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Abstract

We study, in the context of the full wave equation, an approximate cloaking scheme,
that was previously considered for the Helmholtz equation [8], [I7]. This cloaking
scheme consists in a combination of an absorbing layer with an anisotropic layer,
obtained by so-called transformation optics. We give optimal bounds for the visibility
that tend to zero as a certain regularization parameter approaches 0. Our bounds
are based on recent estimates for the Helmholtz equation [I7], some low frequency
improvements of these estimates, and the use of Fourier Transformation in time.
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1 Introduction and statement of main results

Cloaking via change of variables (sometimes referred to as “cloaking by mapping”)
has received quite a bit of attention since the 2006 papers by Pendry, Schurig, and
Smith [I8] and Leonhardt [I1]. Pendry, Schurig, and Smith approached the problem
in terms of the Helmholtz equation (describing monochromatic light) whereas Leon-
hardt took the “ray-optics” approach. In both cases the fundamental idea was to use
a singular change of variables to create a cloaked region from a single point. This
idea had already in 2003 been used by Greenleaf, Lassas, Uhlmann to generate ex-
treme examples of non-uniqueness for the zero frequency Helmholtz inverse coefficient
problem, the so-called Calderon Problem [5].

In the case of perfect cloaking the objective is to construct a region (the cloaked
region), in which the fields trivialize in such a way that they are completely insensitive
to changes in the coefficients inside this region. Furthermore, the presence of the cloak
(the “shield” that surrounds the cloaked region) should not perturbe the fields outside
the cloak. The need for very singular (and anisotropic) materials is not only the
primary practical difficulty, it is also at the very heart of the theoretical difficulties
of this cloaking problem. The main theoretical task is to define and analyze the
properties of the appropriate notion of weak (and physical) solution [2], [22]. To avoid
the use of singular materials, regularized schemes have been proposed in [1, [3], [9],
[19], [20], [24]. The trade-off is that one no longer attains perfect cloaking, but only
approximate cloaking. The approach originated in [9] appears particularly well-suited
for rigorous estimation of the degree of approximate cloaking (near-invisibility). In
this approach the regularization parameter € > 0 represents the diameter of a small
ball that is mapped to the (approximately) cloaked region by a change of variables.
When ¢ approaches zero, one reaches the singular situation of a point being mapped to
the (perfectly) cloaked region. The reader may find more information and references
related to cloaking in the works mentioned above, and in the review articles [4] and
[23].

Let us briefly review some facts about approximate cloaking for the Helmholtz
equation for a finite range, and for the full range of frequencies. In order to succesfully
achieve approximate cloaking it is often advantageous to introduce a lossy layer in
addition to the standard (mapped) cloak. Using an appropriate lossy layer, it is
proven in [8] that approximate cloaking works well on a bounded domain regardless
of the contents of the cloaked region. In [I2], the author proved that approximate
cloaking works well for exterior problems with a zero Dirichlet boundary condition.
In [15], the author established that approximate cloaking works well in the whole
space regardless of the contents of the cloaked region (using a fixed lossy-layer). The
result in [12] is very related to the results in [15], since a highly conducting media (as
in a lossy layer) enforces the zero Dirichlet boundary condition approximately (see
e.g. [6]). In both [8] and [I5] the authors demonstrated the necessity of the lossy
layer, in order to obtain a degree of approximate cloaking (near-invisibility) that is
independent of the contents of the cloaked region. The paper [I7] establishes precise
estimates for the degree of near-invisibility at all frequencies, where the dependence
on frequency is explicit. These estimates are sharp and independent of the contents
of the cloaked region. To be a little more specific: in the high frequency case, our
“lossy” approximate cloaking scheme works as well as in the finite frequency case.
However, the estimates degenerate as frequency tends to 0. This follows from (or can
be explained by) the fact that the effect of the lossy layer becomes weaker and weaker,



as frequency tends to 0. Without a lossy layer the situation becomes quite complicated,
as explored in [16]. For example, in the 3d non-resonant case, i.e., when k? is not an
eigenvalue of the Neumann problem inside the cloaked region (here k denotes the wave
number), the approximate scheme works well: cloaking is achieved (as the parameter
of regularization goes to zero) and the limiting field inside the cloaked region is the
corresponding solution to the Neumann problem. In the 3d resonant case, the situation
changes completely. Sometimes cloaking is achieved; nevertheless, the limiting field
inside the cloaked region depends on the solution in the free space. Sometimes cloaking
is not achieved, and the energy inside the cloaked region tends to infinity as the
parameter of regularization tends to 0. In the 2d non-resonant case, the limiting
field inside the cloaked region inherits a non-local structure. In the 2d resonant case,
cloaking sometimes is not achieved, and the energy inside the cloaked region can go to
infinity. These “lossless” facts are somewhat different from what is frequently asserted
in the literature, namely that (a) in 3d, cloaking is always achieved, the limiting field
inside and outside the cloaked region completely separate, and the energy of the field
inside the cloaked region remains bounded, and (b) in 2d, the limiting field inside the
cloaked region satisfies the corresponding Neumann problem.

The goal of this paper is to study approximate cloaking for the wave equation via
change of variables. Although approximate cloaking has been extensively investigated
for the Helmholtz equation, this is, to the best of our knowledge, the first work for the
full wave equation. In our approximate cloaking scheme, we use again two layers. One
comes from the standard scheme introduced in the work of Kohn et al. in [9]. The
other is an appropriate lossy layer, similar to what has been used for the Helmholtz
equation in [§], [I7]. We estimate the degree of approximate cloaking (near-invisibility)
in 2d and 3d. Our results assert that the visibility is of order € in 3d (Theorem
and of the order 1/|In¢| in 2d (Theorem . We emphasize that our estimates hold
for an arbitrary finite range of material parameters inside the cloaked region, but that
the constants depend on this range (and only on this range). We also note that this
dependence of the constants on the range is real, and totally consistent with the fact
that the uniformly valid estimate of the degree of near-invisibility for the Helmholtz
equation degenerates as frequency goes to 0.

To obtain our wave equation estimate of the degree of near-invisibility we, briefly
described, proceed as follows. We first transform the wave equation into a family
of Helmholtz equations by taking the Fourier Transform with respect to time. Af-
ter obtaining the appropriate degree of near-invisibility estimates for the Helmholtz
equation, where the dependence on frequency is explicit, we simply invert the Fourier
Transform. For the high frequency regime we can directly use the estimate of the de-
gree of near-invisibility established in [I7], but for the low frequency Helmholtz equa-
tion we have to establish new estimates (in Section which improve the ones in
[I7] under the (additional) finite range assumption. The proof of these new estimates
are among the central results in this paper. We emphasize here that, the estimates for
the Helmholtz equation blow up as frequency goes to 0. However, they blow up in an
integrable way thanks to the new estimates in Section Another important (albeit
technical) point is, that we need to establish that the Fourier Transform of solutions
to the wave equation (with respect to time) satisfy an outgoing radiation condition.
The proof of this fact is contained in Appendix A.

Our analysis differs significantly between 2d and 3d. In three dimension, we rely
on Huyghens’ principle to pass from the wave equation to a family of Helmholtz



equations and to obtain appropriate estimates for the data of these equations. In
two dimension, we have apriori to establish sufficient decay of solutions to the wave
equation at infinity, in order to carry out a similar analysis. The required decay
estimate is found in Appendix B. Furthermore, the two dimensional analysis of the
low frequency Helmholtz equation is considerably more delicate than the 3d analogue,
due to the non-uniqueness of “finite energy” solutions to the homogeneous Laplace
equation (the zero frequency limit) in all of space (see Lemma ).

