Math 622 Name (Print):
Spring 2014

Midterm 1 - Form A

03/05/2014

This exam contains 12 pages (including this cover page) and 5 problems. Check to see if any pages
are missing. Enter all requested information on the top of this page, and put your initials on the
top of every page, in case the pages become separated.

You may use 1 page of note (1 sided), and a scientific calculator on this exam.

You are required to show your work on each problem on this exam. The following rules apply:

e Organize your work, in a reasonably neat and Probl Points | S
coherent way, in the space provided. Work scat- robletn oS | score
tered all over the page without a clear ordering

. . . . 1 15
will receive very little credit.

e Mysterious or unsupported answers will not 2 30
receive full credit. For example, in question in-
volved the multi-period binomial model, T would 3 25
like to see how you derive the no arbitrage price,
say by displaying the tree with all the nodes filled 4 15
out if the situation is appropriate.

5 15

e If you need more space, use the back of the pages;

clearly indicate when you have done this. Total: 100
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1.

(a) (3 points) Let W(t) be a Brownian motion and W (0) = 0. Let by > 0 and by < 0 be 2
constants. Define

Tl = inf{t >0: W(t) = b; or W(t) = bg}.

Is 71 a stopping time with respect to FW (t)? Provide a brief explanation for your answer.
Ans: Denote

71 :=inf{t : W(t) = b1}
71 :=inf{t : W(t) = be}

Then 71 and 7 are stopping times, 7, = 71 A 7| S0 71 is a stopping time.

(b) (4 points) Let

Sy = TStdt—i-Stth;
S(0) = 1.

Define

t
To :=sup{t > 0: / S(u)du = 2}.
0

Is 75 a stopping time with respect to F°(t)? Provide a brief explanation for your answer.
Ans:
Note that S(u) > 0,Vu therefore if we denote

Y, = /Ot S(u)du

then Yy = 0, Y} is differentiable in ¢, Y/ > 0 so once Y; hits level 2 it will never hit level 2
again. Thus

To = inf{t : Y; = 2}.
So we see that 19 is a stopping time.

(c) (4 points) Let 74 be a stopping time with respect to some filtration F(¢t) and 74 be a
random time such that 74 > 74. Can 74 be a stopping time with respect to F(¢)? If yes
provide an example, if no give an explanation.

Ans: Tt is possible that 74 is a stopping time with respect to F(t). For example, let

Ty =inf{t >0: W, =1}
7y :=inf{t > 0: W, =2},

where Wy = 0, W, is a Brownian motion. Then it is clear that both 74 and 74 are stopping
times, 74 > 74.
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(d) (4 points) Let 75 be a stopping time with respect to some filtration F(¢) and 75 be a
random time such that 75 < 75. Can 75 be a stopping time with respect to F(¢)? If yes
provide an example, if no give an explanation.

Ans: It is also possible that 75 is a stopping time. We can use exactly the same example
as above, except now we define

Ts:=inf{t >0: W, =1}
75 :=inf{t > 0: W, = 2}.

2. In this problem, let the interest rate be r , a positive constant. Consider

So = 1
where Q(t) = biNi(t) + baNa(t), Ni(t), N2(t) are independent Poisson processes with rates
A1, A9, respectively and «, by, by are constants, 0 < a < r, —1 < by < b < 0.

(a) (5 points) Does there exist a risk neutral probability for this model of S;?
Ans: Note that

dS; = rSudt+ S(t—)d(Q¢ — (r — a+0)t) + Sid(W; + 6t).
So we need to find a probability QQ such that @) is a compound Poisson process under Q,
EC[@] =r—a+0, 1)

and Wy + 0t is a Q-Brownian motion.
Let A1, Ay be the rates of Ny and Ny under Q. Then (1) requires

b15\1 +b25\2 =r—a+é6. (2)

So we need to solve this market price of risk equation for A1, A2, under the constraint
that 0 < a < r, =1 < by < by < 0. We also require that 5\1 > 0, 5\2 > 0. Note that there
is no restriction on 6.

Once we are able to find 5\1, A2, 0, then we can proceed to define the change of measure
kernel Z7 as in the lecture note:

t 1 2 ¥ Ni(T) )
Zit) = exp]| —/0 O(u)dW (u) — iﬁz(u)du] H (;) cXi—T

i=1

dQ = Z(T)dP on F(T).

Note that r —a > 0. We choose 6 so that 7 — a + 6 = by + ba. Then (2) has a solution
A =1,2=1,0 =01+ by — (r — ). So a risk neutral measure exists for this model of S;.

(b) (5 points) If your answer to part (a) is yes, is the risk neutral probability unique?
Ans: It is clear from the analysis above that the risk neutral probability is not unique.
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For example, we could choose 0 so that r —a + 6 = 2(b1 + b2). Then (2) has a solution
A =20 =260=2(by +b2) — (r —«) and so on.

(¢) (5 points) Now suppose \; = Ao = 1,

b1 = 6_1—1

bg = 6_2 —1.
Explicitly identify a constant 8 and a compound Poisson process @ such that
S(t) = exp{W(t) + 0t + Q(t)}.

