Full Range Scattering Estimates and their Application to
Cloaking

Hoai-Minh Nguyen*and Michael S. Vogelius'

May 21, 2010

Abstract

We establish very precise estimates for the time harmonic scattering effects of an
inhomogeneity. Our estimates are valid at all frequencies, and are independent of
the contents of the inhomogeneity. The involved constants are independent of the fre-
quency.We use these estimates to assess the effectivity of approximate electromagnetic
cloaks constructed by so called “mapping techniques”.
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1 Introduction

In this paper we study solutions to the (inhomogeneous) Helmholtz equation, i.e.,
the reduced wave equation, in all of R%, d = 2,3. In particular, we are interested in
scattering from an (unknown) inhomogeneity surrounded by an absorbing (“lossy”)
layer. We establish very precise L? estimates for a large class of such scattering so-
lutions. Special emphasis is placed on the case when the incident wave is a plane
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wave. The novelty of our estimates is threefold: (1) the involved constants are inde-
pendent of frequency, (2) the estimates apply to all frequencies, and (3) the estimates
are completely independent of the material parameters inside the inhomogeneity.

Estimates of the effect of a small inhomogeneity are extremely useful in order
to assess the approximate effectiveness of the cloaking technique known as “cloaking
by mapping”. If one uses the very natural approximation scheme introduced in [§]
(for zero frequency, i.e., for the steady state conductivity problem) (see also [16] for
a similar scheme) then the estimation of the degree of cloaking amounts exactly to
the estimation of the effect of the presence of a small inhomogeneity. To obtain a
proper estimate of the degree of cloaking (in the sense that it holds irrespective of
the object being cloaked) it is important that the estimation of the effect of the small
inhomogeneity (on the voltage potential) be independent of “its contents”.

For the corresponding approximate “cloaking by mapping” approach to work at
any fixed, non-zero frequency, it is necessary to employ an absorbing (“lossy”) layer
right outside the cloaked area. If such a layer is not present then it is well known that
there exists a family of objects that will defy any attempts at cloaking (see [9] for the
case of a bounded domain, and [12] or [I] when it comes to the entire space).

Suppose the incident wave is a plane wave of frequency w, and let v, . denote the
scattered field caused by an inhomogeneity of diameter ~ £/2, surrounded by a “lossy”
layer of thickness ~ £/2 with permittivity (or index of refraction) 1+ w%w 0< A<l
One of our main results (Theorem [2] of section 2.3) asserts that

a) For large frequencies, namely w > 1/e,

1
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b) For moderate to small frequencies, namely 0 < w < 1/g,

bl) for d = 3,
1
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This result is a follow up to Theorem [1] (section 2.3) which concerns scattering
estimates for the Helmholtz equation with a “general” source in the presence of an
appropriate “lossy” layer. Given the fact that (after the rescaling x — z/e) the
relevant parameter in the Helmholtz equation really is we (not w) it is not surprising
that our estimates degenerate as we goes to 0. However, it is not apriori clear exactly
how sharp they are. To address this point we show that the above estimates are
optimal in the following sense: for fixed € and beta there exist scattered fields generated
by incidents waves (plane waves for d = 3) such that the left hand sides of b1) and 52)
are of the same order as right hand sides of b1) and b2) (see Lemma[7] and Lemma
in the appendix).

With the extreme choice A = 0, using the two dimensional estimates a) and b2), we
recover the optimal estimates given in Proposition 3 of [7] for the case when the total



field vanishes on the boundary of the circular “lossy” layer. This is consistent with
the well-known fact that an infinitely “lossy” layer effectively behaves as a sound-soft
barrier (see e.g. [B]).

For any fixed frequency w, with € tending to zero, one will eventually achieve
that w is less than e~!. Thus the appropriate estimates are b1) and b2). These two
estimates now assert that the right choice for A is of magnitude smaller than or equal
to €, in which case the scattering effects (measured in norm) are bounded by Ce (for
d = 3) and C/|loge| (for d = 2). Such estimates, with A = &, were obtained in [9]
for a bounded domain (see also [I2], where the author used a quite different “lossy”
layer, for the whole space).

For the proof of the high frequency esimate a) we use a variant of Morawetz’s
multiplier technique (see [II]) in which we take into account the effect of the “lossy”
layer. The particular way we implement the multipliers is related to the approach
taken by Perthame and Vega [I5]. For the low frequency case (estimates b1) and 52))
our proof may be viewed as an extension of the proof found in [12].

We apply our scattering estimates to assess the effectivity of approximate cloaking
schemes (Theorem 3| of section 3). The approximate cloaking schemes we consider are
so-called “cloaking by mapping schemes” that include a “lossy” layer, as previously
discussed in [9]. The fact that our scattering estimates are very precise in their depen-
dence on frequency makes it possible to estimate the degree of cloaking as a function
of frequency. We only consider incident waves in the form of plane waves (although
our method can be applied in a much more general setting). From our assessment we
may conclude that it is never possible, with one fixed scheme, to obtain cloaking (by
mapping) uniformly in frequency. The obstructions to uniform cloaking are related to
low frequency “probing” and they are most severe in two dimensions. To be more pre-
cise: (1) in three dimensions it is possible to achieve cloaking uniformly in frequency,
using a fixed mapping but allowing the amount of absorption (conductivity) in the
“lossy” layer to depend on frequency (becoming unbounded as w — 0); (2) in two
dimension a prescribed level of cloaking will require both a mapping and an amount
of absorption (conductivity) that depend on frequency (as w — 0).

The approach to cloaking based on change of variables was introduced by Greenleaf-
Lassas-Uhlmann [2], Pendry-Schurig-Smith [14], and Leonard [10]. Their “transforma-
tion optics” schemes use a singular change of coordinates which blows up a point to a
cloaked region. Although this approach is excellent in many aspects, it has the defect
that one needs to work with a singular structure. This gives difficulties in practice as
well as in theory, see e.g., [3] and [I§]. The reader can find a survey on cloaking in
[4]. The approximate cloaking schemes we consider represent a natural regularization
of these singular schemes, obtained from a change of variables that tranforms a small
ball, with a thin “lossy” layer, to a unit-size cloaked region, surrounded by a lossy
layer (as in [9]).

2 Scattering estimates

As already mentioned, our analysis is significantly different, depending on whether
the frequence w is smaller than or larger than the reciprocal diameter of the scatter-
ing inhomogeneity. We start by considering the case in which w is larger than the
reciprocal diameter.



2.1 The high frequency case

2.1.1 Preliminaries

In this section we establish two lemmas that are crucial for the proof of our scatter-
ing estimates. These lemmas are localized versions of results already derived in [I5].
In order to state and prove the two lemmas we shall need some convenient notation.
We denote r = |z|, and e, = z/|x|]. We use v/ synonymously with v, = %U, and
define Vyp, v := Vo — e vy, divgp, F := div F — 0,(e, - F'), where B, denotes the ball
of radius 7. ¥ signifies the real part of the associated expression, and & its imaginary
part. We shall repeatedly use that

R
/ u:/ / u(ro)dor®™dr |
BRr\Ba a JOB;

and the latter integral we shall for shorthand often write

R
« 0B1

implicitly implying that we think of the function u(x) = u(rc) as a function of the
“two” variables (r,0) € R x 9By. Our first lemma establishes a very useful integral
identity.

Lemmal. Letd > 2, w>0,0< a< < R < o0, and let P and @ be two continuous

real functions defined on [a, R], with P,Q € C?*([a,]) and P,Q € C*(|3, R]). For
any u € Hllou (R?), u complex valued, we then have the identity

§R( /BR\BQ (P(r)u, + Q(r)a) (Au + wZu))

+3 /. o, (@O Q)P

1

i3 [ (@) =) P + Flaww ~ PR



where F' is defined by

2
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Proof. We recall that
Au =Ty (u) + To(u),
where
L a
Ti(u) = | (ro—tu'y and ,
. 1. 1
To(u) = divgp,(Vap.u) = = diveps, (Vap,u(r:)) = ﬁAgu(r-) ,

with A, = divgp, (Vop, - ) denoting the Laplace-Beltrami operator on dB;y. In the
following computations we initially ignore terms contributed from 0Bpg; of course we
account for these terms at the very end.

Step 1: We calculate

E, =% (P(r)u, + Q(r)a)u.