We now state our main results precisely. For simplicity suppose the cloak occupies
the annular region {1/2 < [z| < 2}, and that the cloaked region is the ball By, =
{lz| < 1/2} of R¢ (d = 2, 3). Let F. denote the radial Lipschitz map, which transforms
the ball B, into B, maps By onto itself, and which is given by

x if z € R\ By,
2—2¢ lz] \ = .
Fu(z) = ( )7 fuzeBy\B., 1.1
(@) 2—5+2—5 || ifze B\ B (1.1)
z ifrx e B, .
€
We shall use the standard notation
DF(x)A(z)DFT (z) X(x) . 1
F.A(y) = d FX(y) =-—~—, the=F ,
) det DF(x) an W)= Gpr@ Vith® ()
(1.2)
for any real, symmetric matrix-valued function A, and any complex function X.
Let u and u. be the unique solution to the wave equation
Ru—Au=f inR, xR4
u(t=0)=1up in RY, (1.3)
8tu(t = O) = U1 in Rd,
and to the “damped” wave equation
El’cat%’u,c — dlv(AcVuc) + Ez’catuc = f in RJr X Rd,
u.(t =0) = ug in R?, (1.4)

Opuc(t =0) = uy in R,
respectively. Here A., ¥ ¢, and X5 . are time independent, and defined as follows
1,1,0 in RY\ By ,

F,I,F,1,0 inB2\Bla
Am Z1,(:7 E2,(: =
Fol,F., 1 Fo(1/2247) in By\ Bya

G,O',O in Bl/2 5



for some positive constant v (a parameter of our scheme) H Note that damping is only
present in the annulus By \ By ;. We assume that the real, symmetric matrix-valued
function a, and the real-valued function o each has a “finite range”, in the sense that

<o <A, (1.5)

==

TIel? < (0t &) < Alef?

for some positive constant A.

Remark 1. Notice that to cloak the region By, we use two layers in the region
By \ Byja. The first layer, in the region By \ By, is the standard “mapped cloak”
introduced in [J]. The second layer, in the region By \ By /2, is a lossy (damping) layer
used in [§], [T7].

The main results of this paper are the following two theorems.

Theorem 1. Suppose d = 3 and v > 0. Suppose f is a smooth function defined
on Ry x R? and suppose ug, ui are smooth functions defined on R® with supp f C
[0,1] x (B4 \ Ba) and suppug, suppus C Bs \ B2. Let w and u. denote the unique
solutions to and , respectively, where a and o satisfy . Given any

R > 2, there exists a positive constant C, depending only on the range-constant A, the
constant v, and R, such that

up [ue(t, ) = u(t, )2z a) < C(IFI+ lloll + ) -
Here
171 = 7lem,  luoll = luollcrn, and ] = fuaflom

for some m > 0.

Theorem 2. Suppose d = 2 and v > 0. Suppose f is a smooth function defined
on Ry x R? and suppose ug, uy are smooth functions defined on R? with supp f C
[0,1] x (B4 \ Ba) and suppug, suppu; C By \ Ba. Let u and u. denote the unique
solutions to and , respectively, where a and o satisfy . Given any
R > 2, there exists a positive constant C, depending only on the range-constant A, the
constant v, and R, such that

1

sup [[ue(t, ) = u(t, M 2(sasa) < C (114 ol + ) — -
>0 [Ine|

Here
I =fllem,  lluoll = lluollom,  and  [lua]l = fluallem
for some m > 0.

Remark 2. The estimates in theorems and are sharp (in the reqularization pa-
rameter €) since the minimal visibility for the Helmholtz equation is of order € in 3d,
and of order 1/|1ne| in 2d, in the finite frequency regime.

'Our analysis immediately extends to the case where the triplet (a, o, 0) is replaced by (a, o1, o) with
(a,01) satisfying the same condition as (a,0), and 0 < g2 < A.



2 Preliminaries

As mentioned in the introduction, to obtain the degree of near invisibility estimates
for the wave equation, we first transform the wave equations into a family of Helmholtz
equations and establish the appropriate degree of near invisibility estimates for these
Helmholtz equations, where the dependence on frequency is explicit. To this end, we
recall some known results from the work of Morawetz-Ludwig [13], Nguyen [I5] [16]
and Nguyen-Vogelius [I7], and then we establish new results, which will be used in
the proof of theorems [I] and [2}

2.1 Some known results

We first recall two results concerning exterior problems. The first one, dealing with
the high frequency regime, is very related to results of Morawetz-Ludwig [13], and can
be proved in the same fashion as [I7, Proposition 1]. In the following, whenever we
talk about outgoing solutions to an exterior Helmholtz problem at frequency k, we
mean solutions that satisfy

—1

v —ikv=o0(r""2 ) asr goes to infinity.
Proposition 1. Let d = 2,3 and k > ko, for some ko > 0. Let g € H'(0B1) and let
veH! (RZ\ By) be the unique outgoing solution of

Av+ k%0 =0 in R\ By ,

v=g on dB; .

Then
1

5, (V4P < Clglinon,
B 1
for some constant C depending only on k.

Remark 3. Proposition |1 also holds if the unit ball By is replaced by a smooth,
bounded convex domain of R?.

The second result, concerning the low frequency regime, is from [16] ([16, Lemmas
1 and 4]).

Proposition 2. Letd = 2,3, and0 < e < 1. Let D C By be a smooth, nonempty open
subset of R%, and g. € H2(8D). Assume R\ D is connected and v. € H! (RY\ D)
is the unique outgoing solution of

Av, +e%v. =0 inRI\ D,

Ve = Ge on 0D .
i) We have
vell 711 (Br\D) < CR||95||H%(6D) VR>1, (2.1)
and for oll B > 1,
1 .
HU€||L2(B2ﬂ\BB) S 062”95HH%(6D) Zfd:?)a
(2.2)
|H;" ()| |
[vell2(Bag\Bs) < CB~— 37— llgell 1 ifd=2,
BV (@) )

6



for some positive constants Cr = C(R, D) and C = C(D).

i) Assume in addition that g. converges to g weakly in H2(dD), as e — 0. Then
ve converges to v weakly in H' (R%\ D), where v e W (R%\ D) is the unique
solution of

Av=0 inRI\D,
(2.3)
v=g on 0D .

Here and in the following, Hél) denotes the Hankel function of the first kind of
order 0. For a connected, smooth open region U of R? with a bounded complement
(this includes U = R?), W1(U) is defined as follows:

W%m:{¢eL@@U~—ﬁ@LfeBaUmmvweL%m} ford =3,

ERVARRrE

and

o 2 P(z)
W) = {v € L (0): (2 + [2]) /T + [

Remark 4. The estimates in are not stated explicitly in [16, Lemmas 1 and 4].
However, their proofs follow immediately from the ones of [16, Lemmas 1 and 4]. We
can also view as a limiting case of Lemma[1] below (which is [17, Theorem 1])
as A — 0. In fact and (2.2)), with 8 = 1/e, already appeared in [15].

The following lemma, which will be used in the proof of Proposition |3| was estab-
lished in [I7, Theorem 1].

eL%UymdeeL%Uﬁ ford=2.

Lemma 1. Letd =2,3,0 < A< 1andk > 0. Let a be a real, symmetric matriz valued
Junction, and let o be a complex function, both defined on By 5. Suppose a is bounded
and uniformly elliptic, and suppose o satisfies 0 < ess inf (o) < ess sup §(o) < 400,
and 0 < ess inf (o) < ess sup R(o) < +00 E| Let f € L*(R?) with supp f C By \ By,
and let v € Hlloc (R%) be the unique outgoing solution of

div(AVo) + K>S = f  in R?

with
1,1 in RT\ By ,
AY = I,1+i/(kX) in B\ By,
a,o in By .

Then for any ko > 0, there exists C' > 0 such that
a) For k> ko, and > 1

1

L (IVof? + B2pof?) < C / TR
ﬁ Bg\B1 Rd

In this paper, we use the notation (&) and R(¢) for the imaginary part and the real part of £,
respectively.



b) For 0 <k < kg, and 8> 1
0]l 2B\ 8y) < OB max{1, \/k}|f]| 12 ford=3

1= (k)
= (k)|

The constant C' depends on kg, but is independent of a, o, k, B, A, and f.

[Vl 22(Bap\Be) < CFmax{1, A/k} =775 ifle fora=2.

