THE BI-EMBEDDABILITY RELATION FOR COUNTABLE
ABELIAN GROUPS

FILIPPO CALDERONI AND SIMON THOMAS

ABsTrACT. We analyze the complexity of the bi-embeddability relations for

countable torsion-free abelian groups and for countable torsion abelian groups.

1. INTRODUCTION

In this paper, we will analyze the complexity of the bi-embeddability relations
on the standard Borel spaces of countable torsion-free abelian groups and countable

torsion abelian groups.

Theorem 1.1. The embeddability relation Crra on the space of countable torsion-

free abelian groups is a complete 31 quasi-order.

Corollary 1.2. The bi-embeddability relation =7pra on the space of countable

torsion-free abelian groups is a complete 31 equivalence relation.

It is well known that there exist many analytic equivalence relations which are
not Borel reducible to the isomorphism relation on any class of countable structures.
(For example, see Hjorth [11].) In particular, it follows that the isomorphism rela-
tion Zpp4 on the space of countable torsion-free abelian groups is not a complete
31 equivalence relation; and thus =74 is strictly more complex than ~rr4 with
respect to Borel reducibility. On the other hand, it turns out that the situation is

quite different for the space of countable torsion abelian groups.

Theorem 1.3. The isomorphism =14 and bi-embeddability =7 4 relations on the
space of countable torsion abelian groups are incomparable with respect to Borel
reducibility.
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However, it has to be admitted that Theorem 1.3 is somewhat counterintuitive:
as we will see in Sections 4 and 5, the bi-embeddability relation =74 has a strictly
simpler complete invariant than the isomorphism relation =1 4. On the other hand,
under a relatively mild large cardinal assumption, we obtain the intuitively correct
result if we replace Borel reducibility by Al reducibility.

Throughout this paper, we will write (RC) to indicate that the proof of a given

result makes use of the assumption that a Ramsey cardinal exists.

~

Theorem 1.4 (RC). The isomorphism relation =14 on the space of countable
torsion abelian groups is strictly more complex with respect to AL reducibility than

the bi-embeddability relation =7 4.

This paper is organised as follows. In Section 2, we will recall some basic notions
and results concerning Borel and Al reductions between analytic equivalence rela-
tions and quasi-orders; and we will discuss the absoluteness of these notions. In Sec-
tion 3, adapting the techniques of Louveau-Rosendal [17] and Downey-Montalban
[3], we will prove that embeddability relation Crra4 on the space of countable
torsion-free abelian groups is a complete 1 quasi-order. In Section 4, we will dis-
cuss the Ulm factor analysis of the isomorphism £, and the bi-embeddability =,
relations on the space of countable abelian p-groups; and we will prove the analogs
of Theorems 1.3 and 1.4 for =, and =,. In Section 5, we will use the theory of
pinned names to prove Theorems 1.3 and 1.4. Finally, in Appendix A, we will
explain how to derive our Ulm factor analysis of the bi-embeddability =, relation

from the equivalent result in Barwise-Eklof [1].
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2. PRELIMINARIES

In this section, we will recall some basic notions and results concerning Borel
and Al reductions between analytic equivalence relations and quasi-orders; and we

will discuss the absoluteness of these notions.
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2.1. Reductions and homomorphisms. Suppose that R, S are binary relations
on the Polish spaces X, Z. Then a map f : X — Z is said to be a homomorphism
from R to Sif x, y € X,

Ry = [f(x)Sf(y)
If f satisfies the stronger property that for all z, y € X,
tRy < [f(x)S[f(y),

then f is said to be a reduction from R to S. In this paper, we will be interested
in the cases when R, S are either analytic equivalence relations or analytic quasi-

orders, and when the map f is either Borel or AJ.

