(@)] < Ce”[[dllo,a e — 2% (79)

L*° estimate of I5: Changing variables from y to s = y — x, and then to t = s/a,
which is well defined since a = (6 + ¥2.(z) — ¥1.(z)) > 6 > 0, we easily see that

|Zo(z)] = ‘/Rszj_;azqﬁ(s—kx)ds

1

= loll | 5
= 7l (50)

Holder estimate of I5: Let X,X € I't N B(0, Ry), with respective abcissae x and Z.
We form

A~

To(z) - To(3) = /j]%ﬁtb(s—lraz)ds—/ﬂﬁ“wgb(s—lrﬁ:)ds

1 1 R .
= /Rm¢(at+$)dt—/ﬂm¢(at+x)dt'

It follows that

To() - To(@)] < /R —lolat +) - o(at + )| d

. 1
el =3t | 5

a—a
—t+1
T — 3

dt

IN
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R 1
< loloale—at* [ 15

. 1
§’WW¢W—MQ/1+ﬂKkﬂﬂ+D%h
R

(¢2,a - wl,a)( )

T —

¢17E)(£)t_’_ 1 “ dt

A

&>/—\

By the Lebesgue dominated convergence Theorem, the last integral converges to |’ R ﬁ dt =
7w as € — 0. It follows that

Zo(z) = Ta(2)] < (7 +Cle)Iolloa |z — 2% (81)
with C(e) — 0, as € — 0.

The estimate (75) follows from a combination of (76), (79), (80), and (81). This
completes the proof of Lemma 7 in the case § > 0.

C.2 Thecase d=0

We remark that the estimates of Z1(z), Za(z), Z1 (z) — Z1 (%), Zo(x) — Z2(%) of section C.1
remain valid when 6 = 0 if both X # 0 and X # 0, since in this case, the denominators
of the kernels do not vanish. Thus, to establish the lemma when 6 = 0, we only
need to check that [I59(0)] < (7 + C(€))||¢]|o.a and that [I59p(X) — I#9(0)] <
(m 4+ C(e))||o]]o,a | X%, with lim._,oC(e) = 0. The first inquality is a straightforward
consequence of the definition of I5%p(0) and of the fact that ¢(0) = ¢(0).

To prove the second estimate, we form

|I€’0<,0(X)—I€’O '/|<MS +a2¢s—|—$>—ﬂ'¢( )

/|<M 8151—:(&2) (s +2)
—olat+ )~ [ 0(0)
R R

/‘ ) o a) — ()

2
s|<M 5% + ag

_|_

+

The C%® regularity of ¢175 implies that the second term can be estimated by

Sl—l—a

< COlliella 2] [|6]lo,a
Ce”|9llo,a X%

wuumwmﬂ/

2 2
‘S|<M S +a0

A
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As for the first term, we write it as

[ a0 =60 < ol [
1

< |X|¢ ——|Ce"t + 1|¢
< X lolloa [ rlcet+

t1] |z

1/)2,5(33) - ¢1,€($) “
x

It easily follows from the Lebesgue dominated convergence theorem that the integral
above (which is independent of ) converges to m as ¢ — 0. Combining the two previous
estimates we obtain

[120(X) = I7°0(0)] < (m+C(e) 1gllo.a X7

with lim._,g C(e) = 0, as desired. |

D Proof of Lemma 8

In this section, we show that for fixed e,

Vo e CO(Iy), gir%Ke"ggp = K% inC%(Iy).

We then show a similar result for 159, J%9 but it is not as strong: For these operators,
we are only able to show pointwise convergence in €% (I'y) for all 0 < o/ < «, when
p e Co« (Fg)

The case of K9 is the easiest. Since I'oN{|z| < e} =Ty .N{|z| < &} the denominators
are bounded away from 0 in the expression (26) (this also holds for § = 0). Hence, K=?°
is an integral operator with a C'*® kernel, and one can take limits in the integrand to
obtain

li Ke,é _ Ke,(]
61—H>3) ¥ '

in the sense of CO(I'y).
Let p € C%*(I'y) and 0 < o < a. Assume that yI°°¢ does not converge to xI%p

in €% (I';). Then for some p > 0 there is a sequence which satisfies

IXI=%m 0 — XI*%llo.0r > p. (82)

Lemma 7 implies that /5% is uniformly bounded in C%(T). Since C%*(T'y) is
compactly embedded in CO’O‘/(Fl), we may assume, after extraction of a subsequence,
that (xI®9¢) converges to some function & € €% (I'1). We show in Proposition 5
below that xI5°p converges uniformly to xI5%¢. Uniqueness of the limit implies that
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¢ = xI%%, which contradicts (82), and proves the statement of Lemma 8 concerning
é
xI5°.