Bgr\Ba

Since (|u|?)" = wu’ + @'u = 2R(@'u) this becomes (modulo terms from dBg)

1 f d—1/),(2V/ 2
—QKL [ P wA>+1Lﬁ£ QW)lul

e

ff,/ /aBl 1y |u)? — ;P(a)adl/aBl |u2(aa)+/BR\Ba Qr)lul* .

A simple computation therefore gives
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modulo terms from OBg.

Step 2: We calculate

Ey, =R P(T)ﬁrTl (u) .
Br\Ba
This becomes
d—1
=R Pr)d' (v + ——)
Br\Ba r

d—1 1 R
-/ PO 5 [ [ PPy
Br\Bao T a JoB;
= 1 1
=/’ d / / d1|’|—fpmﬁﬂ*/‘|wﬁmw7
Br\Ba T 2 oB;




and a simple computation therefore gives

By, = /BR\BQ <d2—7’1p(74) - %P'(r))|u’|2 _ %/@B Pla)u'? | 22)

e

modulo terms from 0Bg.

Step 3: We calculate

Es:=%R Q(r)uTy(u) .
Br\Ba

This becomes

R
B =% [ [ ayaetay

:_a%/ /aBl Vil — Qa)a® 'R [ alao)(ao)

0B,

:_LMB /'/ QUMY 5 [ Q) uy

and a simple computation therefore gives
1 d—1
Bo=- [ awwPg | (@) + Q)
Br\Ba Br\Bo\0Bs "

+ % /G)Bﬁ (Q/(ﬂ+) -Q'(B \u|2 / Q' (a)|ul? — /(9Ba Q) (), (23)

modulo terms from 0Bg.

Step 4: We calculate
E, = §R/ P(r)u,To(u) .
Bgr\B

This becomes

E, 7%/ / ri 3 Agu = §R/ / P(r)rdigvgﬂlvgu
0B « 0B

_ 1 a P d—3 2\/
-3 (= (1Vul?)
« 0B,

/“t/ 1 |Voul + ¢ Pla)a d*3/" Voul(ac) |
831 631

and a simple computation therefore gives

1 d—3 1
Bimg [ (P0)+ 2P0 VonuP 45 [ P@)Vonal . (24)
Br\B OB4



modulo terms from 0Bg.

Step 5: We calculate

E; =R Q(r)aTs(u) .

BR\B(X
This becomes

R R
Es :§R/ Q(r)rd*SQAgu = f/ Q(r)rd*3|vgu|2 ,
o 0B o 0B,

and so
Es = 7/ Q(r)|Vas,ul* . (2.5)
Bgr\Ba

Step 6: We now finally calculate
E = %(/ (P(r)a, + Q(r)a) (Au+ wzu))
BR\Ba
A combination of the identities 1} yields

E:w{ém&(mm—dglmw—ipwnw?yéﬂm(dglmm—iﬁwnuv

1 d—3
- [ QuwPy [ (PO+SEPw)Vanul - [ Q)IVas,uf
Br\Ba Br\Ba T Br\Ba

1

+ 5/3 BB (QH(T) + #Q/(T))‘UF +%/5;B (Q’(m_) - Q'(ﬁ_))|u|2 ¥ F(ayu) |

modulo terms from OBg. Simplifying the expression on the right hand side and
including terms coming from 0Bpg, we finally arrive at

+Lm&(**p@_gpm—mewF

2r

I /BR\BQ (P)+ =2 Pr) — 20() Vo, uP?

J% /BR\Ba\{‘)BB (@) + ?QI(T)) el

1
ty [ (@0 - @)l + Flaww - PR
dBg
exactly as asserted in the statement of this lemma. O

With particular choices for the functions P and @, we may use Lemmal[I] to derive
the following extremely useful localized energy estimate.



Lemma 2. Given 8 >0 and d > 2, define

7d27ﬁ1 ifr>6, B itr>p,
P(r) = o and Qu(r)=< T
1

71 if 0<r<pg.

if 0<r<pg,

For any u € H}OC(Rd), and any 0 < a < B < R< oo, w >0 ,we then have

i /B o i+ Qu (Bt wu))

1 3—d 2
< —— <|Vu|2+w2|u|2)+u/ %—Q—F*(mu)—F*(R,U) )
d—1/p,\B. 2 Br\Bj

where F, is defined as in Lemma with P = P, and Q = Q..

Remark 1. The weight functions P, and Q. were used by Perthame-Vega [15] (in
combination with a limiting absorption argument) to establish high frequency estimates
for the Helmholtz equation in all of space. As mentioned earlier these choices are also
in the spirit of Morawetz and Ludwig [I1)].

Proof. With these particular choices of P and @) the expressions in the right hand
side of the identity in Lemma [I| become

0 ifr>g,
d—1 1
Q*(T)—TP*(T)—QPL(T) = 1 (2.6)
i . 0 ifr>g,
20 .
- ifr>g,
1/, d—3 d—1
P+ 2 —a.m) = Y (2:8)
_ﬁ 1f0<7“<5,
BB—d) .
_ P8y ,
i+ am- e T (29)
0 fo<r<g,
and 1
Qi(m)—Qi(ﬂ—):—B- (2.10)

The desired inequality now follows directly from the identity in Lemmal[l] by dropping
the two negative terms

28 1 , 1
d—1 Br\Bg r " 2ﬁ 0Bg

on the right hand side. O

Jul?



2.1.2 Scattering estimates for the high frequency case

We are now ready to prove a local H! estimate for solutions to a Helmholtz equation
that models an inhomogeneity surrounded by an absorbing (“lossy”) layer in the high
frequency regime. A main feature of this estimate is that its constant is independent
of both frequency and the contents of the inhomogeneity.

Proposition 1. Letd =2 or 3, 0 < A < 1, and w > wy, for some fized, positive wy.
Let a be a real symmetric matriz valued function and o be a complex function, both
defined on Byo. Suppose a is bounded and uniformly elliptic, and suppose o satisfies
0 < ess inf (o) < ess sup (o) < +00, and 0 < ess inf N(o) < ess sup R(o) < +oo.
Let f € L*(R?) with supp f C By \ By, and let v, € Hlloc (RY) be the unique solution
of

div(AVu,) +w?Xv, = f  in R4,

(2.11)
ov . _d-1
G =iwv, +o(r~z ) , asr—oo,
with
I1 in R4\ By |
A, ={ IL1+4i/(wA) in B\ By, (2.12)
a,o in By -
Then )
- (Vo |? + w?|vy|?) < C/ IfI>  forany B>1. (2.13)
B JBs\B: R4

The constant C' depends on wg, but is independent of a, o, w, 3, A, and f.

Remark 2. Estimate 18 mot true when X is a real valued function. The main ob-
servation here is that such an estimate holds in the presence of an appropriate “lossy”
layer (remember X lies between 0 and 1). A similar phenomenon, for fized (non-
resonant) frequency, was observed in the work of Kohn-Onofrei- Vogelius- Weinstein [9]
and Nguyen [12].

Proof. In this proof C = C(wg) denotes a constant, which may vary from one place
to another, but which is always independent of a, o, w, 3, A, and f. To simplify
notation we drop the subscript w from v,. We note that since

A1

1
/ (IVol* + w?ol?) < — (Vo2 +w?v)?) forl1<p <p ,
By\Bi BB Jps\B,

I

it clearly suffices to prove (2.13)) for all § sufficiently large. We consider first the case
d = 3. Multiplying (2.11) by © and integrating the expression obtained on Bgr, R > 1,

we obtain
/ VU — / (AVv, V) +w2/ Ylv? = Ju.
dBr Br Br Br

By letting R go to infinity, using the outgoing radiation condition, and considering
only the imaginary part of these expressions, we get

wlimsup/ |v|2+g/ |v|? g/ |f]]v] - (2.14)
R—o00 BBR >\ Bl\Bl/z R4



It is easy to see that the limsup on the left hand side actually is the limit as R tends
to 0o, but that is immaterial here. Since Av—i—w%—#z’%v =01in By \ By /2 and w > wo,
it follows from multiplication of (2.11)) by ¢#?% and integration by parts that

/ |Vo|? < ng/ |v|?
Bg/10\Bs/10 B1\By 2

(the Caccioppoli inequality). Use of (2.14) now gives

/ Vol? < aﬁ/ o2 < cm/ 1£lJo]
Bs/10\Bs/10 B1\Bi,2 Rd

Thus there exists o € (6/10,8/10) such that

/GBQ Vo2 + ol < Chw /R £l[o] (2.15)
and so
9 MGy T (216)
An application of Lemma [2 yields
1

2 [ Wb < Bla) - R+ | [ oo so|+ S [ ),
Bg\Ba R4 Bi\Bi/2

2 A
(2.17)
for any R > 3 > 4. Recall that

w? o 1 o
Rlaw)==a [ =G [ wE-g [ @y +§ [ Sosal.

o

1/ 247 / w%a 2 1 "2
-= (Jv]*)" < [o[[v] < —— o] + [,
2 JoB OB, 2 JaB, 2wiar Jop,

a

Since

we may conclude

o 1 «
F.a,v) < —/ VaBavz—l—( —>/ v')?
@) < 5[ Vot (g =5) [ W

@

< C |VU|2 .
8B.