The following proposition, which is an immediate consequence of Lemma [1} will
be used in the proofs of theorems [I| and

Proposition 3. Let d = 2,3, 0 < A < 1 and k > 0. Let a be a real, symmetric
matriz valued function, and let o be a complex function, both defined on Bi;5. Sup-
pose a is bounded and uniformly elliptic, and suppose o satisfies 0 < ess inf (o) <
ess sup S(o) < 400, and 0 < ess inf R(0) < ess supR(o) < +00. Let V € HI(B4\Bl)
be such that AV + k*V =0 in By \ By, V =0 on dBy. Assume thatv € H' (R?) is
the unique outgoing solution of the systemﬂ

div(AVv) + k2Xv =0 inR?\ 9B, ,

[8,.1)} =0,V on 0B ,
with
1,1 in RT\ By ,
AYX = I,1+i/(kX) in B\ By,
a,o in By .

Then for any ko > 0, there exists C' > 0 such that
a) For k> ko, and > 1
1

2
R < C|V]2 2 / RV
Je] Bas\ By H1(B4\Bi1) &

B4\BL;
b) For0 <k <ky, and > 1,
1
10l 2(Bas\ ) CB% mas {1, MK IV a2 B,
ford =3, and

|1 (k)

|
oll 251055 SCHmax {1, Ak 0V 1,0,
[Hy (k)]

ford=2.
The constant C' depends on kg, but is independent of a, o, k, B, A, and V.

— v
ext

3In this paper, we use the notation [v] to denote v

on 9D, for any D C R

int



Proof of Proposition [3| Let ¢ € C2(R?) be such that supp¢ C By, 0 < ¢ < 1, and
¢ =1 in Bs. Define
v—¢V ifreRI\ By,
v =
v ifz e By .

Since V = 0 on 0By and [(AVv,z/|z|)] = 0,V, it follows that vy € H! (RY) is the
unique outgoing solution to the equation

div(AVvy) + k®So; = f in R?
where
—(AV +k2V)p — 2VVVe — VA¢ in R\ By,
f =
0 in Bl .
It is clear that supp f C By \ By and since AV + k?V =0 in By \ By,

[fllzz < ClIVIa BB -

The estimates of this proposition now follow from Lemma [I] and the fact that

BIH (k)]

|H(1( ot >c>0for0< k< kgand 8> 1.
0

O

2.2 New estimates for Helmholtz problems in the low fre-
quency regime

In this section we improve the low frequency results from the previous section,
under the additional assumption that a and o are in finite ranges. The notion of
G-convergence plays a role in the proof of these improved results. We therefore first
recall the definition of G-convergence and state one of the fundamental properties
associated with this notion. We emphasize that if we considered cloaking for fixed a
and o, then our approach would work without the use of G-convergence.

2.2.1 (G-convergence

We recall here the definition of a particular version of G-convergence (also fre-
quently referred to as H-convergence) and state a central theorem involving this no-
tion.

Suppose 0 < o < § < 0o and let Q be a connected, bounded, smooth open subset
of R%. M(a, 3,1) denotes the set of real symmetric matrix valued functions a defined
on €2 such that

al¢l* < (ag,€) < BIEP,
and Hﬁ1 (©2) denotes the Sobolev space

H}(Q) = z/JeHl /w_o



Definition 1. A sequence of matrices (a,) in M(a,3,Q) G-converges to a matrix
a€ M, 3,Q) iff for all g € [HY(Q)]" (the dual of H*(Q)) with (g, 1)z} mr = 0,
the solution u,, € Hﬁl(ﬂ) of the equation

le(anvun) =9, 7'67/Qanvunvw = <ng> [Hl]*,Hl v¢ € Hﬁl(Q)’

has the property that
U, — u weakly in HY(Q) and a,Vu, — aVu weakly in L*(Q),

where u € Hy () is the unique solution of the problem

div(aVu) = g, i.e.7/QaVuV1b = (9,¢) (1] 1 Vo e Hﬁl(ﬂ)

Concerning G-convergence, one has
Proposition 4. Let 0 < a < 8 < 400, let Q be a connected, bounded, and smooth
subset of RY, and suppose (a,) C M(a, 3,), then
i) there exist a subsequence (an,) of (an) and a € M(d/, 3,82 for some 0 < o/ <
B < +oo such that (an, ) G-converges to a.
i) suppose (ay), (by) C M(a, 8,9) with a, = by, on an open subset Q' of Q, and
suppose a,, G-converges to a € M(a/,3,8), b, G-converges to b€ M(c/,[',Q)
for some 0 < o' < ' < 400. Thena=0b on Q.
Proof of Proposition[d. The result analogous to Proposition [ for the zero-Dirichlet
boundary condition is well-known, see e.g. [7], and [I4]. The proof of Proposition

follows by a slight variation of the proof for the zero-Dirichlet boundary condition.
The details are left to the reader. g

2.2.2 New estimates in the 3d low frequency regime

This section is devoted to new estimates for the Helmholtz equation in the 3d low
frequency regime. The main result is the following proposition:

Proposition 5. Let a be a real, symmetric matriz valued function, and let o be a
complex function, both defined on By/y. Assume that

TP <(ae8) <Al L <R)<A, and 0<S(0)<A,  (24)

for some positive constant A. Given 0 < k <1 and 0 <e <1, let V. € H (B4 \ By)
be such that AV, + &2k*V. = 0 in By \ B1, Vo = 0 on 0By, and let v. € Hllm (R3) be
the unique outgoing solution of the system

div(A.Voe) + e2k*S.0. =0 inR3\ 9By

[Orve] = 0, V2 on 0B ,
with
1,1 inR3\ By ,
Aaaza _ I,1+i/(€2+’yk) m B1 \Bl/2 s (25)
1 1 .
ga, 8—30 in By,

10



for some constant v > 0. Then there exist two positive constants ¢ and C such that
k < cmin{e'/2,&7} implies
1
HUEHLQ(BQﬁ\Bﬁ) < CﬂZ ||Vt<-:||H1(B4\B1) fO’I‘ all 6 > 1.

The constants ¢ and C depend on the “range” constant A and on vy, but are independent
of Ve, k, €, B, a and o.

Proposition [5| is a consequence of Lemma [2| below. The proof of Proposition
is similar to the one of Proposition [3| where instead of using Lemma [1} one uses
Lemma 2l The details are left to the reader.

Lemma 2. Let a be a real, symmetric matriz valued function, and let o be a complex
function, both defined on By /o. Assume that

TP S 6O < AP, T<R)SA, and 0SS(@) <A, (26)

for some positive constant A. Given 0 < k < 1, 0 < e < 1, and f € L*(R3) with
supp f C By \ By, let v. € H} (R®) be the unique outgoing solution of

div(A.Voe) + 2k*Sov. = f in R?

with
1,1 inR3\ By ,
Aaaza _ I,1+i/(€2+’yk) m B1 \Bl/2 s (27)
1 1 .
ga, 6—30 in By .

for some constant v > 0. Then there exist two positive constants ¢ and C such that
k < cmin{e'/? &7} implies
lvell2(85) < ClIf 2 (2.8)
and
[oell 2 (B0 55) < CBY2 £l - (2.9)

The constants ¢ and C' depend on the “range” constant A and -y, but are independent
of f, k, e, B, a and o.

Proof of Lemma 2, We only establish (2.8). The estimate (2.9)), for § > 4.5, follows

immediately from (2.8) and Proposition |2} since

||U€||H1/2(834_5) < CHUE||H1(B4.8\B4.2) < CHUE||L2(B5\B4)7

by standard regularity theory for elliptic equations. The extension of ([2.9) to all 5 > 1
is a simple consequence of ([2.8)).