Using Lemma 6, the same argument shows that x.J%¢ converges to xJ% in C%¢’ (T'y).
Here, we use Proposition 4 below which shows that J*%¢(X) converges pointwise to
Je0p(X), for X € 'y N B(0, Ry).

D.1 Pointwise convergence of J*°p(X) as § — 0

We prove the following:

Proposition 4 Let ¢ € C%*(I'y). Then for any € < £¢/2 and any X € I'1 N B(0, Ry),
limg_oJ*0(X) = J&0p(X).

Proof: Recall that ag and by denote the quantities

ap = Poe(x) —h1e(2)
bo = 1/1275(8 + JZ) — 1/1175(33).

For X e 'y N B(0, Ry), X # 0, the kernel
b— Swﬂ,s(x) a-— 81/}/1,5(1')

2402 s24q2

ja,(S(Sv ;U)

)

converges as § — 0 a.e. s € (—M, M), to

¢2,€(5 + 517) - wl,s(l‘) - S¢i,e($) _ 1/12,e(x) - wl,a(x) - Siﬁi(ﬂf)
5%+ (1/}2,6(8 + LE) - wl,a(x))2 52 + (1/}2,e(x) - wl,a(x))2
bo — st (x)  ao — sy (x)
s% + b3 a s?+ak

Since we also have

b — sy (2)] N la — sy (7))
2+ 1e(x)? 2+ Pre(x)?]

es(s,z)| <

which is integrable on (—M, M), the Lebesgue dominated convergence theorem implies
that, for any X € I'y N B(0, Ry), X # 0,

: €,0 —
Lim J=%(X)

[ W) - sthel@) o

5% + b3 s% + a}
= JE’Ocp(X).
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When X = 0, the expression of J. 5¢(X) reduces to

IO = /|M< e ~ i) )
)

B /|M< wa;E() > s2ié2> [#(s) = #(0)]

1/}275( ) - Swé,a(s)
+0) /SKM o (7,02,5(8) o

s . (s)
o0 /s|<M 52 4 (2.c(s) +0)?

o
_QS(O) /s|<M 82—1—52

= 17 +Ty +1T3+1Ty.

The term T, can be integrated explicitely to obtain

T, = ¢(0) [arCtan(m)]yM
—  ¢(0) [arctan(wzvi\{M)) - arctan(ﬁ{%)], as 0 — 0.
We remark that since ¥o.(s) = O(|s|'T?),
M (s) —sub(s) ny )
pli%li / o ¢§7€(s) = arctan(iwza(iM)) plilél arctan(w2 NP ))
+M
= arctan(m) :F7T/2

It follows that

M _ /
% = o0) [ %’fi w;iij(s) + 76(0). (83)

It is easily checked that the integrands in 7} and T3 converge a.e. s € (—M, M) to the
corresponding expression with § = 0. Furthermore, the integrand in 77 is bounded by

1/}275(3)4- N -
<2|8| (2e(s) + )+2| |5> ollow s < @0 ls|L,

which is integrable on (—M, M). The integrand in T3 can be bounded using proposi-
tions 2 and 3

s . (s)
2+ (Ya,e(s) 4 0)?

C|s|[tha.c(5)|T+a
[s[TFH [hac (5) + 0]
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Tiarle. 0 <p= HLQ < 1, we see that the above term is smaller than

C's™" which is also integrable on (—M, M). An application of the Lebesgue dominated

Choosing 1 —p =

convergence shows that

i _ _Wee(s)

%l—{% ho= /s|<M s2 4+ 1hg.c(s)? [6(s) — &(0)] (84)
1 — ST/Jé’e(S)

T = o0 T <85>

The term T} can be integrated explicitely and

mT) = —lim 6(0) [arctan(3)]¥),
Gathering (83-86), we see
. 8 . ¢2,a(3) B
i S0 = /|8<M 52+ 1y ()2 19(5) = ¢(0)

V2.e(s) — 55 (s)
+ ¢(0) /|5<M 2+ Ua(s)?

+ ¢(0) /| Vo

|<M 2+ 1ha(s)?

- ¢2,a(3) s
- /|3<Ms2+¢2,e<s>2¢”
= J*%(0),

which completes the proof of Proposition 4. [ |

D.2 Convergence of x[*°p in L>*(I';), as § — 0
Proposition 5 Let p € C¥%(T'y). Then, for any ¢ < e0/2, we have
lim [[xI*%p — xI*%¢ljoc = 0.