It now follows from ([2.15) that

F.(a,v) < C’)\w/Rd [f]lv] - (2.18)

We next estimate Fy(R,v) for R large. By definition of F' we have

Ly VY
— F.(R, = ol =z il
(o) = S wPey [ WPy ]

LB ey B

2 OBRr R 2 OBRr

Buw? of? B ne B w? B (Jo?)
— v|* + [v']* + 5 T —.
2 JoBg 2 JoBg 2 Jopy R 2 Jop, R

|VBBRU|2

IN

10



Using the outgoing radiation condition (v/(z) = iwv(z) +o(r~1) as r = |z| — o) and
the fact that v(x) = O(r~1!) as r — 0o, we now obtain

limsup —F,(R,v) < fw? limsup/ lv]? . (2.19)
R—o0 R—oo JOBpgr

It is easy to see that the limsups on both sides actually are the limits as R tends to
00, but that is immaterial here. A combination of (2.17)), (2.18)), and (2.19) (and use

of @14) and (216)) yields
/ Vo2 £ w?f? < c(&g/ﬂw+ww/ umwy/|ﬂww
Bp\Ba R4 Rd Rd

+ [iwle [ 1fll)

1
/ [Vo]? + o] < Cw(B+1+ X+ *)/ |Fllol + C/ IfIl]. (2-20)
Bﬁ\Ba w Rd R4

or, after simplification,

From the fact that w > 2, and 0 < A < 1, it follows that
/ |Vo|? + w?|v|? §Cwﬂ/ |f||v|+C/ Ifl|v'|, forany 3>4. (2.21)
Bp\Ba Rd Rd

Since f has support inside By \ B,

c 1
o [ Aol [aAn<g [ (vePretpP) g [ IR @2
R4 R4 Bi\B ¢ Jra

o

for any ¢ > 0. By taking 8 = 5 in (2.21) and using (2.22) with ¢ sufficiently small, we

now obtain
[ mepsatppzo [ e,
Bs\Ba Rd

o [+ [ swi<e [ e (223
R4 R4 R4
A combination of (2.21)) and (2.23) yields

1

B Bg\Ba

and therefore

(IVol* + w?|v]?) < C/ If|> , forany 3>4.
Rd

This verifies the lemma in the case d = 3.

The only essential difference in the case d = 2 (when compared to the case d = 3)
is the presence of the additional positive term

pB—d) / Pl _ 5 of*
Br\Bgs

2 T3 2 BR\BQ 7"3

on the right hand side of (2.17). We now show that this term can be absorbed by the
term w? fBﬂ\B |v|? for any f3 sufficiently large. To this end, we note that v has the

expansion

v(x) = Z dkH,gl)(wr)eik‘g , A<,

k=—o

11



where H ,gl) is the first kind Hankel function of order k. It is well-known (cf. [I7]) that

rHP P </ | HP ()P for 0 <+’ <r forany k#0,

and that
rH ()2 < o HD ()2 for 1<’ <.
Consequently
/ o2 = 2 S Pl ED ) (2.24)
0B, k=—oc0
< c2r Y | HP ()P = C Bk
k=—o0 BBT/
for 4 < 7' <r. Based on (2.24) we estimate
. <1 1
of wbptes [ S wParscg [ wpo e
R2\Bg s T JaB, B dBg

and similarly,

GRS (2.26)
Bg\ B4 9Bg
for any 8 > 4. A combination of (2.25) and (2.26) yields

1 C
16} v|?/r? < C= v2§7/ v|?,
RQ\Bﬂ | | / ﬁ 8B[¢ ‘ | ﬂ(ﬁ - 4) B/;\B4 | |

and for 3 sufficient large (that C/B(3 — 4) < w?/2) this gives

2 2
3 M%%ﬁj‘|Wsi/ of? |
R2\Bg 2 Bg\By 2 Bg\Ba

since w > wy, and a € (6/10,8/10). We conclude that the additional term of the right
hand side of (2.17) may be absorbed by (half of) the left hand side. The rest of the
proof of (2.13]) for the case d = 2 (and [ sufficiently large) proceeds exactly as before.
O

2.2 The low frequency case

2.2.1 Some useful lemmas

In this section, we establish some preliminary results that will be used in the proof
of Proposition [2], i.e., in the proof of our scattering estimates for the low frequency
regime. We begin with the following

Lemma 3. Let d = 2,3, let D be a smooth open subset of R? with D C By, and such
that R\ D is connected. Suppose 0 < w < wy for some sufficiently small wy > 0. For
f € L3(R%), with supp f C By, and g € H%(F)'D), let v, € Hlloc (R?) be a solution of

Avy, + W, = f in R\ D ,
Vy =g on 0D , (2.27)

v, satisfies the outgoing radiation condition .

12



Then
leallirsmovp) < Co (I 2@y +lgll 3 o)) Jor all 521, (2.28)

for some positive constant Cg = C(wy, B, D), independent of w. Furthermore, for all
6> 1 we have

lalliz oo < C8% (Il + 191,43 o)) ford=3,
2.29)
|HGY ()| (
loall 2 < OB (1 laa + 19l 13 o)) Tom - ford =2,

=D ()]

with C = C(wg, D) independent of w and 3. If the data depends on w (i.e., g = g,
and f = fo) in such a way that || fu| 2wy + ”g“’HH%(aD) is bounded, and f, — 0

weakly in L*(RY), g, — 0 in L2(OD) as w — 0, then
ul)ii% lvollL2(Bs\D) =0  forany 3>1. (2.30)

Remark 3. Statement with f = 0 is proved in [I2, Lemma 1]. Statements
, and the inclusion of a non-trivial f are not found in [12], however, the
proof of these “extensions” follow along the lines of the proof of Lemma 1 in [1Z]. For
completeness we give the details here.

Proof of Lemma The proof for the case d = 3 is the simplest of the two. It
can be obtained by modifying the proof for the case d = 2, which we now proceed to
give. We recall the following properties of H ,El), the Hankel function of the first kind
of order k, see for instance [I7, page 143 and page 446],

2 dHM (r) 2
I HV(r) = = lim p—0 " — 2 2.31
50 |Inr| " ° (r) im’ " dr i’ (2:31)
and r\H,El)(r)F, k # 0, is a monotonically decreasing function on R, so that
t\H,gl)(t)F < s|H,£1)(s)\2, forall 0 <s<t andany k#0. (2.32)
We first prove by contradiction that
lalliaeam < € (I l2e) + 191,43 ) + O<w<wo ,  (233)

for some positive constant C' depending only on wg and D (wq sufficiently small).
Suppose this is not true. Then there exist a sequence w,, — 04 and sequences f,, €
L?(R?), with supp f, C By, gn € H%(aD) such that

Jim  fallzze2) + 9nll 43 o) =0 and [onllL2(Bs\D) =1, (2.34)
where v, € H' (R?\ D) is a solution of

Av, + Wi, = fo in R2\ D ,

Up = gn on 0D |, (2.35)

v, satisfies the outgoing radiation condition .

