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Background setting and notations

@ Let g be a finite dimensional semisimple Lie algebra over C,
with triangular decomposition g = n_ 4 b + ny, universal
enveloping algebra U(g), root system ® C h*, simple roots
(base) A = {a, ..., o/}, and positive roots .

o Let b :== n4 + b be the (standard) Borel subalgebra of g.

@ For any root a € &, let s, be the reflection through o, i.e.
sa(A) =X — 2(2"';))& The Weyl group is defined to be the
group generated by reflections through simple roots, i.e.
W= (so;|i=1,..., ly.

@ sy, is called a simple reflection.
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Background setting and notations

o Partial order on b*: for A\, u € h*, A < pu iff
14
A—p= Za;a;, aj € Z>o.
i=1

o Dot action. Let p:= 13
define the dot action:

acdy Q- Forany A € b*, w € W,

w-x=wA4+p) —p.
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Background setting and notations

o Length. For w € W, write {(w) = nif w = s1...5s, with s;
simple reflection and n as small as possible; such an
expression is called reduced.

@ Bruhat order on W. If w; = sywp, with o € ¢4 and
Uw) < &(wy), we write w; 2 wo. Define w < w' if
W=w — Wy — - — W, = w.
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Definitions
Construction of the Verma module M(X\)
Harish-Chandra theorem

Basics of BGG category O

Consider the category C of finite dimensional g-modules. We know

that
c=€p G

)\G/\+

where Cy is a full subcatgeory of C with

OBj(Cx) = {L(N)®" | n >0}

By schur lemma, we know Hom(L(X), L(p)) = 0 if XA # u, and
End(L()\)) =C idL(A)
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Basics of BGG category O

Definition 1 (BGG category).
The BGG category O is defined to be the full subcategory of
U(g)-Mod whose objects are the modules M satisfying the
following three conditions:
e (O1) M is finitely generated.
e (02) M is h-diagonalizable, i.e. there exists a basis of M
consisting of common eigenvectors of . That is,

M:@M,\,

AEDh*

where My :={v € M | h.v. = X\(h)v, Vh € b}.
@ (O3) M is locally ni-finite, i.e. U(ng).v is finite dimensional,
Vv € M.
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Highest weight module

Definition 2 (Maximal vector).

Let M € U(g)-Mod, X € h*. A nonzero vector v € M, is called a
maximal vector of weight A if n.v = 0.

Definition 3 (Highest weight module).

M € O is called a highest weight module(h.w.m.) with highest
weight A € h* if it is generated by a maximal vector. That is,
there exists a nonzero v € My, such that M = U(g).vT.

Any highest weight module is in category O.
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Construction of the Verma module M(X)

Fix X € b*, let C, = Cvy be a one dimensional b-module such
that
np.vy = 0, hwv, = )\(h)VA, Yh € b.

Define M()\) = Indggg; Cx = U(g) ®us) C to be the induced
module from U(b)-Mod to U(g)-Mod.
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Construction of the Verma module M(X)

Verma module M(X) is an h.w.m. of highest weight A with
maximal vector 1 ® vy. For any hw.m. M = U(g).vT of highest
weight X\, M is a quotient of My: 1 ® vy — vT.
Notice:
HomU(g)(l\/l()\), M) = HomU(g) (Indg C)\, M)
e HomU(b) (C)\, Resﬁ /\//)

= {v € M, | v is a maximal vector or 0}.
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Theorem 4.

Let M = U(g).vt be an h.w.m., then M has a unique maximal
submodule.

For any submodule N of M, N = M iff vt € N iff Ny # 0.

So, one can prove Y ncp N © M is the unique maximal
submodule of M. Notice:

> Nl =) Mm=> o0=o.

NeM o )y NEM NCM
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As a corollary, we know that there is a unique simple h.w.m. of
weight . Namely, L(X) = M(X)/N(X), where N(X) is the
maximal submodule of M()).

Also, every simple module S is an h.w.m. So we know S =2 L(})
for some A € h*.
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Define Z(g) C U(g) to be the center of U(g). We know that
[Z(g), U(H)] = 0 implies Z(g).Mx C My, VX € bh*.

For an h.w.m. M = U(g).v of weight A, we know My = Cv. So,
Vz € Z(g), 3xx(z) € C, such that z.v = xx(z)v. This x» is an
algebra homomorphism from Z(g) to C. Moreover, z acts on M as
a scalar multiplication xx(z) - idy:

z.(u.v) = u(z.v) = u.(xx(2)v) = x2(2)u.v, Yu € U(g).

Since every h.w.m. of highest weight X is a quotient of M(\), xx
is independent of the choice of M.

In fact, every algebra homomorphism 1 is equal to x» for some A,
i.e. b* —» HomA|g(Z(g), C).
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Let x € Homajg(Z(g), C). Define a full subcategory of O:
Oy ={MecO: M= M}
where

MX .={x e M:Vze Z(g),3In € N, s.t. (z— x(z2))"x =0}.

O =@, Ox. In other words, VM € O, M = P, MX. Also,
Homo (M, N) = @, Homo, (MX, NX).

Jishen Du BGG category O and BGG resolution



Definitions
Construction of the Verma module M(X)
Harish-Chandra theorem

Basics of BGG category O

Let {x;, yi|]1 < i< n}U{hi|]l < i< L} be a standard basis of g.
Forall k > 0, and1 < i,j < {, we have:

(a) [Xj,yl.k+1] = 0 whenever j # i.

(6) [hy, v/ ] = —(k + Ve () /.