The proof of ([2.8]) uses ideas from [16, Lemma 3] and the theory of G-convergence
(Proposition [4]) and proceeds by contradiction. Suppose (2.8) is not true, then there
exist k, — 0,0 < e, <1, a,, 0, that satisfy (2.6), and {f,} with supp f,, C B4\ B,
such that

lim k,/min{ey/%, )} =0, |fullzz =0, and ||lvn|lr2p,) =1 - (2.10)

n
n—oo

11



Here v, € H lloc (R?) is the unique outgoing solution to the equation
div(A,Vu,) + 2k28 v, = f, in R? | (2.11)

where A,, and X, are defined similarly to A. and X, of (2.7)), with a, o, €, and k
replaced by a,, 0, €,, and k,, respectively. Applying elliptic estimates and Proposi-
tion [2| we obtain

[vallm () < Ck, (2.12)

for any compact subset K of R?\ By /2. Multiplication of (2.11)) by v, (the conjugate
of v,) and integration of the obtained expression on Bj yields

1
/ |V, |* + —/ (anVUn, Vu,) — Eik’i/ U, |
Bs\Bi /2 En Bi/2 Bs\Bi /2

ik k2 _ _
- — [vn|? — —”/ Onlvnl? = —/ fnUn + OrUnTy . (2.13)
€n JBi\B1/2 En JBy s Bs 0Bs

From (2.10)), (2.12)), (2.13), and the fact that a,, and o, satisfy (2.6)), we have

ol s (35) < C.
Hence it follows from ([2.12)) that
vl () < Cx VK CC R, (2.14)

V1,n Zf Un, (2.15)
Bz

and define vz ,, w, on By, as follows

Set

1
V2,m = Un —Vin , and Wn = —V2n -
From the equation for v,,, we have
div(a,Vv,) + k20,0, = 0 in By, and a,Vu, - % = £,0,0p on 0By /5.
int ext
(2.16)
This implies
. 200 . x
div(a,Vw,) = — - Up in Byjg , anVwy, - W = Opvp on 0By , (2.17)
n ext
and wy, = 0. Since (k20,/en)vn — 0 in L2(B1/2), it follows from (2.14) that w,

Bz

is bounded in H'(By5). From (2.14) and (2.16), it is clear that

— 0in H~Y2(0Q), (2.18)

int

apVu, -

||

and so

/ (anVup, Vu,) = k:i/ On|Un|? +/ anVuy, - ha - U, — 0. (2.19)
B2 By/s 0By 2 |ZZ?| int
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Due to (2.6), (2.14) and (2.19), we may (after extraction of a subsequence) assume
that (v,) converges to a constant in H'(Bj;3). On the other hand, from (2.14)

and the fact that Av, + e2k2v, = 0 for |z| > 4, we may (after extraction of a
subsequence and a diagonalization argument) assume that (vn) converges in H'(K)
for any K CC R3\ Byj,. Hence (v,) converges in HY/2(0Bs) and H'Y2(9B, ).
Using the equation for v, in Bs\ By/3 and the theory of elliptic equations, we obtain
that (v,) converges in H'(Bs \ By/2). Here we also used and the fact that
kn/e) — 0. In summary, we have that (v,) converges in H' (R*). Let v be the
limit of v, in H' (R?*). By Proposition 4, we may (after extraction of a subsequence)
assume that (a,) G-converges to a and that (w,) converges weakly to w in H*(Bjs).

It now follows from (2.16) and (2.17) that
div(aVw) = 0 in By, div(aVv) =0 in By s,

i i>:OOH 8B1/2.

int” 2|

(aVw, —) = 0rv

on 0By (aVwv

ext

|z
This is consistent with the fact that v is constant on By /5. It is not difficult to see that

Av =0inR*\ By, and that v € W(R?) (by Proposition. Since / wy, =0, it
By
follows that and / w = 0. Lemma [3| (stated below) now implies that v = 0 and
By,
w = 0. However, this contradicts the fact that |[v[|z2(p;) = lim, oo [|vnllz2(Bs) = 1.
O

In the proof of Lemma [2] we used the following result, which was established in
[16, Lemma 2].

Lemma 3. Let a be a real, symmetric, positive definite matriz valued function defined
on a connected bounded smooth domain D of R3. There exists no nonzero solution
(v,w) in WHR?) x H} (D) of the system

Av =0 inR3\ D ,
aVv-v| =0 on 0D,
int
div(aVv) =0 in D, and 5 (2.20)
e —aVw-v=0 ondD.
div(aVw) =0 in D, OV lext

Here v denotes the outward normal unit vector on 0D.
The proof of Lemma [3| goes as follows:
Proof. Since v € WH(R3\ D), it follows from (2.20)) that

/ Vo2 = —/ o) 5 —/ (aVw - v)o. (2.21)
R3\D oD OV lext 8D
We also deduce from (2.20) that
/ (aVw - v)v = / aVwVo = 0. (2.22)
oD D

For the latter, we have used that v is constant in D. A combination of (2.21)) and
[2-22) yields v =0 in R®\ D. It follows from the continuity of v across D that

v=0 inR® and w=0in D.

13



2.2.3 New estimates in the 2d low frequency regime

In this section, we establish new estimates for the Helmholtz equation in the 2d
low frequency regime. These estimates will play an important role for the analysis of
cloaking for the full wave equation in 2d. The analogue of Proposition [b|is

Proposition 6. Let a be a real, symmetric matriz valued function, and let o be a
complex function, both defined on By/o. Assume that

%I£|2§<a£,£>§/\|5|2, %S%(J)SA, and 0<S(0) <A,

for some positive constant A. Given 0 < k <1, 0 <A <1, 0<e <1, letV: €
HY(By4 \ Bi1) be such that AV, + e2k*V. = 0 in By \ By, Vo = 0 on 0By, and let
Ve € Hlloc (R2) be the unique outgoing solution of the system

div(AVv.) + e2k*S0. =0 inR?\ 9By ,

[&vg} =0,V. on 0By
with
I1 in R*\ By ,
A,ZEZ I,1+Z/(€k’)\) iTLBl\Bl/Q,
1 .
a, 6—20 in By .

There exist two positive constants ¢ and C, depending only on A, such that if ek < c,
ek|In(ek)|? < A, and k?|In(ek)|?* < ¢, then
[vell 25y < Ol (ek) PIVell (o By

and

Vel 22 (Bag\ By < COIHS (kB)|| (k) [|Vell g (mavmyy  for all B> 1.

The constants ¢ and C depend on the “range” constant A, but are independent of Vg,
k, e, A\, a, o and (3.

Proposition |§| is a consequence of Lemma [5 (and Lemma 4)) below. The proof of
Proposition [f] is similar to the one of Proposition [f] where instead of Lemma [2| we
use Lemma [5| The details of this proof are left for the reader.

The following result plays an important role in 2d low frequency regime.

Lemma 4. Let a be a real, symmetric matriz valued function defined on By /y. Assume
that

K167 < (a6, 6) < Alel?,

for some positive constant A. Given f € L*(R?) with supp f C By, let v. € Hlloc (R?)
be the outgoing solution of the Helmholtz equation

div(AVv,) + v, = f

14



with A = I for x € R?\ By and A = a in Byj;. There erist constants ¢ and C
depending only on A such that 0 < & < ¢ implies

[vellz2 ;) < Cllnef[|flze - (2.23)

Remark 5. Lemma [f) is obvious if a = I; the proof follows immediately from the
behavior of the fundamental solution of the Helmholtz equation in 2d. In fact, in this
case we have a better estimate:

[vellz2(B;) < Clnell[ fl|z> -

We believe that this estimate also holds in the setting of Lemma [, however, we do
not know how to prove it. The weaker estimate in Lemmal] is sufficient to obtain our
desired cloaking estimate in the 2d case.

We are ready to give

Proof of Lemma [4, We proceed by contradiction. Suppose there exist a sequence
en — 0, a sequence (f,,) C L*(R?), and a sequence (a,) of symmetric matrices such
that supp fn C Ba, (1/A)|E* < {an&, €) < AJEP?,

nlirgo|1nsn|2||fn||Lz =0, and |jvallr2(s,) = 1. (2.24)

Here v, € H 11(,6 (R?) is the unique outgoing solution to the equation
div(A,V,) + €2v, = f,

with A, = I for z € R?\ By s2 and A, = a, otherwise. Multiplying this equation by
v, and integrating the obtained expression on Bj, we have

/ <Anwn,wn>—gi/ \vn|2:—/ f@n+/ Oy (2.25)
Bs Bs Bs OBs or

5

Using interior elliptic estimates in combination with (2.24)), and applying Proposi-
tion [2] we obtain
||Un||H1(BR\B9/2) <Cgr for R>9/2. (2.26)

Thus it follows from (2.24]) and (2.25]) that
/ |V, |? < C. (2.27)
Bs

A combination of (2.26) and (2.27)) yields
||U77/HH1(BR) <Cgr forall R>0.