13



Since Av,, +w2v,, = 0 in R?\ By, and v,, satisfies the outgoing radiation condition, it
follows that v,, can be represented as

va(@) = > apnHY (walz)e™ |z > 4.

k=—o00
We decompose
Un = Vo,n + Vl,n, (236)
where
Vo = a0 HY (walz])  and w1, = apnHy (wnla])e® . (2.37)
k#0
Since {e*?}2° _ _ are orthogonal in L?(9Bi) and ||| r2(p;\p) = 1, it follows from

E31). €32, and (E37) that

lag.n] < C/|Inwy| (2.38)
and
/ lvin?<C VR>9/2. (2.39)
OBRr
In particular it follows that
lvnlle2(Bp\py < Cr forany R >1 ( not just for R =5) . (2.40)

From ([2.35)

Ovy, 0vy, _ _
/ |V | — wi/ v, |2 :/ Lﬁn - Lgn —/ fuUn . (2.41)
Bs\D Bs\D 8Bs or op OV Bs\D

Since Av,, + w2v,, =0 in R?\ By it follows from elliptic regularity results that
ovy,
llvnllz20B5) + ||W”L2(8Bs) < Cllvnllzzse\ssy < C -

For the last inequality we have used ([2.40)). It now follows that

/ Ovy, _
—
8Bs 87’ "

Since Avy,+w2v, = f,, in R?\D (and ||vp || 12(5,\py = 1) a simple variational argument
gives that

ovy,

< HW

ll20Bs) lvnllL2 By < C - (2.42)

H%Hml/z(am < C(IIVonllzzss\py + llvnllL2(Bs\0) + [ fallL2(B5\ D))
< C([IVunllL2ss\p) +1)
and so
vy, _
o v < C (IIVonllL2s\0) lgnll m1r2 00y + llgnll mr1r200y) - (2.43)
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The fact that || full2(85\D) » |9nll1/2(apys and [[vnl|L2(55\p) are bounded, in combi-
nation with (2.41)), (2.42) and (2.43), now yields that

/ Vo> <O, (2.44)
Bs\D
and so from ([2.43)
Ovy,
- gn| <C. (2.45
op OV )

This last expression actually tends to zero as n — oo, but that fact will not be
used. Since By could be replaced by any Bp in this last argument, we may (after the
extraction of subsequences and the use of a diagonalization argument) assume that
v, — v weakly in H! (R?\ D) and that v, — v in L? (R?\ D). We next prove that
fRz\D |Vo]? < +00. To that end

/ |Vo|? < liminf/ |V |? (2.46)
Br\D n—=oc JBr\D

for any R > 1, and by the equivalent of (2.41)) (with 5 replaced by R)

[owul oz [P [
Br\D Br\D 0Br

+’ /8D %En - ‘ /BR\D fnTn -

liminf/ |V, |? < limsup/ |V, |2 < C, (2.47)
Br\D Bgr\D

n—oo n—00

or

|0

We claim that

with C independent of R > 1. It clearly suffices to prove this for R sufficiently large,
say R > 16. Due to (2.45) (and the fact that w, — 04 and ||f.||z2 — 0) it thus
suffices to prove that

lim sup /
n—oo OBRr

with C independent of R > 16. We have

Ovy, 0vo.n 0V
A M el L e R
oBg ' OT dBr r dBR r
From ([2.31)) and ([2.38)
. . 61)0 n
limsup sup |vo,|<C and limsup sup R =1 =0. (2.49)
n—oo Byr\Br n—oo  Byr\Br or
Very shortly we prove that
limsup sup |vi,|+limsup sup R|Vv,|) <C/VR YR>16. (2.50)
n—oo Byr\Br n—oo Byr\Br
A combination of (2.49) and (2.50)) yields
8’01,»”

v, <C VR >16,

lim

‘81107”
n—oo 8Br

v, =0  and lim sup /
OBRr

n—oo

15



from which (2.48]) follows immediately. We now return to the proof of (2.50). For
R > 16, define Vg ,,(z) = v1,,(Rx/4). It follows from (2.39)) that

16
/ Van|? de < 7/ 12 de < C/R . (2.51)
Bi1o\B2 R Bior/4\Br/2

On the other hand, Av; ,, +w2v;,, = 0 for |z| > 4, and this implies

2 p2
wi R

AVvR,n + 176

VR,n =0 on BlO \ BQ . (252)

Using the standard theory of elliptic equations (and the fact that w, — 0 as n — o)

we deduce from (2.51)) and (2.52)) that

limsup sup |Vg.,(z)| +limsup sup |[VVg,(z) <C/VR R>16.
n—oo  Bg\Bsg n—oo0 Bg\Bj

We arrive at ([2.50)) by a change of variables, and this completes the proof of (2.47)).
From ([2.46) and (2.47) it follows that

/ |Vo|? < +o0 . (2.53)
R2\D

Moreover, (2.34)), (2.35), (2.49)-(2.50) give that v € H' (R?\ D) satisfies

Av=0 inR?\D,
(2.54)
v=20 on 0D,

sup |v| <C, (2.55)
Rz\Blﬁ

/ > =1.
Bs\D

We shall now see that the existence of a solution v with these properties is impossible,

which means we have arrived at a contradiction, and therefore may conclude that the
estimate (2.33)) holds. Fix ¢ € C1(R?) suchthat 0 < ¢ <1, ¢ =1if |z| <1l and ¢ =0

and

if |z| > 2, and define
or(7) = d(z/R) .
Multiplying the first equation of (2.54) by v¢r and integrating the expression obtained
on R?\ D, we obtain
0= [ VoV@om = [ VePon+ [ oveVen. (250
R2\D R2\D R2\D

Since |Vor| < C/R and supp Vor C Bag \ Bg, it follows from (2.55)) that

’/ @wv(;sR’ < C(/ |V’U\2)§ R>16. (2.57)
R2\D B2r\Br

16



A combination of (2.53)) and (2.57)) yields

lim tVuoVeér =0, (2.58)
R—oo Jr2\D

and from the definition of ¢, and (2.56)). we therefore get
/ Vo] = lim / |Vol2¢pr = — Jim oVuVer =0 . (2.59)
R2\D R—oo Jp2\p R2\D

Since v = 0 on 0D it follows that v = 0. This is inconsistent with the fact that
lvllz2(B;\py = 1 (and thus completes the proof of (2.33))).

We next use (2.33)) to prove (2.28). We first note that the value 5 is not special, and
so in place of (2.33)) we might as well have proved

forany 6 >1.

lallz2Bpeny < Cs (IF |2 + 19l 43 o)

Since Av,, + w?v, = 0in By \ By, with 0 < w < wp, local elliptic regularity theory
gives

lall 3 o) < Co (IF 12y + gllp3 o) foramy 825

It follows from a standard energy estimate that
leallr @y < Co (IF 2 + gl 3 p)  forany 825,

(and thus for any 8 > 1) as asserted in (2.28). To prove (2.30), we proceed as

follows. Suppose wy, is a sequence, with w, — 0. Since || fo,,[|z2®2) + ”g“"”H%(aD) is
bounded, it follows from ([2.28]) (after extraction of subsequences and a diagonalization
argument) that v,,, — v weakly in H!' (R?\ D) and v, — v in L? (R?\ D) along
some subsequence (also referred to as wy,). Since f,, converges to 0 weakly in L2, and
Vu, |oD = gw, converges to 0 in L2

Av=0 inR?\D,
v=>0 on 0D .

We also have (as in and - ) that

/ |Vv|? < 400 and  sup |v] < +oo
R2\D R2\ B¢

and so as before we arrive at v = 0. In other words: any sequence v, , w, — 0,
contains a subsequence such that the v, tend to 0 in L?OC; it immediately follows
that lim,,_,gv, =0 in LZQOC.

It remains to prove (2.29). To this end we use (2.28), (2.32) and the decomposi-

tion ([2.36]), noting that since ([2.28) is already proven it clearly suffices to verify (2.29))
for B > 5. We have

Hl) 2
[l < 08l P < op L [
B2p\Bg |1T{0 (w)|?> /Bs\Bs

17



and

[ el < oYl PRl @o)
B2p\Bg k0
< 0 oGP <8 [l 26y
k#0 Bs\Ba

Here we have used ([2.32]) to estimate

BHO WP _ wllH @O o

|HY (5w)|2 swlH (5w)[2 ~

We also note that

(1) 2
5§052M forall 3>5, 0<w < wp .
| HSD (w)|?

By a combination of this inequality with (2.60)) and (2.61]) we arrive at

1
/ %IQSCﬂQW/ ou? for f>5.
Byg\Bg ‘HO (w)|2 Bs\By

Finally, using (2.28]) (with § = 5) we obtain

/ |Uw|2 S CﬁQ |HO(1)(Q‘)/6) 2

Bas\ By |HED ()2

This proves (2.29) (in the case d = 2). O

Remark 4. Lemma [ holds without the smallness assumption on wy. In order to
verify this, it suffices to establish the estimate for w bounded away from zero and
infinity, since the rest of the proof is entirely independent of any smallness assumption
on wg. This version of follows by an argument very similar to the one presented
here. Since we shall not here need this extension, we leave the details to the reader.