Proof: We again split I in two parts I§’5<p — If’(sgo as in the proof of Lemma 7. In
particular, when X € I'; N B(0, Ry) and § = 0,

s . (2) .
I %p(X) = f\s|;M i ¢s+a) X #0
0 ifX=0
I5%(X) = Jisj<nt Fizo(s+a) X #£0
i T(0) f X =0
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We first examine the convergence of If’é. For X # 0,X € I'y N B(0, Ry), since the
integrand is an odd function of s, we have

Tp(X) — T30%(X) = /KMmmgm< ! ! >W®+x%—M@]

s2+a® s?+ad

= [ et (G = g ) s+ ) = 00

/ 11 ) bl
i /6<s|<MS¢1’€(x) <S2+a2 32+a%>[¢( +2) — ¢(2)]

=: Ty +Ts.
The term T} can be estimated by
1 1

T < W) (x / gt —
Tl We@llloe | 5o~ mra

< W@ 6l [ s

|s|<é
< Clr (@)l lelloa ™. (87)

As for Ty, we have

1 1
T grwm@/’ ()] ]+
0<|s|<M

s2+a® s*+dd|

Applying the mean value theorem, we see that for any s € IR,
1 1 B —2(ap + 606)6

s24+a2  s24al  (s2+ (ap + 00)2)%
for some 0 < 6 <1, so that

1 1
s2+a?  s?+al

sl @)

s2 + a?

[91,(@)]Is '+

Using once again Propositions 2 and 3, we can estimate the above right-hand side by

8
a +8
o5 Wl*‘f(“)‘l_l < Cols|*TTE,

1
ST oy ()| TR

for any 8 < ag. Thus, we obtain

11
T < cuwma/‘ 5|5
o<|s|<M

1
<Wcuwma/‘ o7
0<|s|<M
Cllelon 5%

IN

A
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The above inequality together with (87), and the fact that Zf’égp(O) = Zf’ogp(O) =0,
imply that

IXT — xT%l0e < Clll]0.a 6% (88)

Next, we consider the convergence of Ig’é. Assuming X # 0,X € I'y N1 B(0, Ry), we
have

I€,5 X _Is,O X _ / a / ago
7576(X) — 75 (X)) ' 7 Tt = [ et
Recalling that a = ag + ¢, it follows that
I5%(X) — I5%0(X)| < o
T0) - %) < oo | 177
< Cliglloa ™. (39)
When X =0, we have
O e )
? ? jsj<ar 8+ 62
1
= —— [o(6t) — ¢(0
[ ot - 000
ot
< g
< ollon | 1
which, in view of (89), shows that
XT3’ = x5 %lle < Cllglload™ (90)

A combination of (88) and (90) now completes the proof of the proposition. ]
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E Proof of lemma 4

In this section we show that the off-diagonal term L3 : CO%(Ty) — C%%(T;) is not a
compact operator when § = 0, for any 0 < o < 1. For simplicity, we only consider
the case when T’y is flat around the contact point, i.e., we assume that ¥(y) = 0 for
ly| < yo. Note that in this case D, is not strictly convex. The general case can be
reduced to the case of a flat I's, by using a decomposition of the operator similar to
that of section 2.3. Let x € C°(—yo, o), with 0 < x <1 and x(y) = 1 for |y| < yo/2.
For X = (z,¢1(z)) € I'1, we write

Ly(p) = Ly((1—x(IYD)e) + Lix(IY ).

The first operator on the right—-hand side has a kernel that remains uniformly bounded
with respect to §, and is thus compact from C%%(Ty) to C%*(I'1) in the limit § = 0.
Setting ¢(y) = x(y)p(y,0), the second operator writes for | X| < g

o) L[ O @)
e I A e oEn L

o (& — Y0 (@) L[ o5 —n(@)] + @)
= 5 e e+ g [ T

where we have changed to the variable t = (y — z)/(6 — ¥1(z)). As § — 0, R® formally
reduces to Ry = 1/27(R1 + R2)p with
Y)Y (x)

mpx) = [ US4y

Rop(X) = /¢t11/;12+11+a:)dt'

It is not difficult to make this convergence argument rigorous, and this shows that

LY — %(Rl + Ry) is C%*—compact. Proceeding as in Section (C), one can check that
both R; and Rs are continuous from COvO‘(Fg) to COvO‘(Fl), for any 0 < a < .