From the second part of Proposition [2] and Proposition [ it now follows that there
exists a symmetric matrix a € M(a, 3, By /2), for some 0 < oo < 3 < +00, such that
(after extraction of a subsequence) v, — v in L? (R?) where v € W*'(R?) is a solution
to the equation

div(AVv) =0,

15



Here A = I for x € R? \ Byj2 and A = a otherwise. It is clear that v = o for some
(complex) constant a. Since Av,, +¢e2v, = 0 in R? \ By, and v, satisfies the outgoing
radiation condition, v,, can be represented as

= S anHO Ealel)e™ ol > 4,

l=—o00

where H, (1) is the Hankel function of the first kind of order /. This implies

Up =Vop +U1,n |x] >4 (2.28)
where
Vo = aO’nHél)(anbc\)7 and v, Zal n enlz))e™, x| > 4. (2.29)
1£0
We recall that, see e.g. [21],
lim 7N (r) = 2 HO|N, onR,, lim TM S (2.30)
r—0 |In7| im’ 0 TS0 dr im’ '
. r —i(r—m 1
Tim \/;e =/ () =1, (2.31)
and
/ |72 g/ HY12, 0<s<t, (2.32)
8B, 0Bs

for all [ # 0. By orthogonality, it is clear that for any R > 4,

vo.nllmt (Be\Ba) T 1V10llm (B\Bs) < Cllvnllmr(Br\BY)-

Hence, after extraction of a subsequence, we may assume that vy, — ag in L? (R?)
and v1, — vy in L2 (R?) for some (complex) constant o and some vy € Ll20c (RQ).
Therefore,

a=v=way+v; |z|>4

This implies that v; is constant on {|z| > 4}. From (2.32)) we deduce that

/ |v1\2§/ lvi]?, 4<s<t,
Bi4+1\Bq Bsy1\Bs

and so v; must be equal to 0. Thus vg,, - v =« in leoc (R2 \ By). From (2:29) and
([2.30), we now have

lim [ag.,||Ine,| = g|oz|. (2.33)
On the other hand, the outgoing radiation condition implies
hm {—:n/ v |? < / | frllvn]- (2.34)
R—oo dBr R2

By orthogonality and (2.31]),

hm 5n/ |Un|2 > lim 5n/ |Uo,n|2 = lim 27T€7LR|(10,"H(()1)(6”R)|2 :4|a0,n|2.
R—o0 9BRr R—oo 9Br R—o0
(2.35)
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Since ||vn || z2(B;) = 1 and supp f C By,

[ 1ol < €Ul (2.36)

A combination of (2.24)), (2.33), (2.34), (2.35), and (2.36) yields that v = o« = 0, which
in turn contradicts the fact that ||v,|/z2(p,) = 1. This completes the proof of (2.23).
(]

Based on Lemma [f] we now state and prove the 2d analogue of Lemma [2]

Lemma 5. Assume that

%lf'Q < <a§7£> < A|€|2’ < %(U) < A7 and 0 < %(0’) < A s

=)=

for some positive constant A. Let f € L*(R?) with supp f C By \ B1, and let v. €
HlloC (R?) be the unique outgoing solution of

div(AVv.) + ?k*S.v. = f in R?

where A and . are as in Proposition [0 There exist two positive constants ¢ and C,
depending only on A, such that if 0 < ek < ¢, ek|In(ek)|* < cA, and k*|1n(ck)]? < ¢
then

[vellza(s) < ClIn(ek) [ £l 22 (2.37)

and

Vel £2(Bas\Bs) < COIHS (ekB)|| (k) |Vl sri gy forall >1.  (2.38)

The constants ¢ and C' depend on the “range” constant A but are otherwise independent
ofa, o, f, k, e, A\, and (3.

Proof. We have
div(AVv,) + 2k, = f + e?k?v. — 2k* 2.0, .

From Lemma [4] we deduce that

[vel|L2(B5) < ClIn(ke)

ke
2(If11e2 + 2R el 2oy + el o + Klleclliaces)) -

By selecting ¢ sufficiently small, and using the facts that e2k?|In(ek)|? < ¢, ek|In(ck)|* <
e, and k2| In(ek)|? < ¢, the last three terms on the right hand side may be absorbed
by (half) the left hand side, and we arrive at the first estimate (2.37)).

The second estimate (2.38)) follows from a combination of (2.37)) and Proposition 2]
O

3 Proof of the main results

Let u. be the unique solution of the wave equation

$1,:05u: — div(A:Vue) + 8 0iue = f in Ry x R¢,
ue(t =0) = ug in RY, (3.1)

Oue(t =0) = uy in R?,
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where A, 31 ¢,%2,, 0 < e <1, are time independent and defined as follows,
1,1,0 in R?\ B,
AE,EI,EaEQ,S - 15171/524_’}/ in BE \BE/27

FlaF71 0,0 in B2,

g

with a, o satistying (1.5]). By direct computation, A¢, 51 ¢, 80 = FeoAe, Fey X1 e, Feu Do,
Hence, using the invariance of the wave equation under change of variables, and the
fact that ug, u1, and f vanish for |z| < 2, we have

uc(t, x) = uc(t, Fe_l(x))v

and so
uc(t,x) = us(t,x) for x € R4\ By.

The main theorems, Theorem [[Jand Theorem 2] are now consequences of the following
results.

Theorem 3. Let d =3 and v > 0. Given R > 2, there exists a positive constant C'
depending only on A, v, and R, such that

sup [[ue (t, ) = ult, ) e2(mama) < C (11 + fuoll + ).
t>0

where u is the solution to (|1.3)).

Theorem 4. Let d =2 and v > 0. Given R > 2, there exists a positive constant C
depending only on A, ~v, and R, such that

C
ta' - ta' < 7( )a
Sup l[ue(t, ) —ult, Mr2(Ba\Bs) < el 1+ Nluoll + Jluall

where u is the solution to (|1.3)).

3.1 Proof of Theorem [3|

We split u. — u into two parts. To this end, consider 4. € H! (Ry;H'(R?)),
uniquely determined by

P — At = f  in Ry x (R®\ B.),
ii. = 0 in R, x B.,

U (t =0) =ug in R3,

815115@ = 0) = U1 in RS,

and set

18



We proceed to show that

igg lve(t,)||L2(Br\Bs) < CeData, (3.3)

and
iug”ws(t")”Lz(BR\Bz) < CeData, (3.4)
>

where
Data = || f]| + lluoll + |Ju]l-

Here and in the following, C' denotes a positive constant depending only on A, 7, and
R. Since us —u = v + we, the inequalities (3.3 and (3.4)) are sufficient to obtain the
estimate of Theorem [

Step 1: Proof of (3.3). From the definition of v, in (3.2)), we have

DZv. — Ave =0 in Ry x (R3\ B),
Ve = —u on Ry X 9B,

Ve(t=0)=0(t=0)=0.