H3 (8D)

<||f||Lz(R2) T gl ) for 5.

The estimate (2.29)) also leads to the following inequalites.
Lemma 4. Under the assumptions of Lemmal[3, we have
Clwo, D)8 (I 2@y + 1913 )
Clwo, D) (If 2wy + 9l 3 o)) Sord =2,

ford=3
HUwHHl(Bﬁ\D) <

forany > 1

Proof. First we prove the corresponding L?*(Bg \ D) bounds. For this purpose it
obviously suffices to consider d = 2 (the L? estimate for d = 3 is already part of

(2.29)). Since
H(l) 2
M for 3>1,0<w<uwp,
[Hy (w)]?

18



(2.29) implies the estimate
2 2 2 2
vo|? < C + 1 ford=2 and 8>1. 2.62
‘/B2ﬂ\BB | B (”fHL?(Rd) ||9||H2(8D)) B ( )

Let kg > 0 be chosen so that 27%03 > 1 > 27%0~13 By summation (of ko copies) of

the inequality (2.62) and (one copy) of (2.28) we now get

ko—1

>/ ol [ o, ?
k=0 Y Bo—kg\By—k-14 By ko g\D

S
@
—
&)
=
€
o
I

ko—1
. 2
< X @ (IBeme + 9, )
k=0
+0 (B + 19123
<

Ccp? (|f||2L2(Rd) + ”g”fq%(aD)) ’

or

/BB\D lv,|? < CB? <|f||2L2(Rd) + ||g||2%(aD)> ford=2 and 5 >1. (2.63)

This verifies that
1
Clwo, DB (If 2@y + 19l 3 oy ) ford =3
v llz2(Bs\D) < (2.64)
Clwo, D)B (I llpey + 19l 3 o)) Tord =2,

for any 8 > 1. It remains to prove that
for d =3

Clwo, DB (I 2 + 19013 o) .

Clwo, D)8 (Ifl 2@y + 9l 3 o)) Tord=2.

IVvullL2(Bs\D) <

Let 0 < ¢ <1 be a cut-off function, with
1 1
o(x) =1 f0r1<|x|<,6’+1 and  ¢(z) =0 near 9D and for |:c|>ﬂ+§,

and such that |V¢(z)| < C, with C independent of 3. Multiplication of the identity
Av, + w?v, = f by ¢?9,, and integration by parts gives

/ Vo, |*¢* = w? / v, [2¢* — 2 / TwdVuy - Vo — fo, ¢* .
Bg11\D Bp1\D Bp1\D Bg1\D

By use of the estimate

1
2 weveve|<s [ vapeez[ julver
Bg1\D 2 JBsi\D Bg1\D

(and the bound on |V¢|) it follows that

1
s [ vupe <o [ P [ e
Bg+1\D Bg4+1\D Bg+1\D

19



Together with (2.64) this immediately yields

[ower <of P g (2:60)
Bp\B1 Bp1\D Bg11\D
05 (11 ey + ) Tor d=3
(R%) 3
< H2(oD) (2.67)
2 2 2 _
Cp (Hf”LZ(Rd) + ||g||H%(aD)> ford=2.
From (22.28) we already know that
lewllisamy < € (12 + gl 13 o) -
and so the estimate (2.65|) is verified. O

The following simple lemma will also be used in the proof of Proposition [2]
Lemma 5. Let D be a bounded subset of R with a C' boundary. There exists a
positive constant C' depending only on D such that

lull 220y < Cllullzoy[ullur )y, Vue HY(D).
Proof. Assume first that D = R‘i and u € C! (Ri) with compact support. We have

(e, 0)2 = 2 / (@, 20) 2 (! ) de.
0

ox,
This implies
||UH%2(R3) < C”u”L?(Ri)Hau/axn”LQ(Ri)'
The proof in the general case follows by application of a standard density argument
and use of local charts for 0D. d

Remark 5. Lemma@ was proved and used in [5]. Similar inequalities related to the
quantities div and curl were introduced in [0].

2.2.2 Scattering estimates for the low frequency case

We are now ready to establish the low frequency analog of Proposition

Proposition 2. Let d =2 or3, 0 < A <1, and 0 < w < wy, for some sufficiently
small wg > 0. Let a be a real symmetric matriz valued function and o be a complex
function, both defined on By,,. Suppose a is bounded and uniformly elliptic, and
suppose o satisfies 0 < ess inf (o) < ess sup (o) < +00, and 0 < ess inf R(o) <
ess supR(0) < +oo. Let f € L*(R?) with supp f C By \ By, and let v, € H' (R?) be
the unique solution of

div(AVu,) +w?Xv, = f  in RY,

d—1

%L;’:iwvw +o(r—=z ), asr—oo,
with
I1 in R4\ By ,
A,E: I,1+Z/<W)\) inBl\Bl/Q,
a,o in By .
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Then, for all B > 1,

0wl L2(Bs\By) < CBF max{L, A/w}||f| 2 ford =3,

11 (wp)| (2.68)

lall By < COmaX{L M} flla 2 20 for d =2,
HD ()]

with a constant C = C(wyp), independent of a, o, f, B, w and .
Proof. We first prove by contradiction that

A
lvollz2(Ba\my) < Cmax{l, =} fllr2, 0 <w <wo, (2.69)

for wy sufficiently small. Suppose this is not true. Then there exist {w,}, {\,}, and
{fn}, supp fn C B4\ By, such that w, — 04, max{::—::, 1H| fullzz — 0, as n — oo, and

lvnllL2(Bs\By) = 1. (2.70)
As in (2.40) we conclude that the inequality (2.70]) implies that
lvnllL2(Br\By) < Cr forany R>1. (2.71)

We have, for any % <a<l,

/ |vun|2—w3,/ oal? i o 2 (2.72)
B5\BQ Br\B n BI\B

5 o

Since

%/ v, = lim C\‘y/ vl U, = lim wn/ v >0,
2Bs R—co JoBg R—oo dBR

—%/ VT, =S (—/ < AV, V1, > +w§/ Zvn|2> >0,
0Bq Ba B

o

for any a > 1/2, it follows from (2.70)), (2.72)) and the assumption about {f, } that

A
/ |Un|2§l/ [fallon] = 0 asn — oo .
Bi1\Ba Wn JRd

The convergence is uniform in 1/2 < o < 1, and so

and

/ [, =0 asn— oo . (2.73)
Bi\Bi/2

From

/ Voul2 < C a2 |
Bsg/10\Bs/10 B1\By /2

(Caccioppoli’s inequality) it now follows that

/ lon||Von| < C o2 — 0 .
Bg/10\Bs/10 B1\Bi /2
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As a consequence, for some a,, € (6/10,8/10)

/ |vn||v;|sc/ a2 0.
8Ba,, B1\Bi /2

o

Due to (2.71) and elliptic regularity

!/ —
‘ / V), Un,
635

Considering the real part of (2.72)) (with o = «,,) and using the assumptions on f,
and v, and (2.73)) we therefore obtain

/ Vo,|* <C,
Bs\Ba,,

/ [Vo,|> < C .
Bs\Bs/10

On the other hand, from (2.73)), as n goes to infinity,

[ b P o,
B1\Bs/10 B1\Bi,2

An application of Lemma [f] gives

<C.

and so

HU”H%Z(aBl) S C”U”HLZ(BI\BSMO)HU”HHI(Bl\Bs/m) —0 as n—o0.