Ans:
The equation

dSt = &Stdt+5(t—)dQ(t)+Stth.
So = 1

has solution

S = bW T (14 AQ()

O<u<t
= e(a*%)t*FWt H (1+b1AN1<U))<1+b2AN2(u))
O<u<t
L Ni(t) Na(t)
= ela—3)t+Wr H (1+b1) H (1 + by)
=1 =1
—  pla—H)tHW = N1(t)—2N2 (1)
— e(af%)t+wt+c}(t)’

where Q(t) = —N1(t) — 2N,(t) is a compound Poisson process and 6 = o — 3.

(d) (5 points) Let « be chosen so that the model is risk-neutral. If we were to use this risk-
neutral model to price a put option at strike K and expiry 7', we would find the price is

V(1) = e TOE| (K — S(T))*|F ()] Show that V(£) = c(t, S(¢)), where c(t, ) is given
in the form

c(t,z) = e T T-Op [H(CL“a Y(T — t))] )

where Y (s) has the form Y (s) = W (s) + 0s + Q(s). Your answer should explicitly define
H and 6.

Ans: We have

S(T) = S(t)exp |0(T — ) + W(T) = W() + Q(T) - Q).

Thus by the Independence lemma,



Math 622 Midterm 1 - Form A - Page 5 of 12 03/05/2014
vty = e TOB[(K — S(t)exp [T — 1) + WT) ~ W) + Q1) — Q)] ) |F(1)]
= c(t,5(1)),
where
c(t,x) = e "TVE|H(z,Y (T — )|,
and

H(z,y) = (K—ze¥)";
Y(s) = Wi(s)+0s+Q(s):
1

1
0 = O[*izrf(b:[‘FbQ)*?
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(e) (10 points) Find the partial differential-difference equation that c(¢, ) satisfies. (Use the
back of the page if you run out of space)

Ans: Apply Ito’s formula to e "c(t, S(t)) gives

e "e(t, S(t) = /0 —re”"e(u, S(u))du + e_m%c(u, S(u))du + e_m%c(u, S(u))dS(u)

2
—i-}e*ma—Qc(u, S(u))S?(u)du + Z e "e(u, S(u)) — c(u—, S(u—))]

2 ox
O<u<t

= /0 e [ —re(u, S(u)) + gtc(u, S(u)) + 88:1;C(t’ S(u))aS(u)
19°

2922
+/0 e_mgc(t, S(u))S(uw)dW (u) + Z e "e(u, S(u)) — c(u, S(u—))].

ox
O<u<t

+ u, S(u))S2(u)] du

Since A\ = Ay = 1, we have

e "e(t,S(t) = /0 e ™ [ —re(u, S(u)) + %c(u, S(u)) + %c(t, S(u))aS(u)

2
u, S(u)S(u) + > [e(u, S(u)(1+ b;)) — e(u, S(u))| du

=1

foru 0 - —c(u, S(u— u
+ [ et S)S@aw ) + [ e et S(w) = et Su=)JaM (w).

1 92

+5 2

where
2
M(t) = > Ni(t)—t
=1
by = e -1

by = e ? - 1.

Setting the dt part to be 0 gives the following:

2

—re(t,r) + %c(t, x)+ ozx(%c(t, x) + iwc(t, x)z?
2
+ D lelt,ze™) —c(t,2)] = 0,0 <t <tz > 0;
i=1

c(T,z) = (K—z)",2>0.
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3. Let S(t) satisfy

dSt = TStdt+Uth
So = 1

Define
1 t
Save(t) := t/ S(u)du.
0
Consider the following option with expiry at time T" and payoff
+
Vr = 1{maxue[0,T] Su<B} (TS@U@ - K) )

where B, K are positive constants, B > 1.

(a) (5 points) What relationship must B and K satisfy so that P(Vy > 0) > 07
Ans: On {max,cp,7] Su < B}, we have

T
TSave = / Sudu < BT.
0

Therefore require that BT > K so that P(Vp > 0) > 0.

(b) (5 points) Define
T =inf{t > 0: S(t) = B}.

Let V; be the risk neutral price of the above option. Show that there exists a function
v(t,z,y) such that V; = v(t, S(t A7), Y (¢t A 7)) where

t
Y(t)= / S(u)du.
0
Ans: We have
T—t g +
V(t) = 1{maxue[0,t] Su<B}E{€_r( N )1{maxu6[t,T] S.<B} (Y(t) + /t Sydu — K) ‘./r(t)}
From the lecture note, we have discussed that S(t), Y (¢) is a Markov process. Therefore,

V(t> = 1{maX[0yt] S(u)<B}v<t7 St, Y;S)

where

oft,2y) = Ble T s, (v + /tT Sydu — Kﬂst =2,%, =y}
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Note that

1maX[07t] S(u)<B — 1{T>t}'

Therefore,

V(t) = 1{t<T}U(taStath)
= U(taSt/\ﬂY;t/\‘r)

Indeed, if ¢ < 7 then
1{t<’r}v(t7 St> Y;f) = 'U(t, St, th) = U(t, St, Y;g)

On the other hand, if ¢t > 7 then the LHS = 0 and Sinr = S; = B. Then

o(t, B,Y;) = E{e*“T*th{me Su<B} (YT + /T Sydu — K)+jst - B} —0,
t

by the immediate crossing property of S; over the level B once it hits.