Let 0.(k,z) denote the Fourier Transform (in time) of v.(¢,z). In this paper, by the
Fourier Transform of a function defined on [0,00), we mean the Fourier Transform
of the extension by 0 for negative time. We claim that o (k,-) satisfies the outgoing
radiation condition. To see this, let ¢ € C°°(R3) be such that ¢(x) = 0 on B; and
¢(z) =1 for |z| > 2. Set £ = 4. — ug. We have

026 — AE =ulg+2VuVe in Ry x (R3\ B.),
£=0 on Ry x OB,

£(t=0)=0¢(t=0)=0,

for ¢ < 1. Applying Huyghen’s principle and Theorem we conclude that &(k, )

satisfies the outgoing radiation condition. Since o.(k,x) = §(k,x) for |z| > 2, 0.(k,-)
also satisfies the outgoing radiation condition. Thus o.(k,-) € H' (R®\ B;) is the
unique outgoing solution to

Abo(k, )+ k20.(k,) =0 in R®\ B,
Oe(k, ) = —a(k,-) on OB,

for almost all & > 0. Set .
Ve(k,x) = (K, ex).
It follows that ) . ~
AV.(k,-) + k?e2V.(k,-) =0 in R3\ By,

Vek,-) = —i(k,e) on dB;,
for almost all k¥ > 0. Applying propositions [T] and 2] we have

5/ Vol )P < Cllak ) 2o,y for k>0, (3.5)
BR/E\B2/E
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and

A}w (IVV:(k, )2 4 Ve, 2)?) da < Clath, &) s o,y for k>0, (3.6)

Let d(k,-) be the Fourier Transform (in time) of u. Since u(-,x) € L'(R) (due to
Huyghen'’s principle), we have

a(k, ) ) dt. (3.7)

/ ztk
\/ 2w
As a consequence of (3.7)) and the fact that u(¢t = 0,2) = dyu(t = 0,2) = 0 for « € By,

(1+ k) (Jak,2)| + [Va(k, )|

g/ (1u(t. )| + Bueu(t, )] + [Vu(t, )| + |0 Vu(t, 2)]) di for z € B,
0

This implies

(1+ k2)<|ﬁ(l~c, )|+ |va(k7x)\) < CData for z € By. (3.8)
It follows from ({3.5)), (3.6, and (3.8]) that
5/ Vo (k,-)|? < ¢ ~Data®  for k>0, (3.9)
Br/<\B2/. L+k
and o
(k) + |Ve(k, 2)|?) de < Data?. 1
[ (902 1720 2)) e < g Data (3.10)

This implies
VE [ IVh i . i < Cata

and by a change of variable,
oo (o)
/ 162 (ks Yl (805 e < o/ 62 (k. Y2 (85, dk < CeData.  (3.11)
0 0

Hence 9(-, ) € L*(Ry) for almost all z € R3, and by the inversion formula

ve(t, @) = 2§R e (k, z)e Kt dk},

(w1

we obtain [
iUPHUs( N z2(Br\Bs) < CeData.

Step 2: Proof of (3.4). From the definition of w, in (3.2)), we have

Y1 0%we — div(A.Vwe) + X Qwe =0 in R, x (R3\ 9B.),
[we] = 0 and [&we] = —0,7, = —0p(ve +u) on R, x dB.,
ext ext
we(t = 0) = Qywe(t = 0) = 0.
*Using the fact that || [~ ¢(k) k|2 <[5 |p(k)| 12 dk.
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Let w.(-,z) denote the Fourier Transform of w.(-,x). We have @, = (. — @) — ¥e.
By Theorem 0 (k, ) satisfies the outgoing radiation condition. We claim that
(i —1)(k, -) also satisfies the outgoing radiation condition. To see this, let ¢ € C>°(R3)
be such that ¢(z) =0 on By and ¢(x) =1 for |z| > 2. Set & = u. — u¢p. We have

21,056 — div (AVE) + 2.0, = uA¢g +2VuVe  in Ry x R?,
(3.12)
Et=0)=0,£1t=0)=0 in R3,

for e < 1. Using Huyghen’s principle and Theorem we obtain that £(k, -) satisfies
the outgoing radiation condition. Since &(k,z) = a.(k,z) — a(k,x) for |z| > 2, the
claim is proved. As a consequence . (k,-) satisfies the outgoing radiation condition.
It follows that . (k,-) € H' (R?) is the unique outgoing solution to

div(AcVie(k, +)) + Sck?we(k,-) =0 in R®\ 9B,
[&uk(k, )] = =0, (e + 1) (k,-) on 0B,
for almost all £ > 0. Here )
i
k

Define We(k,z) = tw.(k,ex) and U.(k,z) = a(k,ex). It follows that W.(k,) €
H! (R®) is the unique outgoing solution of

25 = E1,6 + 22,5'

div(A. (ex)VWe(k, ) + 2k2S (ex)Wo(k,-) =0 in R®\ 9B,

[0, W.(k, )] = 0,V (k,") — 8, U (k,") on 9By,
ext
for almost all & > 0. From (3.8]), we have
/ (|VUs(k z)|? + 0. (k x)\2> dx < ¢ Data?® (3.13)
B4 ) ) —_ 1 + k'4 ’

for e < 1/4. Using (3.10) and (3.13) in combination with Proposition [3] we obtain

. C
6/ W (k, )| < 4Data2 for k > &7,
Bryc\B2/. L+ k

and

- Ce?
5/ W (k,-)|]? < —QData2 for cmin{e'/?, &7} <k <¢&.
Br/\B2/- k

Using (3.10) and (3.13) in combination with Proposition |5, we obtain

E/ [W.(k,)|> < CData® for 0 < k < cmin{e'/?,&7}.
BR/E\BZ/E
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We therefore have

Ve / W2 (. ) |12 (31 B

o) v cmin{e'/2 7} R
([ +/ +f VVEIWe (. )ty )
€Y cmin{e!/2e7} 0

e

1
< C(Data + Datae” / — + Datamin{e'/?, 57}).

cmin{el/2e7}

Since v > 0, this implies
NG / IWolk, )25y 5oy dk < Data,
and by a change of variables,
/000 e (K, )| 2 (Br\B.) dk < CeData.
Hence . (-,r) € L'(R,) for almost all z, and due to the inversion formula

we(t,x) = 2?)% e (k, z)e” "kt dk},

(o

we conclude that
gupllws( N r2(Bp\By) < CeData.

3.2 Proof of Theorem [4

We follow the strategy used in the proof of Theorem [3] We split u. — u into two
parts. To this end, consider 4. € H} (Ry, H'(R?)) uniquely determined by

0%t. — At = f  in Ry x (R2\ B,),
e =0 in Ry x B,

e (t = 0) = ug in R?,

3t115(t = 0) = U1 in RQ,

and set
Ve = Ue — U,
(3.14)
We = Ug — Ug
We proceed to show that
C
sup lve(t M z2Br\B) < T |Data (3.15)
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and

C
t,- < ——Dat 1
iglg”we( s )||L2(BR\B2) = |1n5| ata, (3 6)

where
Data = || f|l + llwoll + |Ju]]-

Here and in the following, C' denotes a positive constant depending only on A, 7, and
R. Since u. — u = v + w,, the inequalities (3.15)) and (3.16)) are sufficient to obtain
the estimate of Theorem [4

Step 1: Proof of (3.15)). From the definition of v. in (3.14)), we have

2. — Av. =0 in R, x (R?\ B.),
Ve = —U on Ry x 0B,

ve(t =0) =0 (t =0)=0.

Let 9. (k, z) be the Fourier Transform of v (-, z) with respect to time. We claim that
- (k, -) satisfies the outgoing radiation condition. To see this, let ¢ € C*°(R?) be such
that ¢(z) = 0 on By and ¢(x) =1 for |z| > 2. Set & = 4. — u¢p. We have

92¢ — A& =uAp+2VuVep in Ry x (R?\ B.),
E =0 on RJ’_ X 8BE,
£(t=0)=08&(t=0)=0,

for e < 1. Applying theoremsand we conclude that é (k, -) satisfies the outgoing
radiation condition. Since 9. (k,z) = £(k,z) for |z| > 2, 0.(k,-) also satisfies the
outgoing radiation condition. Thus o.(k,-) € H' (R*\ B.) is the unique outgoing

solution to B
Ad(k, ) + kzzﬁs(k, )=0 in R2 \ Be,

Oe(k, ) = —a(k,-) on 0B,
for almost all £ > 0. Here @ is the Fourier Transform of u with respect to time. Set
Vo(k,z) = 0c(k, ex).
It follows that V.(k,-) € H' (R?\ B;) is the unique outgoing solution to
AV.(k,-) +e2k?V.(k,-) =0 in R%\ B,

Ve(k, ) = —u(k,e) on 0By,
for almost all £ > 0. Applying propositions [I] and 2] we have
62/ Ve(k,)* < Cella(k, &) 3 om,)  for k> 1/(2e), (3.17)
Br/c\B2/.
ClH" (k)