Since || fnll £2(rey — 0, Lemma [3| (with D = By) now yields

lim an||L2(B5\B1) =0.

n—oo

This is an obvious contradiction to the fact that [|v,|/z2(p,\5,) = 1, and so we may
conclude that holds. It is clear that the value 5 plays no particular role in
the above proof, in other words, we have established the analog of with the
left hand side v, ||z2(B,\B,) and a constant Cs, that depends on 8 (for any § > 1).
The proof of the estimates now follows from (a slightly modified version of)
Lemma [3| Indeed, elliptic regularity and (2.69) gives

A
||Uw||H1/2(8Bg/2) < C||UW||L2(35\31) < Cmax{l, a}HfHL? , 0<w<wo,

and a slight modification of Lemma (with By replaced by Bs, D = By, f = 0, and
g = vulop,,, ) now yields

||’UW||L2(BB\BQ/2) < Cﬁ% max{L %}HfHLz ford =3,
A |HS (Bw)|

||Uw||L2(B25\B5) < Cfmax{l, —}||f||L217 ford =2,
w HY ()]

with C' = C(wp) independent of w and 3 > 5. A combination of these estimates with
(2.69) immediately leads to (2.68)). O

The same approach that was used to derive Lemma [4] from Lemma [3] may also be
applied to Proposition [2] to arrive at the following estimates.

22



Corollary 1. Under the assumptions of Proposition[3, we have

Clwo)B2 max{1, \w}||fllpz= ford=3,
vollz(Bs\By) <
C(wo)Bmax{l,\/w}||fllz=  ford=2.

2.3 Uniform scattering estimates

By a combination of the propositions [I] and [2] we arrive at our main scattering
result.

Theorem 1. Letd =2 or 3, 0 < A < 1, and 0 < w. Let a be a real symmetric
matriz valued function and o be a complex function, both defined on Byj3. Sup-
pose a is bounded and uniformly elliptic, and suppose o satisfies 0 < ess inf (o) <
ess sup (o) < 400, and 0 < ess inf R(0) < ess supR(0) < +oo. Let f € L2(R?) with
supp f C By \ By, and let v, € H' (R?) be the solution of

div(AVo,) + w?Sv, = f  in RY,

e = juu, Fo(r~"T) , asr— oo,
with
11 in R4\ By ,
AN ={ L1+i/(w\) inBi\ By,
a,o in By .

For any wg > 0 there exists a constant C' such that

a) Forw > wy,

1

= \vw|2§%/ If? forall B>1.
B JBs\B, w? Jra

b) For 0 <w < wy, and d =3,
1
- v, |2 < C’max{l,)\Q/wQ}/ Fik forall 6>1.
B JBs\B R4

For 0 <w < wp, and d = 2,

1

forall 6>1.
B JByp\Bs

)

|2|H“>< wB)[?
H§V ()2

The constant C' depends on wy, but is independent of a, o, f, B, w and A.

|Uw|2 < Cmax{l1, AZ/wz}ﬁ/ |f

Remark 6. The low frequency estimates in b) are weaker than the high frequency
estimates in a) due to the presence of the term involving \/w. However, the estimates
in b) are optimal in this regard. We shall discuss the optimality of this part of the
estimates in the appendiz (see also Remark @)
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Remark 7. A direct combination of the propositions 1] and [3 yields Theorem [1] with
the proviso that wg > 0 be sufficiently small. However, note that the estimates in b) are
equivalent to the estimate in a) for w bounded away from 0 and infinity. The theorem
therefore remains valid if we increase the separator wgy between the cases a) and b),
and so it holds with any fized separator, as formulated above. For the the remainder
of this paper we make the selection wy = 1.

Since the results of Proposition [1] and Corollary [1] pertain to the H' norm we can
include derivatives in our estimates. The use of Corollary [I]also eliminates the fraction
involving Hankel functions in the low frequency, d = 2, case.

Corollary 2. Under the assumptions of Theorem[1], we have

1
5, g, 0P 4 IV0P) S CIfE: w>1,
B 1
and
1 Cmax{1,\*/W?}||f|l7.  ford=3,
2 (Jvo]® +|Vo,|?) < L O<w<l1.
B JBa\B, CBmax{1,\2/w?}||f[2. ford=2,

From Theorem [I] we may deduce very precise estimates for the scattering effect of
an arbitrary object surrounded by a “lossy” layer in the case when the incident wave
is a plane wave.

Corollary 3. Let d = 2, or 3 and w > 0. Suppose a is a real symmetric matric
valued function which is bounded and uniformly elliptic. Suppose o € L*°(B/2) is
a complex function with 0 < ess inf (o) < ess sup J(o) < +00, 0 < ess inf R(o) <
ess sup R(o) < 400, and suppose 0 < A < 1. Define

1 ifzx € R4\ By,
I ifz R\ By, ,
A= and D=4 14 2 ifv € B1\ Bya,
a(z)  otherwise, WA
o(x) otherwise.

Given n € R, with |n| = 1, let v,, be the solution of
div(AVv,) 4+ w?Sv, =0, inRY,

of the form v, = vy + e, with v, € Hlloc (R%), the scattered wave, satisfying the

outgoing radiation condition: da“; =iwvs +o(r~z ) asr — oo. Then

a) Forw>1,
1
3 lvg|> <C  forall B>1.
Bp\B1
b) For0<w<1, andd=3,
1
3 . lvs|? < Cmax{1,\?/w?}  forall B>1.
Bs\B1

ForO0<w<1, andd =2,

1

1 |H) (Bw) 2
B JBys\Bs

lvg]? < Cmax{1,\?/w?}3
[Hg" ()2
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The constant C' is independent of w, B, A\, n, a and o.

Remark 8. As a consequence of Corollary[3, we also have

1
= (W?vs]® + [Vus?) < Cw®  Vw>1,
B JBs\B,
and
1 C'max{1,\? /w? ford=3,
>y (|'Us|2+‘vvs‘2)§ { } Vo<w<1.
B JBs\B, CBmax{1,\2/w?} ford=2,

Proof of Corollary |3} We introduce
v =v,(x) + T Y(x)

where ¢ € C*®(R?) is a cut-off function with ¢» = 1 for € By and ¥ = 0 for
@ € R\ B3. The function v is in H' (R?), it satisfies the outgoing radiation condition
and

div(AVv) + w?Sv = f. (2.74)

Here the source f is given by
f = 2iwe™n %y . Vip + e A,
An application of Theorem [I] yields the desired estimates. g

Remark 9. The low frequency estimates in b) of Corollary@ are significantly weaker
than the high frequency estimates in a) due to the presence of the term \jw. As w
approaches O these estimates allow for scattered fields (from incident plane waves)
whose L? norms become unbounded on bounded sets. In the appendiz we show that
this does indeed occur for d = 3, we also show that the L* norm (on By \ Bi) is
bounded from below by A\/w (cf. Lemma @) For d = 2 the situation is a little bit more
complicated: in the appendix we show that there exist locally bounded incident waves
for which the L*(By \ B1) norm of the scattered field is bounded from below by \/w,
however, the incident waves we exhibit are not plane (cf. Lemma @)

From the previous result we obtain (by rescaling) the following result, which pro-
vides an estimate of the scattered field, v, (x), caused by an incident plane wave
“hitting” a diametrically small object surrounded by a thin “lossy” layer.

Theorem 2. Letd =2 0r3,0<e<1,0<A<1,w>0, andn € R? with |n| = 1.
Let v (z) = vs o (z) + €% be the solution of

div(A.Vv.) + w?S.ve =0, inR?,

where v o € Hlluc(Rd), the scattered field, satisfies the outgoing radiation condition:

Bg.:s = Wwus ¢ + 0(7‘_%) as r — oo. Here the coefficients A. and % are given by
1 ifv € R3\ B, ,
I ifajER?’\BE/Q7 )
A= and ¥e=q 14—~ ifzcB.\B.p,
as(x)  otherwise , weA
oe(x) otherwise .
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a: 18 a real symmetric matriz valued function, that is bounded and uniformly elliptic in
B.jy; 0. € L™(B/2) is a complex function with 0 < ess inf J(o.) < ess sup (o) <
+00, and 0 < ess inf R(o.) < ess supR(o.) < +00. Then

a) forw>1/e,

1
3 [vsc|?> < Ce®™  forall B>¢.
Bp\B.

b) For0 <w <1/e, and d =3,
1

3 . [vs.c|? < Cmax{1,\?/(w?e?)}e®  forall B>¢.
Bp\B.

For0<w<1/e, and d =2,

)
1 2 S Cmax{l,)\z/(wQEQ)}ﬁ|H (ﬁw)|2

8!
: [0s.c oSl
B Bop\Bgs |Hy/ (ew)|?

forall B>c¢.

Most importantly: the constant C is independent of €, w, B, A, n, a. and o..