2.2. Complete analytic quasi-orders and equivalence relations. An analytic
quasi-order R on a Polish space X is said to be a complete 1 quasi-order if
whenever S is an analytic quasi-order on a Polish space Y, then S is Borel reducible
to R. Similarly, an analytic equivalence relation £ on a Polish space X is said to
be complete X1 if whenever F is an analytic equivalence relation on a Polish space
Y, then F is Borel reducible to E. For example, if R is a complete 2] quasi-order

on a Polish space X, then the analytic equivalence relation Fr on X, defined by
rFrz <= xRzandzRruz,

is complete 1. In fact, by Louveau-Rosendal [17, Proposition 1.5], every complete
31 equivalence relation can be obtained in this fashion from a complete 21 quasi-
order. In the rest of this subsection, following Louveau-Rosendal [17, Section 2],
we will define the complete E% quasi-order <4z

If X is any set, then X<“ denotes the set of finite sequences of elements of X;
and if s € X<¥, then |s| denotes the length of the sequence s. If Y is a second set,
then we will identify (X x Y)<% with the set of pairs (s,t) € X<% x V<% of equal
length |s| = |t|. Let < be the partial order on w<“ defined by

s<t <= |[s| =]t and s(i) < t(7) for all 7 < |s|.
Suppose that 7' C (2 x w)<“ is a (set-theoretic) tree; and for each s € w<¥, let
T(s)={ue2<||ul=|s| and (u,s) € T}

Then T is said to be normal if whenever s < ¢, then T'(s) C T'(t).
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Definition 2.1. Let AT be the standard Borel space of normal trees on 2 x w.
Then <42 is the 3} quasi-order on N'T defined by S <4, T if and only if there

exists a Lipschitz map f : w<* — w<“ such that S(s) C T(f(s)) for all s € w<¥.

Here f : w<% — w<¥ issaid to be Lipschitz if there exists a map f* : w<¥Yxw — w

such that f(0) =0 and f(s ™ n) = f(s) ™ f*(s,n).
Theorem 2.2 (Louveau-Rosendal [17]). <,.az s a complete X1 quasi-order.

Thus, in order to prove Theorem 1.1, it is enough to show that <,,,, is Borel
reducible to Crpg. The proof of Theorem 1.1 also makes use of the following

observation of Louveau-Rosendal [17, Remark 2.6.2].

Lemma 2.3. If T, U e NT and T <,az U, then there exists an injective Lipschitz

map f:w<Y — w<¥ such that T'(s) CU(f(s)) for all s € w<¥.

2.3. Absoluteness. Let V be a fixed base universe of set theory and let P be a
notion of forcing. Then we will write V¥ for the corresponding generic extension
when we do not wish to specify the generic filter G C P. If R is a projective relation
on the Polish space X, then XV, RV will denote the sets obtained by applying
the definitions of X, R within VF. In particular, suppose that E is an analytic
equivalence relation on the Polish space X. Then the Shoenfield Absoluteness
Theorem [13, Theorem 25.20] implies that XV'NnV=Xand EV NV = E, that

EV" is an analytic equivalence relation on XV, and that the following result holds.

Theorem 2.4. If E, F are analytic equivalence relations on the Polish spaces X,
Y and 0 : X — Y is a Borel reduction from E to F', then 0V is a Borel reduction

from EV to FV',
Next suppose that 6 : X — Y is a Al reduction from E to F; say,
0(x)=y <= Ry <<= Sy),

for all z € X and y € Y, where R is ¥ and S is II. Then, without further
assumptions on V and P, it is possible that RV C SV', that RV only defines
a partial function from X" to YV, and that SV does not define a function.

However, it is easily checked that all of the relevant properties of R, S can be
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expressed by IT} statements. Thus the following result is a consequence of the

Martin-Solovay Absoluteness Theorem [18].

Theorem 2.5. Suppose that k is a Ramsey cardinal and that |P| < k. If E, F are
analytic equivalence relations on the Polish spaces X, Y and 6 : X — Y is a Al

reduction from E to F, then 0V isa Al reduction from EV to FV".