52/ Vel ) < 22—k, &) |12 for 0 < k < 1/(2),
BR/E\B%| (k)| | In(ek)2 ik, €)1 /208, /(2¢)
(3.18)
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and
/B , (VR ) + Vel ) ) da < Clitk )l ony: (319)
R 1

for k£ > 0. By Placherel’s theorem, we have
OO 2 2 - 2 2
|t Wy di < [ () sy + 100t og,) d
since u(t = 0,7) = 0 for z € By. Applying Theorem [B] (in the appendix), we obtain
/ (14 E*)[|ak, ) 3y1.00(p,) < CData®, (3.20)
0

A combination of (3.17)), (3.18]), and (3.20) yields

CData

IV g < S .21
Here we use the fact that
Hy ()] _ ¢
Ink|+1 0<k<1/(2 3.22
|1n(€k‘)| —|1n€|(|n |+ )7 /( 5)7 ( )
which follows from
[Ink|+1 . 1
— if<k< —=
H W) _ ) e 2/e
Inek)] = v !
€ if — <k<—.
2\/e 2¢e
After a change of variables, (3.21)) yields
e CData
O (K, - dk < ——.
| e st < SR
Hence 9(-,x) € L*(Ry) for almost all z € R?, and by the inversion formula
ve(t, ) = 25)%{i/oof) (k,z)e~ ikt dk}
e\ m o [ I bl
we obtain (3.15)).
Step 2: Proof of (3.16)). From the definition of w, in (3.14)), we have
1 0% we — div(A:Vw:) + X 0w =0 in Ry x (R?\ 0B.),

[we] = 0 and [arwg] = —0/U. = —0,(ve +u)

ext

on Ry x 0B,

ext

we(t = 0) = drw.(t = 0) = 0.

Let . (-, «) denote the Fourier Transform of w,(-, z). We have w, = (4. — @) — 0.. By
Theorem 0. satisfies the outgoing radiation condition. We claim that 4. — @ also
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satisfies the outgoing radiation condition. To see this, let ¢ € C°°(R?) be such that
¢(x) =0 on By and ¢(x) =1 for |z| > 2. Set & = u. — up. We have

$1,.0%€ — div (A.VE) + 52,0, = uAp +2VuVe  in Ry x R,
(3.23)
Et=0)=0,£1t=0)=0 in R?,

for e < 1. Applying theoremsand we conclude that é (k, -) satisfies the outgoing
radiation condition. Hence the claim is proved. As a consequence w0, (k, -) satisfies the
outgoing radiation condition. It follows that w.(k,-) € H' (R?)is the unique outgoing
solution to

div(A Vi (k, ) + k2Sab(k,) =0 in R2\ 9B.,

[87"12)5('1{:7 )] = _ar(@e + ft)(k, ) on 0B,

ext

for almost all £ > 0. Here )
i
k
Define W, (k,z) = w.(k,ex) and U.(k,z) = a(k,ex). It follows that W.(k,:) €
H! (R?) is the unique outgoing solution to

25 = E1,6 + E2,5'

div(A. (ex)VWe(k, ) + e2k*S (ex)We(k,-) =0 in R?\ 9B,

[0, W.(k, )] = 0, Va(k,-) — 8, U-(k,") on OB;.
ext
We have (for € < 1/4)
/B (IV0- (b, @) 2 + |0 (k,2) ) da < Claalh, ) s, i, (3.24)

Using (3.19)),(3.24)), and Proposition |3} we obtain

52/ Wk, )I? < ellalk, ) Ifyro(p,y  for k>1/(2),
Br/e\B2/.

i ClHS (k)2
62/ Wk, )]? < =20 2220 ok, )12 for &7 < k < 1/(2¢),
BR/E\BZ/E| (k)1 |In(ck)2 [k, ) w100 (,) /(2¢)

and

W Ce |HSY (k)2

2 2 0 N 2 5y/4 S
c | E(k7 >‘ S 7||u(k7 )HM/ ,00 for g g S k S el
/BR/E\B2/E k2 |In(ek)|? 1> (B1)

Using (3.19)), (3.24)), and Proposition |§|E|, we have

? / Wk, )1 < CLHSY (k)% In(ek) P |k, )31 () for 0 <k < 2/4,
BR/E\B2/5

Note that k < £°7/4 ensures that ek < ¢, ek|In(ek)|? < ce'*7, and k?|In(ek)|? < ¢ for e sufficiently
small, as required in Proposition @
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In combination with (3.20) and (3.22)), this now yields

c / Wl |2 (52 )

1/(2¢) g5/4
([ +/ / O A E AR PAPRRPARY .
1/(2¢) edv/4
" |nk
(fpam+ —~Data + ELLITPY AR, dk)
| Inel |1 el Jesvsa
£57/4
+c/ \HSY ()| In(ek)| || a(k, )|y di. (3.25)

Since

e” e”

| In k| / |In k|2 \1/2 / . ) 1/2
o < k,- -
/55'7/4 ke, Hlwe < ( osvsa K2 ) ( o5 /4 ()l )

< Ce3"*Data,

and

J

5 5
£57/4 £5v/4 £57/4

D (k) (k) [k, ) lwr.ee < C(/O k)’ (/0 ik, i)

< CE'Y/QData,

it follows from ([3.25) that

V(K. dk < CDat ( —
6/0 IWe(k, MlL2(Br,\B, ) db < CData( Ve + |Inel - |Inel

The fact that v > 0 now implies

S C
/0 Wk, Y225\ 5oy A < o Data,

~ |Ine|

which by a change of variables becomes

= c
/0 [ @e (k, )| L2 (B \Bo) Ak < ﬂData.

It follows that . (-, ) € L'(Ry) for almost all z, and by the inversion formula

we(t,z) = 2R \/ﬂ/ e (k, ) Zktdkz},
we obtain ((3.16)). O
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A Appendix: The outgoing radiation condition

Suppose A(z) is a real, symmetric matrix valued function, and X1, X9 are two real
functions defined on R such that

[€F/A < (A(2)€,6) < AP, 1/A<Zi(x) <A and 0<Zp(x) <A, (Al)

for some positive number A. Furthermore suppose A,¥;,%s = I,1,0 outside a
bounded domain. Given any f € L?(R, x RY) such that supp f C Ry x K for
some compact set K of R?, let v be the unique solution of

El(x)aftv(t,x) —div (A(x)Vv(t,x)) + 3o (z)0v(t, x) = f(t, x), (A2)
with
v(0,z) = 0yw(0,z) = 0. (A3)

We first recall the following classic result, which is a direct consequence of an
energy estimate.

Lemma A1l. Let A(x) be a real, symmetric matriz valued function, and let X1, o
be two real functions defined on R? such that (A1) holds for some A > 0. Given any
f € L3Ry xRY), let v be the unique solution of (A2) and (A3). We have

t
1050 (ts M Z2may + VOt )2 @ay < Ct/o /Rd [f(s,2)[*deds ¢>0,

and .
[o(t, )72 (gay < CF [f(s,2)[*dzds , t>0,
L2(R4) o
Here C denotes a positive constant depending only on A.

Proof. Multiplying the equation (A2 by 9;v and integrating the obtained expression
over R, we have

1d

77(/ 21|8t’l)|2 + <AVU,V’U>) +/ 22|at’l)|2 = / f@tv. (A4)
2.dt Rd Rd Rd

It follows from (A1) and (A3)) that

) ) t ) 1/2 2
00t )32y + V00t ey < O / ( /Rdlf(x,s)l dz) ds) t>0,
(A5)
which implies

1050 (t, M T2 gay + IV ) T2 @ay < CEIFIT2(0,9xray t>0, (A6)

for some positive constant C' depending only on A. This completes the proof of the
first inequality. The second inequality follows immediately from the first one and (A3]).
O

We extend v by zero for ¢ < 0. As a consequence of the preceeding lemma, v is
a tempered distribution for a.e. z € R?. Hence we can as usual define the Fourier
Transform ¢ of v (with respect to t) by the formula

/ h o(k, z)p(k) dk = /0 b o(t,x)d(t) dt  for any ¢ € S(R) .

— 00
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Here

)= = [ ol ak

denotes the inverse of the classical Fourier Transform

60 = = [ o™ ar.