3 Applications to cloaking

It is by now fairly well-known that estimates of the scattering effect of small in-
homogeneities are very related to estimates of the efficiency of approximate cloaks
obtained by so-called mapping techniques (see for instance [§], [9], [13], or [12]). This
is especially true for estimates that are uniform with respect to the “contents” of
the inhomogeneity. Based on Theorem [2] we shall now in this spirit derive efficiency
estimates that are also explicit in their frequency dependence. Let us first recall
the following basic fact on which our (approximate) change-of-variable-based cloaking
schemes rely. The proof of this fact is quite elementary and left to the reader.

Lemma 6. Let d > 2, let A be a real symmetric matriz valued L™ function, and
let ¥ be a complex L™ function defined on R%. Suppose F : R — R? is Lipschitz,
surjective, and invertible, with F(z) = x on R\ By, and det DF > ¢ > 0 a.e. x € R?,
Then v € H' (R?) is a (distributional) solution of

div(AVu) + w?Su = f  in R?
if and only if v:i=uo F~1 ¢ Hlloc (R%) is a solution of
div(F,AVv) + w?F.Sv = f. inR%
Here

DF(x)A(z)DFT (z)
det DF(x) ’

_ Xz _ fl=)
= dwnr@w Y= wDr@)

F*A(y) = F*E(y)

with x = F~1(y). Note that u = v outside Bs.
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Let F., 0 < € < 1, denote the particular continuous, radial Lipschitz mapping
R? — R given by

x if v € R?\ By,
2—2¢ lz| \ .
F = ( ) faze B\ B., 1
: 275+275 || ifze B\ B (3:1)
z if z € B..
5

We notice that F. transforms By and B, into Bs and By, respectively, with F, = id
outside Bs.

The following theorem provides estimates of the degree of near invisibility achieved
by

(Fo)oI, (F2)s1 in By \ By ,

the approximate cloak = ;
(F)-L, (F).(1+ =) i Bi\ By,

where the dependence on frequency is explicit. These estimates are optimal in their
dependence on € and w (as explained in the appendix).

Theorem 3. Let d = 2, or 3 and w > 0. Suppose a is a real symmetric matrix
valued function which is bounded and uniformly elliptic, suppose o € L>(By/2) is a
complex function with 0 < ess inf (o) < ess sup F(o) < +00, and 0 < ess inf (o) <
ess sup (o) < +o0o. Define, for0 <e <1, and 0 < A <1,

11 ian\Bg7

(FE)*I, (FE)*I m BQ\Bl,
AZ, ¥ =

(F.). I, (F.), (1 + ) in By \ By a,

1
WEA

a(x),o(x) in By ;.
Given n € R, with |n| =1, let u,, € H' (R?) be the solution of
div(ASVu,) + w?Su, =0, in RY,

of the form u, = ug + %", with u, € Hlloc (R%), the scattered wave, satisfying the
a—1

)
. - . e . — 1
outgoing radiation condition: a(,)’;f =iwus +o(r~"z ) asr — oo. Then

a) Forw >1/e, X

B JB\B,

b) For 0 <w <1/e, and d =3,

lus|? < Ce?™t VG > 2.

1

7/, \B lus|? < Cmax{1,\?/(w?e*)}e? VB >2.
5\ B2
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For0<w<1/e, and d =2,

1

1 |HD (Bw) 2
B JBys\Bs

lug)? < Cmax{1,\?/(c?w?)}p
A D

VG >2.

Most importantly: the constant C' is independent of a, o, w, €, A\, B, and 1.

Proof. In the following we drop the subscript w from the solution u,,. S_et u. = uofy
(so that u.(z) = u(x) for |z| > 2) and define us.(z) = u.(z) — e“*" (so that
U, () = ug(x) for |z| > 2). Then, by Lemma [}
div(flEVug) +w?Xu. =0,
and u.(z) = us(x) + €77, with u,. € H' (R?) satisfying the outgoing radiation
condition. Here
1,1 in R\ B, ,
- —1 c —1 c { .
AE)ZEZ(FE )*A(g?(FE )*25: I,l—}—r{;)\ IHBE\BE/Q,
e da(z/e),e"o(x/e) in By .
According to Theorem [2] we have
a) For w > 1/e,

1
3 |us,5|2 <Ce¥ 1l forall f>¢.
Bﬂ\BE
b) For 0 <w <1/e, and d =3,
1
3 lug c|? < Cmax{1,\?/(c?w?)}e? forall B>¢,
Bﬂ\Bs

for 0 <w <1/e, and d = 2,

1

1 1B (Bw)[?
5 B2s\Bg

|us75\2 < C'max{l1, Az/(szwz)}ﬁ
|HY (ew) |2

forall g >¢,

The constant C is independent of €, w, 8, A, n, a and 0. Since u,(x) = us(x) for
|z| > 2, the conclusion follows. O

Remark 10. If we take the size of the scattered wave as a measure of approximate
invisibility, then Theorem[3 gives a very precise estimate of the degree of “approzimate
muisibility” associated with
(FE)*I, (FE)*l m BQ\Bl s
the approximate cloak = ;
ughfxﬁg*(1+agx) in By\ By .

For w > 1/e this (“norm-squared”) estimate is O(e?~1), uniformly in 0 < X\ < 1. For
0 < w < 1/g, the situation is a little bit different. If we select A\ = we then Theorem
[3, in the case d = 3, asserts that

1

- lus|? < Ce? V3> 2.
6 B[-}\BQ
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In other words it guarantees the same degree of “approximate invisibility” as for w >
1/e. Ford=2 and 0 < w < 1/e the (best) choice, A = we, gives

1 H(l) Buw 2
2 "Us,s|2 S Cﬁw .
B JBys\Bs |Hy (ew))|?

It is easy to see that if w = €7, for some v > 0, then the right hand side is bounded
from below by ¢y > 0 (independently of € and 3 > 2) and so we have an estimate that
predicts very poor “approxrimate invisibility”.

4 Appendix: two optimality results

The purpose of this appendix is to prove two optimality results related to the
estimates in b) of Theorems and These results are a natural extension of
those presented in [12] to show that a “lossy” layer is necessary for an approximate
invisibility that is independent of the contents of the cloaked region. The coefficients
of the Helmholtz equation are defined as follows

I,1 in R4\ By ,
A =4 1,1+ inBy\Bs, (4.1)
Iaq2/w2 in Bl/27

with0<w<1,0<A<1,and g € R. u, € Hlloc (R?) is the “outgoing” scattered
field corresponding to the incident field w;,, i.e., us satisfies the outgoing radiation
condition and u := ug + Uy is the solution of

div(AVu) + w?¥u =0 in R% (4.2)

Lemma 7. Suppose d = 3. There exist positive constants dy, ¢ and q, such that for
any 0 <w <1,0< A <1, with0<w/\ < do,

cA
llusl|z2(Bo\By) = o (4.3)

Here ug is the outgoing scattered field corresponding to ((4.2])) with an incoming plane
wave Uipe = "% n € R3, |n| = 1. The constant c is independent of w, \ and 7.

Proof. It is well known that the plane wave u;p.(x) = e’ has the Jacobi-Anger

expansion
oo

el — Z i"(2n + 1)jn (w|z|) Py (cos ) ,
n=0
where j, is the spherical Bessel function of order n, P, is the n’th Legendre polyno-
mial, and 6 denotes the angle between x and the direction 7. Since this expansion is
orthogonal in L?(sin #df), and the same is true for the corresponding expansion of the
solution wug, it suffices to prove the estimate for a single mode. In other words,
it suffices consider an incident wave of the form

ﬂ/inc = ]O(WlxD 5

29



the mode corresponding to n = 0. Let v be in the first quadrant of the complex plan,
such that v2 = w? + iw/\. With this we have

us = ahg(w|z|) for || > 1,
uy = y1jo(V|z|) + vho(v|z]) for 1/2 <|z| <1,
uy = Bjo(qlz) for |z| < 1/2,
where u; := ug + Ujpe in By, and hg = h(()l) denotes the (first kind) spherical Hankel

function of order 0. Due to the transmission conditions on the boundary of B; and
Bl/Za

Ug + Ujpe = Ut at jz| =1,
Ous  OUipe  Oug

or or or ] ’
Ut = Ut at |’J)‘:1/2,
aut 6ut

— = —= t =1/2
orle  orl- at |z /2

and so ‘ _
aho(w) + jo(w) = Y1jo(v) + 12ho (V) ,

awhg(w) +wjp(w) = nvio(v) + v2vho(v)