We now show that Rq 4+ Ry is not compact. We can always assume that the support of
the cut—off function y is sufficiently large to contain y = 1. Let ¢ € C}(IR), such that
Supp(¢) € (—vo,v0), (1) #0 and ¢(0) =0. For n > 1 and Y = (y,0) € I'y, we define

en(Y) = 27"9¢(2%).
Note that yp, = ¢n.

Claim 1: The sequence ¢, is uniformly bounded in C%*(T').
We first note that since ¢ € C!(IR), we have for any 0 < u < 1, and any (y,9’) €

supp(¢)?,
1C(y) — <(9)]

A < ¢l ly = 91" < ¢ 299"
ly — g|» 0
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It immediately follows that ¢ € C®#(IR) with a norm that is bounded by 2y(1]_“ [I<I11
for any 0 < p < 1.

Next, ||¢nlloo < 27"Y|(]|oo tends to 0, while for y,§ € IR we have

lon(y) — (@) = 27"C(2"y) — ¢(2"9)]
< 27"[Cllo,a 12"y — 2"g|"
= IClo,e ly —9]%

which shows the uniform boundedness of (,,) in C%*(I'y).
Claim 2: Ryp, — 0 in CO(Fl N {|X| < 60}).
For | X| < gy, we compute

sy (x)
$2 + 1y ()2

T L 1C) NS YR
a ’ /—M32+1/11(x)2 [4(2( + )) C(2 )]d,

where M is an upper bound on the support of ((2"(- + «)) which is uniform in n and
in X € T'y,|X| < eg. Using the fact that ¢ € C>*/2(IR) to control ¢(2"(s+z)) — ((2"x)
in the integral above, we obtain

Rign(X) = —27m /B C(@(s + 1)) ds

Rign(X)] < 2772 C 4 (@) / Sk
s% + ¢i(x)
< 2772 O[] oo
which proves the claim.
Claim 3: lim,, o, el enOl — 0, where X, := (277, ¢1(27")).

Indeed, denoting again by M a bound on the support of s — ((2"s + 1) which is
uniform in n, we form

[Ragn(Xe) ~ Riga(0) ' / 942"

— T @S2t D ds

M sy (27|
< LS A 1¢(2%s + 1) — ¢(1)] ds.
[ A @ s+ ) = ()
For s # 0, the integrand is bounded by

2/¢lloc 9127 sl < 20[¢loo 91l 277,

and so it tends to 0 a.e. Moreover, since 11(0) = ¢} (0) = 0, the integrand is bounded
by

S _
el 2701 < e NIl 81,

[y (27" P+ (22
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which is integrable on (0, M). The claim then follows from the Lebesgue dominated
convergence Theorem.

Claim 4: Rep, — 0 in CO(Fl N {|X| < 60}).
Indeed, we have for X = (x,91(z)) € I'1 N {|X]| < ep},

<
Regu X < [ sl (@) + .0l
—na 1 n n
=2 /th—l—l’C@ tlr(x)| + 2"x)| dt
1
< 2—na -
< C /R1+t2’

which proves the claim.

Claim 5: lim, . ‘RW"(";((Z)__O%%(O” = 7|¢(1)] # 0, where X,, = (27", ¢1(27")).

Indeed, we have

R290n(Xn) R290n / C 2nt|¢1 )| + 1)
2= — o[ 241

dt.

Since v; has regularity C® and since 11 (0) = 11 (0) = 0, we see that
2| < Ot = oo

so that as n — oo,

@M (27 +1) - S8 aete R,

A C@ 27+ 1)) < Ul
and the Lebesgue dominated convergence Theorem now shows that

| Roon (Xn) — Ron(0)] - | Roon (Xn) — Ropn(0)]
X, — 0 20

K [ 1 = =l £0,

as n — oo, which proves the claim.

We thus have exhibited a sequence (¢, ),>1, bounded in C%®(I'y), such that (R1+ Rz)p,
converges to 0 in C°(I'; N {|X| < eo}), albeit no subsequence of (Ry + Ry);, converges
to 0 in C™(I'y N {|X| < &}). Therefore no subsequence of (R; + R2)y, converges
in C%%(I'y N {|X| < &0}), and so Ry + Ry is not a compact operator from C%(I'y) to
CODy N{|X| < e0}). Since LY — 5= (Ry + Ry) is €% compact, it immediately follows
that LY is not a compact operator from C%%(T'y) to C%*(I';) for any a < ay.
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