In this appendix we show that the Fourier Transform ¢ is indeed a function, and that
the corresponding functions 9(k, ) for almost all k& > 0 are outgoing solutions to the
Helmholtz equation; in other words: they are solutions to the Helmholtz equation and
they satisfy the outgoing radiation condition

0 . - _d1
Ev(k, ) —ikv(k, ) =o(r 2 ).

Theorem Al. Let A(x) be a real, symmetric matriz valued function, and let 1, Xo be
two real functions defined on R, such that holds for some A > 0, and A,%1,% =
1,1,0 outside a bounded domain. Given any f € L?>(Ry x R?) such that supp f C
R, x K, for some compact subset K of R, let v be the unique solution of and
(A3). For almost all k > 0, 0(k,-) € H' (R?) is the unique outgoing solution to the
equation

div (A(x)Vo(k,2)) + E*S1 (2)0(k, ) + ikSa ()i (k, 2) = — f(k,x) |

with f(k,x) denoting the Fourier Transform of f(t,x) (extended by zero for negative
time).

Proof. Let v. be the unique solution to
B1(2) e (t, ) — div(A(z) Vo (t, 7)) + (S2(2) + €)dpve (t, x) = f(t,2) ,

with v¢(0,2) = Opve(0,2) = 0. From the analogue of (A4]), we conclude that

t
E / 105e (5, )2 gy ds < €, (A7)

where C' denotes a positive constant depending only on || f|| .2k, xrey and A. Set
We = Ve — .
We have
Y1 (2)0Rwe(t, 2) — div(A(z)Vwe (t, 7)) + (Ba() + €)Ow.(t,z) = —dhv |
with w, (0, 2) = Oyw.(0,z) = 0. It follows immediately from Lemma [A1]that
Ve — v in Lz((O,T)de) , as ¢—0, foranyT > 0. (A8)

Let 0. denote the Fourier Transform of v.. From Plancherel’s Theorem and the energy
estimate (A7) we have

/R B2, ) 2 gy o < 00, (A9)

28



in other words 9. (k, ) € L?(R%) for almost all k. It is straightforward to check that
0c(k, -) satisfies the equation

div (A(z)Vie(k,z)) + k*S1(2)0: (k, ) + ikSo ()b (k, x) + ikede (k, ) = —f(k,x) .
(A10)
As a consequence 9. (k, -) lies in H'(R?) for almost all k, and it is the unique solution
to the equation (A10) in this space. By the limiting absorption principle (see e.g [10]
Section 4.6]) we have, for k > 0,

b(k,-) — V(k,-) weakly in H' (R, (A11)
where V (k,z) € H! (R?) is the unique outgoing solution to

div(A(z)VV (k,z)) + K>Sy (2)V (k, x) + ikSo(z)V (k, z) = — f(k, z) .
From and (A1l]) it follows that

. (k, ) converges to V(k,z) in the distributional sense on Ry x RY . (A12)

On the other hand, let ¢(k,z) be a C* test function (in k¥ and x) with compact
support, then

/00 / (Ve (k,z) — 0(k, 2))p(k, x) dodk (A13)
—oo JRA
_ / / (0o (t,2) — v(t 2))3(t, 7) dadt
0o Jrd
T
:/ / (ve(t,x) — v(t,z))gﬁ(t x) dxdt
0o Jre
c(t,x) = v(t,))$(t, x) dod
+/ /Rd(v (t,2) — o(t, 2))d(t, z) dadt .
Since suppgb (t,z) C R x Bg for some R > 0, it follows from Lemma 1| that

/ / (vt 7) — v(t, )3 (1, a;)dacdt<(]/ 5721 6(¢, )| 2 ey i -
Rd

Since ||p(t, -)|| 2(re) decreases faster than any negative power of ¢, it follows that, given
any 0 > 0, we may choose T such that

(ve(t, z) — v(t, 2))d(t, x) dxdt‘ <6/2 forall0<e<1.

Rd

Since v, converges to v in L2((0,T) x RY), according to (AS]), we may now choose ¢
sufficiently small that

/ / (ve(t, ) — v(t, x))d(t, ) dxdt| < §/2 .
0 Jrd

A combination of these two estimates with (A13]) yields that
0. converges to ¢ in the distributional sense (with respect to k and z) .

As a consequence of this and (A12) we conclude that ©(k,z) = V(k, z) for almost all
k > 0, which completes the proof of Theorem [AT] O

Using the same technique, we can also prove
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Theorem A2. Let D be a smooth, bounded, open subset of R¢. Let f € L? (R+ x (RF\
D)) be such that supp f € Ry x K for some compact subset K of R¥\ D. Suppose A(x)
s a real, symmetric matrix valued function, and 31, 3o are two real functions defined
on R4\ D such that holds for some A > 0. Suppose also A,%1,% = I1,1,0
outside a bounded domain and let v be the unique solution to the equation

S (x)03v(t, ) — div (A(z)Vo(t, z)) + So(z)0pv(t,z) = f(t,z) inRy x (RY\ D),
v=0 onRy xdD ,

v(t=0)=0w(t=0)=0.
(A14)
Let v(k,x) denote the Fourier Transform of v(t,x) with respect to t. Then 0(k,-) €
H! (RY\ D) is the unique outgoing solution to

loc
div (AVi(k, 2)) + kK*S10(k, 2) + ikSa0(k, ) = — f(k,z)  inRI\ D,

for almost all k > 0.

B Appendix: Decay of solutions of the 2d wave equa-
tion

In this section, we establish the decay of solutions of the 2d wave equation which
is an ingredient in the proof of Theorem [

Theorem B1. Let f(t,x), uo(x), and ui(x) be smooth functions such that supp f C
[0,1] X (B4 \ Bz), and supp ug, suppus C By \ Ba. Let u be the unique solution of the
system

Pu—Au=f inRy xR?

u(t =0) = ug in R?,

Ou(t=0)=u; inR%
There exist a positive constant C' and an integer m > 0 such that

| 0ttt < Dt
0

where Data = || f|| + ||uo|| + ||u1ll, and || - || denotes the C™-norm.

Proof. The theorem follows immediately from the explicit formula for solutions of
the wave equation in 2d. For the convenience of the reader, we present the proof. Let
v and w be the unique solutions to the systems

OZv—Av=0 in R, x R?,
v(t=0) = ug in R?

Ow(t=0)=u; inR2
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and
Zw—Aw=f inRy xR?,

w(t=0)=0 in R?

dw(t=0)=0 inR?
respectively. It is clear that
u=v+w. (B1)
We have

1 7[ tuo(y) + t*ui(y) + t{(Vuo(y),y — =) dy
B(z,t)

U(t7$) =35
2 (82— |y — xf2)"?

which implies
1 1
o(t, z)| < C(t—2||u0|| + z||u1||) for all z € By, t > 6.
Direct integration therefore yields
/6 |lv(t, -)||2L2(Bl) dt < C'Data?. (B2)
By a standard energy estimate
6
/0 lo(t, -)H%Q(Bl) dt < CData?,
and a combination with (B2)) now gives
oo
/0 lo(t, 223, dt < CData?. (B3)
On the other hand, we have
t
w(t, ) :/ w(t, z; s) ds, (B4)
0

where w(t, x; $) is the unique solution to the equation

QZw(t,z;s) — Aw(t,z;8) =0 in (s, +00) x R2,

w(t=s,2;8) =0 in R?,
Ow(t = s,x;8) = f(s,x) in R2.
The explicit formula for solutions to the wave equation gives
1 t—s)?
w(t,x;s):—][ (t = 5)°f(s,9) 1/Zdy t>s>0.
2@ ((t—s)2 |y — 22
For z € B; this implies
w(t,z;s) = 0 fors>1,t>s>0 and
lw(z,t,s)] < Ct'Data fors<1,t>7. (B5)
Combining (B4)), (B5) and the standard energy estimate for w(t, x; s), we obtain
/0 [lw(t, ')||2L2(B1) dt < CData®. (B6)
The estimate of Theorem follows from (B1]), (B3]), and . O
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