2.4. Some miscellaneous notation and conventions. Throughout this paper,
C,, will denote the cyclic group of order n. Also if A is an abelian group and
e wU{w}, then A® will denote the direct sum of £ copies of A. As expected, if
¢ =0, then A©®) =0 is the trivial abelian group.

Throughout this paper, “countable” will always mean “countably infinite” unless
we explicitly write “countable (possibly finite)”. The set of natural numbers will be

denoted by w, and wm ={new|n>1}

3. EMBEDDABILITY OF COUNTABLE TORSION-FREE ABELIAN GROUPS

In this section, adapting the techniques of Louveau-Rosendal [17] and Downey-
Montalban [3], we will prove that the complete X1 quasi-order <,,,, is Borel re-
ducible to the embeddability relation Cyr4 on the space of countable torsion-free
abelian groups. It follows that Crp 4 is a complete X} quasi-order and that the bi-
embeddability relation =74 on the space of countable torsion-free abelian groups
is a complete X1 equivalence relation.

Recall that a graph T is said to be a combinatorial tree if T' is connected and
acyclic; and that a rooted combinatorial tree is a combinatorial tree, together with a
distinguished vertex to which is called its root. If (T,ty) is a rooted combinatorial
tree, then we can define a natural partial order < on T by setting s < ¢ if the unique
path from ¢ to ¢ contains s. For each t € T', the height |t| of ¢ is the length of the
unique path from ty to ¢; and for each ¢ € T\ {t; }, the immediate <-predecessor
of t is denoted by ¢~. Similarly, if S C w<¥ is a set-theoretic tree and ) # s € S is
a nonempty sequence, then s~ = s | (|s| — 1) is the sequence obtained by removing
the last element of s.

Let CT be the standard Borel space of countable combinatorial rooted trees and
let Crer be the (graph theoretic) embeddability relation on C7. Then, following

Louveau-Rosendal [17], for each normal tree T € N'T, we will define a corresponding
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combinatorial rooted tree Gp € T as follows. First, let {6(n) | n € w} be the
enumeration of 2<% induced by the lexicographical ordering. Next, let G be the

combinatorial rooted tree with vertex set
WS U{s* | sewsU~{0}}
and edge set
{{s,s"Hsew™ {0} u{{s,s" }[sew™~{0}}

and root (. Finally, for each (u,s) € T, we add vertices (u, s,z ), where z is either
0% or 02¢(W)+2 =1~ 0F for some k € w; and we link each vertex (u, s,z ) with = # ()

to the vertex (u, s,z ), and we link each vertex (u,s,0) to s.

Remark 3.1. Although we will not directly use this result, it is perhaps worth
mentioning that, by Louveau-Rosendal [17, Theorem 3.1], the map T — Gr is a

Borel reduction from <,,,, to CroT.-

The degree of each vertex v € Gr is easily computed: each vertex s € w<“ has
infinite degree; each vertex (u,s,020(")+2) for (u,s) € T, has degree 3; and all

other vertices have degree 2.

Definition 3.2. Let G be a rooted combinatorial tree such that every vertex has
degree 2, 3 or w and let E be the edge relation on G. Let V' be the vector space over
Q with basis G. Let {p, | n € w } be the set of prime natural numbers. Then A(G)
is the additive subgroup of V' generated by the elements of the following form:

. t/p]Zm for k € w and t € G of degree w;

) t/pimﬂ for k € w and t € G of degree 2;

. t/p;flﬂ+2 for k € w and t € G of degree 3;

o (t+u)/pfj|t‘+3 for k€cwand {t,u} € Ewitht=u".

The remainder of this section will be devoted to the proof of the following result.
Theorem 3.3. The map T — A(Gr) is a Borel reduction from <,,qz to Crra.