(c) (15 points) Find the PDE that v(t,z,y) satisfies. Identify the domain of ¢, x,y and the
boundary conditions for v.

Apply Ito’s formula to e "t (t, Syar, Yinr), recall that

dSipnr = 1{t<T}(T'Stdt+O'Stth)
dYipnr = 1{t<T}Stdt'

we have

tAT
e "(t, Sinr, Yinr) = v(0,S0,Yy) + / e ™ [ — rv(u, Sy, Yy) + Lo(u, Sy, Ya) |du +
0
tAT
/ e "y (u, Sy, Yu)oSudWu,
0
where
1
;C’U(t, x, y) = vt(t’ Zz, y) + /Ux(ta Z, y)’l“l‘ + ivlﬂf(t’ €T, y)0-21:2 + Uy(t7 €z, y)l‘

Since the LHS is a martingale, we need to set the dt term to 0 which gives

1
—rv(t, z,y) + vt 2, y) + v (t, z,y)re + va(t,x, y)a2x2 + vy(t,x,y)x =0,
0<t<T0<z<B,

and for a fixed ¢, we only consider 0 < y < Bt.
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Note the domain: In the integral fOtAT e””“[ — rv(u, Sy, Yu) + Lv(u, Sy, Yy)|du, the process

S(t),Y (t) remains in {0 < z < B,0 < y < Bt} so we want and only need to assume the
existence and continuity of the first and second derivatives of v in this region.

We now specify the boundary conditions:

o(T,z,y) = (y—K)",0<z<B,0<y< BT
o(t,B,y) = 0

u(t,0,y) = e "TD(y—K)T.
v(t, x, Bt) 0

Where the last condition follows from the fact that

Y (t) < max S,t < Bt,
u€(0,t]

if S, never hits B on [0, t]. Therefore Y (t) = Bt implies that S(u) has hit B at some time u in
[0,t] and thus V(¢) = 0.
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4. Let W(t) be a Brownian motion, W (0) = 0 and B > 0 a constant. Define

M(t) = If(l)?,tT{W(t)
g = inf{t >0:W(t) = B}.

Recall the following identity: for B > w
{M@) > B,W@) <w} = {B™@) > 2B -uw},

where BB is W (t) reflected at time 75, B73 is also a Brownian motion.

(a) (10 points) Show that

2

P(rp <t) 2/Oo e ¥ d

T = x.

B = B V2t

(Hint: {rp <t} = {M(t) > B}. Use the above identity with w = B).

Ans:

{rs <t} = {M(t)=B}={M(t)=B,W, <BtU{M(t) = B,W; > B}

(B™2(t) > B} U{W, > B).

The two events { B™2(t) > B}, {W; > B} are disjoint (following their derivation), therefore

P(rg <t) = P(B™3(t) > B) + P(W; > B)

o —Z

e 2t
= 2P(N(0,t) > B) =2 dz.

(b) (5 points) Show that

lim P(rp <t) =1,

t—o00

Thus Brownian motion eventually hits any level B.
Ans: Also from part a:

lim P(r5 <t) = 2 lim P(N(0,t) > B)
—00

t—o00

B
Ph POV = e =2 ],

Vit

§
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5. (15 points) Let X; satisfy
t t
X = 1+/Xudu+/Xuqu—|—J(t),
0 0
X(0) = 1.

where W (t) is a Brownian motion and J(¢) a pure jump process. Solve for an explicit solution
of X(t).

(Hint: Let I'(¢) satisfy

dU(t) = —D(t)dt — T(t)dW (¢)
ro) = 1.

Then I'(t) has an explicit solution. Apply Ito’s formula to find dI' X (¢) ).
Ans:
Note that I'(¢) has the explicit solution

Apply Ito’s formula:

(XT)(t) = X0F0+/ X dFu+/ T, dX¢(u /X T,du

+ Y X(wI'(u) — X (u—)T(u—)

O<u<t

Observe that

t
/Xudfu /FdXC /XFdu—/XFqu+/FXdu+/FXqu—O.
0

And since I'(u) is continuous:

Thus
t
(X)) = Xolo— / X Tudu
0
t
+/ [(uw)dJ(u).
0
Denote Y; := X,I'; then the above equation says

t
;=Y +/ ~Yydu + J(t),
0
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where J(t) = fg’ I'(u)dJ(u) is a pure jump process. Then

t
ey, =Y, +/ (e"Y, — e“Y,)dt + Z e“AJ(u).
0

0<u<t

Hence,

t
X, Iy = XoTo + / et dJ;.
0

Also since I'(t) > 0, T71(t) exists and equals Wi Recall also Xo = 1. Therefore
t
X(t) = TU6)+T74() / €U (u)dT (u)
0

[ t
= egHWt—i—/ e%(t*“)JrWt*W"dJ(u).
0