1

(©) [y ] = =tk + vk (k-1 = hy),

Given A € h* and a € A, suppose n := (X, &) lies in Z>q. If
vTis a maximal vector of weight X in M()), then y2™t.vt is a
maximal vector of weight u := X — (n+ 1)ae < X. Thus there
exists a nonzero homomorphism M(u) — M(X) whose image lies
in the maximal submodule N(X).
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A nonzero homomorphism M(p) — M(X) implies x, = Xxx. So,
we get a conclusion: if A € Ay, then xs .2 = X

By considering the reduced form of w € W, we can show that if
AEN peW-X then x5 = Xpu.

Theorem 8 (Harish-Chandra).

Suppose X\, u € b*, then x» = x, ifand only if X € W - p.
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As an important corollary, O is of finite length (or to say, both
Noetherian and Artinian), i.e., every M € O has a finite length.
Namely, M has a filtration:

0O=MyCM C:---CM,=M,

with each M;/M;_;1 simple.

@ M has a finite filtration with every factor is an h.w.m.
Since M is finitely generated, we can assume M is generated
by one weight vector: M = U(g).v. Induction on dimV,
where V' := U(ny).v is a finite dimensional vector space by
the definition of O.

@ Every h.w.m. has a finite length.
By the Harish-Chandra theorem. (cf. Humphreys, page 28 )

v

—— == =
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For any M € O, we can define [M : L())] to be the multiplicity of
L(X).
A natural question: when is [M(X) : L(n)] # 07
© Necessary condition 1: p < A.
[M(X) : L(p)] # 0 implies M(X), # 0, s0 p < A.
@ Necessary condition 2: X = Xa.
[M(X) : L(p)] 7 0 implies L(w) is isomorphic to a
subquotient of M(X).
By the Harish-Chandra theorem, condition 2 < =W - A.
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Strongly linked

Let A\, u € b* and write w T X if w = X or there is a root & > 0
such that & = s, - A < ); in other words, (A + p,a") € Zo.
More generally, if 4 = X or there exist a1, ..., a, € ®tsuch that

= (Say - 50,) AT (Sap - -Sa,) AT ... TS, AT A

we say that w is strongly linked to A and write u 1 A.
This is a partial order on h*.
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Theorem 9.

Let A\, u € bh*.

(a) (Verma) If w 1~ X, then M(u) < M(X), in particular, we know
[M(\) : L(w)] # 0.

(b) (BGG) If [M(X) : L(w)] # O, then T X.
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Maximal submodule N(X) of Verma module M(X), X € A
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BGG resolution .
Applications

Theorem 10.

If X € Nt, the unique maximal submodule N()\) of M()) is the
sum of the submodules M (sy; - X) for 1 < i < 4.

We can express this result by an exact sequence:

B Mw-x) = MX) = LH) =0
weWl(w)=1
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Maximal submodule N(X) of Verma module M(X), X € A

. BGG resolutio
BGG resolution 3GG resolution

Applications

If X € Nt, the unique maximal submodule N()\) of M()) is the
sum of the submodules M (sy; - X) for 1 < i < 4.

We can express this result by an exact sequence:

= P Mw-x) = MR) = L) =0
weW,l(w)=1
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BGG resolution

Applications

The Weyl group W has a unique maximal element wg, and
£(wp) = |4 |. We define the BGG resolution of L(X) is an exact
sequence of the following form.

0—>M(W0->\)%) @ M(W.)\)_)...

wew

BB Mw-x B MRS LK) 0.

weWw
Yw)=1

For A € N4, there exists a BGG resolution for L(X).
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BGG resolution .
Applications

Application: Weyl character formula

We can prove the Weyl character formula from the existence of
BGG resolution. Write Cx := @ wew M(w - X), then
«
chCx =Y wew chM(w - ).
Lw)=k
We know the alternating sum of dimension of each weight space of
Ck is 0. The alternating sum of character should also be 0, i.e.

[P 4]
chL(A)+ > (—1)*t'chCe=0
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Maximal submodule N(X) of Verma module M(X), X €
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BGG resolution

[P4]
chL(M) =D (—1)'chCy
i=0
[P4] '
=> > (1) chM(w-21)
i=0 wew
Yw)=i
= > (-1 ch M(w - ).
wew

This is the Weyl character formula for finite dimensional irreducible
module L(X).
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Maximal submodule N(X) of Verma module M(X), X € /\+
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BGG resolution .
Applications

Bott's theorem

compute the dimension of Lie algebra cohomology group:
Hk(n_, L(N)) := Extff_ (C, L(N)) (It is actually an h-module.)

Theorem 13 (Bott).

If\ € AT, then dim H¥ (n_, L()\)) = |W(k)|, where W(K) denotes
the set of elements in W having length k.
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Maximal submodule N(X) of Verma module M(X), X € /\Jr

BGG resolution

BGG resolution .
Applications

By using property of dual functor (-)*, we know

Ext’_(C, L(X)) 2 Ext’_ (L(N)*,C), L(A)* = L(—wo - X). We
know X\* := —wp - A € A4 So, L(X\*) has a BGG resolution, which
is a free resolution as U(n_)-module. By applying functor

Hom,_ (-, C) to the BGG resolution, then taking the homology, we
get Ext; (L(X*, C)).

we can natually identify Hom,_(M, C) with (M/n_M)*. For M is
a Verma module M(p), (M/n_M)* = C; = C_,, is a one
dimensional space. Thus, we know dim Hom,_(Ck, C) = [W)|.
Also, because all —w - A\* are distinct, all maps in this chain are
zero. []
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Maximal submodule N(X) of Verma module M(X), X
BGG resolution
Applications

BGG resolution

Other applications of BGG resolution:
@ projective dimension & global dimension
@ compute Exty) (M (w' - X), M(w - X)), Extg, (M(u), M(X)Y).
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Maximal submodule N(X) of Verma module M(X), X € /
BGG resolution
Applications

BGG resolution

Thank you!
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