Let T, U € NT. First suppose that T <,,,. U. Then, by Lemma 2.3, there
always exists an injective Lipschitz map f : w<“ — w<“ such that T(s) C U(f(s))

for all s € w<“. Following the proof of Louveau-Rosendal |17, Theorem 3.1], we
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can extend f to a map ¢ : Gr — Gy as follows. First for each s € w<¥, let
w(s) = f(s) and let p(s*) = f(s)*. Next, if (u,s) € T, then (u, f(s)) € U and so
we can define p(u,s,2) = (u, f(s),z). It is easily checked that ¢ : Gr — Gy is
a degree-preserving embedding of rooted combinatorial trees, and it follows that ¢
extends to an embedding ¢ : A(Gr) — A(Gv).

Next suppose that ¢ : A(Gr) - A(Gy) is an embedding. Recall that A(Gy)
is an additive subgroup of the vector space V = @tGGU Qt. For each element

V=3 eq, Wt €V, let supp(v) = {t € Gy | ¢ #0}.

Definition 3.4.

e For each vertex t € Gr, let S; = supp p(t).
e For each edge e = {t,u } of Gr, let E, = supp o(t + u).

The next two lemmas are straightforward variants of the corresponding results

in Downey-Montalban [3, Section 2].
Lemma 3.5. Ift € Gr, then Sy C{r € Gy | |r| = |t| and deg(r) = deg(t) }.

Sketch proof. By definition, ¢(t) = >_, g, quu for some ¢, € Q ~ {0}. Suppose,
for example, that deg(t) = 2. Then ¢t is divisible in A(Gr) by pjj,,, for all k € w,
and so the same is true of ¢(¢) in A(Gy). Arguing exactly as in the proof of
Downey-Montalban [3, Lemma 2.3], we see that |u| = |¢| and deg(u) = 2 for each
u € Sy. O

In particular, it follows that Sy = {0 }.
Lemma 3.6. Let e = {t,u} be an edge of Gr with t = u™.

(i) Ee=S:US,.
(ii) For all r € Sy, there exists s € S,, such that {r,s} is an edge of Gy .

Sketch proof. Lemma 3.5 implies that supp ¢(¢) Nsupp p(u) = () and it follows that

E. = supp p(t + u) = supp ¢(t) U supp p(u) = S¢ U Sy.

Also ¢(t + u) is divisible in A(Gy) by pfj‘tl+3 for all k € w. Arguing exactly as in
the proof of Downey-Montalban [3, Lemma 2.4], we see that for each r € S;, there
exists s € S, such that {r,s} is an edge of Gy. O
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Lemma 3.7. There exists a function f: Gp — Gy such that:
[ ] f(t) c St,'
o if {t,u} is an edge of G, then { f(t), f(u) } is an edge of Gy .

Remark 3.8. Note that we do not require that f should be an injection.

Proof of Lemma 8.7. We will define f(t) by induction on [¢|. First we set f(0) = 0.
Next suppose that f(¢) has been defined and that f(t) € S;. Let e = {¢t,u} be
an edge of Gy with ¢ = w~. Then, by Lemma 3.6, there exists s € .S, such that
(f(t),s) is an edge of Gy, and so we can set f(u) = s. O

Let f: Gr — Gy be the function given by Lemma 3.7. Then, applying Lemma
3.5, since f(t) € S; for every t € Gr, it follows that f is height-preserving and
degree-preserving. In particular, it follows that f[w“] C w*. We claim that f [ w®
is a Lipschitz map. To see this, suppose that r € w* and that s = r ~ n for some
n € w. Then f(s*) is an immediate successor of f(r) and an immediate predecessor
of f(s) € w¥. It follows easily that there exists m € w such that f(s) = f(r) ™ m.

We claim that f witnesses that T <,,4. U. To see this, suppose that (u,s) € T.
Then, in G7, the vertex s € w* is below the vertex (u,s,0%?("+2) which is of
degree 3 and height |s| + 20(u) + 3. Tt follows that the vertex f(s) € w* is below a
vertex v € Gy of degree 3 and height

Is| +20(u) +3 =|f(s)] +20(u) + 3,

and the only possibility is that v = (u, f(s),02(®*2). Thus (u, f(s)) € U, as

required. This completes the proof of Theorem 3.3.