(4.4)
Y1o(v/2) + 12ho(v/2) = Bjo(a/2)
vio(v/2) + yavhy(v/2) = Bajo(a/2) -
From the last two equations of (4.4)) it follows that
Y2 = B, (4.5)
where ) , , ,
B~ _ Jow/2)ajola/2) — vjo(v/2)jo(q/2)
ho(v/2)qjg(a/2) — vhy(v/2)jo(q/2)
We recall that y
e’ . sint
hO(t) = - and ]O(t) =7 (46)
it t
and as a consequence
thy(t) .
= —1+4it, 4.7
o (D) (4.7)

and

ho(v/2)aih(a/2) — vhiy(v/2)jo(a/2) = ho(v/2)jo(a/2) (qjgg@ too ) .
qj4(q/2)

Now choose ¢ such that ) = —2 (there exist many such ¢). Then

ho(v/2)ajo(a/2) — vho(v/2)jo(a/2) = —ivho(v/2)jo(q/2) -
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On the other hand, it follows from (4.6|), with this choice of ¢, that

o/ 2adt(a/2) ~ vit(o/Din(a/2) = DAL IO R )2

= [F2+0(v)]jo(a/2)io(v/2) -

Thus 1
5 ="+ 0(vP)]. (4.8)

We next calculate o from the first two equations of (4.4]). Set

%:72(1—%2].0(”)).

Y2 ho(v)
Due to ([4.8),
2 =72 (1 —ie”"2[1+ O(|v]*)] Sin(’/)) =l — v+ O(lv])] (4.9)

and due to , , and ,

142 Jow) + /21 + O(M?)]w

V2 ho(v) (i +v)e
=1+O0(|v]*) . (4.10)
A combination of (4.9) and (4.10)) yields
ﬂj()(V) _x ; 2 3V — % ; 2
w1+ T3 es) = Rl i+ O+ O(v)] = Rt + v+ O(wf?)]

The first two equations of can therefore be written
aho(w) + jo(w) = F2ho(v),
{ awh (W) + wig(w) = Fa[l + iv + O(Iv*)lvhy(v) |
which implies

o[l + i + Oy )k () = wib(w)ho(v) )
ho(w) [T+ i+ O([v )by (v) — wohfy () o) |

Using (4.6 and (4.7]) we easily calculate

Jo(W)[L +iv + O(|v[*)lvhy(v) — wig(w)ho(v)
= —ho(v) (Jo(w)[1 +iv + O(|v[*)](1 — i) +wjg(w))
= —ho(V)[1 + O(Jv|*) + O(w?)] . (4.12)

Similarly, we calculate

ho(w)[L + iv + O(|v[*)Jvh(v) — wh(w)ho(v)
= ho(w)ho(v) (1 +iv + O([V)](-1 +iv) + 1 — iw)
= ho(w)ho(v) (—iw + O(|v]?)) . (4.13)
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A combination of (4.11)), (4.12)), (4.13) yields

L 1+ O0(vP) +O?)
holw) (—iwr + O(vP))

Since

| €

|2 = §(1 +O0w?)) < o% , and w<

)

> >

(remember: 0 < A < 1 and 0 < w/A < §p implies that w < w/A < &) it follows that
there exists a positive constant ¢, independent of w and A (and ) such that

laf = ‘%Z)\ﬁd’ (4.14)

for 0 < w/A < &g (provided dy is sufficiently small). From it follows immediately
that
usllz2(Bi\By) = A ,
w
and this completes the proof of Lemma [7} O

We note that the corresponding choice u;n. = Jo(w|z|) does not lead to a lower
bound of the order A/w for dimension d = 2, and indeed, in this case we do not know
if such a bound holds for the scattered field created by an incoming plane wave. We
are, however, able to establish this lower bound for different incident fields that satisfy

”uinCHLOC(K) <Ck )
uniformly in 0 < w < 1, on any compact set K C R2.

Lemma 8. Suppose d = 2, and let us denote the scattered field corresponding to the
incident wave Uine(v) = Jo(w|z|)e??/|Jo(w)|. Here Jo denotes the Bessel function
of order 2. There exist positive constants &g, ¢ and q (of ) such that for any
O<w<1,0< A<, with0<w/\ <y,

cA
llusllz2(Bo\By) = e (4.15)

The constant c is independent of w and \.

Proof. Note that for 0 < w sufficiently small, Jo(w) does not vanish, and so w;p. is
well defineded. Let ;. denote the incoming wave

Ginc() = Jo(w|z))e?

and let 4 denote the corresponding scattered field. As in the previous proof, let v be
in the first quadrant of the complex plan, such that v? = w? + iw/A. We then have

s = aHy(w|z|)e? for |z| > 1,
i = 1 (e} + o Hy(v]al)e?®  for 1/2 < Jz] < 1

iy = fBJa(qlz|)e*™ for |z| < 1/2,
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with @; := 4s + U; in B;. Here Hy = Hz(l) denotes the Hankel function (of the first
kind) of order 2. Due to the transmission conditions on the boundary of By and B,

aHz(w) + Ja(w) = 11J2(v) + 12 Ha(v) ,
awHY(w) + wJy(w) = yivdy(v) + v Hy(v) |

(4.16)
Y1J2(v/2) + 2 Ha(v/2) = BJ2(q/2) ,

Vw5 (v)2) + yavHy(v/2) = BgJ5(q/2) -
We recall that

t2 4i

+O(tY),  Ha(t) = ——5
Tt
81

3 H(t) = — -1 4.17
+ O(t )7 Q(t) 13 + O(t )7 ( )
, t2 4 , 8i
tJQ(t) = 1 + O(t )7 tHQ(t) = e + 0(1).

From the last two equations of (4.16)), we have

Jg(t) + 0(1),

=3

t
! —
OES

Y2 = B717

where
Ta(v/2)a4(q/2) — vJ3(v/2)T2(q/2) (4.18)

B = o 2)ad(a/2) — v Hw2) Ja(a)2)

Since

Hav/2)a30/2) - v3(0/2)laf2) = (2080 — SR (a2 Halw2)

and

Tts =m0/ [~ g +ow] = -+ o).

it follows that

Ha(v/2)(0/2) — vH(/2)Ta(a/2) = (229220 14 o)) da(a/2) v 2)

J2(q/2)
By choosing ¢ such that qéé(gq//Q%) = —4 (there exist many such ¢) we obtain
Ho(v/2)aT5(q/2) — vH3(v/2)Ja(a/2) = O(v*) Ja(a/2) Ha(v/2) . (4.19)

With this choice of ¢, we also have

TavDadylaf2) = v3j(v/2) a0/ =( S — S 1) a2

=[-8+ O(Jv[*)]J2(v/2) J2(q/2) - (4.20)
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A combination of (4.18]), (4.19), and (4.20) (and use of (4.17)) now gives

1 2
= =00/IuP) .
Set ()
Y1 J2\V
Then
J2 = [l +O(v*)]
and 70
71 - 2
(1+:H%( ) =01+ 0]

Hence the first two equations of (4.16)) can be written as follows
{ aHy(w) + Jo(w) = Yo Ha(v) ,

awHY(w) + wJ3(w) = Fa[1 + O(v 2w Hj(v) |

and this implies

_ D)1+ O(vP ) Hy() = wlj(w) Ha(v) o)
Ha () [T+ O Hh(v) — wHy (@) Ha(v) | |

Based on we easily calculate
Jo(w)[L + O(Jv*) v Hy(v) — wy(w)Ha(v)

- ([1 O ) — S )y

—41+ O(|pf* + w?)) Ja(w) Ha(v) | (4.22)

and

Ho@)1 + O Hy(v) — wHy(w) Ho(v)
_ oy VHA0)  wHI@)\
= (o2 - 2B i)

= O(JV)? + w?)Hy(w)Ha(v) . (4.23)

Since w w w
V|2 = X(l +0(w?) < CX , and w?< 6OX ,

a combination of (4.21)), (4.22), and (4.23) yields

s B Al
Ow/N|Hz(w)| — w [Ha(w)]
for some postive constant c. This immediately implies that

1 -
lusllce BBy = mHUsHLz(&\Bl)

o]
= |J ( )‘ HH2(M|$DHL2(B4\31

JallHaw)| | A
|J2(w)] w
which completes the proof of Lemma O

>

)
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