4. BI-EMBEDDABILITY OF COUNTABLE ABELIAN p-GROUPS

Let A, be the standard Borel space of countable abelian p-groups. Let =, be
the isomorphism relation on A, and let =, be the bi-embeddability relation on A,,.
Then it is clear that =, and =, are analytic equivalence relations. By Friedman-
Stanley [5], the isomorphism relation %, is non-Borel but is not Borel complete.
In [1], Barwise-Eklof found a complete set of invariants for the bi-embeddability
relation =,, which showed that there are exactly w; countable abelian p-groups up

to bi-embeddability. It follows that the bi-embeddability relation =, is also non-

Borel and not Borel complete. In this section, we will prove the analogs of Theorems
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1.3 and 1.4 for =, and =,. We will begin by recalling the Ulm analysis [21] of the
isomorphism relation =, on A,. (There are two closely related approaches to the
Ulm analysis of 22,,; namely, in terms of Ulm factors and in terms of Ulm-Kaplansky
invariants. In this paper, we will take the Ulm factor approach.)

Suppose that A is an arbitrary (not necessarily countable) abelian p-group. Then

the a-th Ulm subgroup A% is defined inductively by:

o AV = A;
[ ] AOH_l = mn<wpnAa;
o A% =, sA%, if § is a limit ordinal.

There exists an ordinal 7 < |A|* such that A” = A™"! and the Ulm length 7(A) of
A is defined to be the least such ordinal 7. Clearly A™(4) is the maximal divisible
subgroup of A and so A7) is isomorphic to a direct sum of & copies of the quasi-
cyclic group Z(p™) for some cardinal 0 < x < |A|. We define  to be the rank of
AT and we write tk(A7(4)) = x. The abelian p-group A is said to be reduced
if A7) = 0. For each a < 7(A), the ath Ulm factor of A is the factor group
A, = A%JA*+1. Recall that A can be expressed as the direct sum A = A7) @ C
of its maximal divisible subgroup A™*) and a reduced subgroup C. (For example,
see Fuchs [7, Theorem 21.3].) Furthermore, it is easily checked that 7(A) = 7(C)
and that the Ulm factors A,, C, are isomorphic for all a < 7(A) = 7(C).

Of course, if A is a countable abelian p-group, then 7(A) is a countable ordinal
and 0 < rk(AT(A)) < w. In addition, it follows that each Ulm factor A, is a X-cyclic

p-group; i.e. is a direct sum of cyclic p-groups. (See Fuchs [8, Section 76].)

Theorem 4.1 (Ulm [21]). If A and B are countable abelian p-groups, then A is
isomorphic to B if and only if the following conditions are satisfied:
(i) 7(4) = 7(B);
(ii) k(A7) = 1k(B7(B));
(iii) for each a < 7(A) = 7(B), the Ulm factors A, and B, are isomorphic.

We will next consider the question of which sequences of Y-cyclic p-groups can
be realized as the Ulm factors of a countable abelian p-group. Recall that a X-
cyclic p-group H is said to be bounded if there exists an integer n > 0 such that

p"h = 0 for all h € H. It is well-known that if A is a countable abelian p-group,
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then each Ulm factor A, must be unbounded, except possibly for A, 4)_;, if this
factor exists. (For example, see Fuchs [7, Lemma 37.2].) In fact, this is the only

constraint on the possible Ulm factors of countable abelian p-groups.

Theorem 4.2 (Zippin [23]). Suppose that 0 < T < w; is a nonzero countable
ordinal and that (C, | a < 7) is a sequence of nontrivial countable (possibly finite)

Y-cyclic p-groups. Then the following statements are equivalent:

(i) There ezists a countable reduced abelian p-group A with 7(A) = 7 such that
Ay Z2C, foralla < 1.

(ii) Cq is unbounded for each o such that o+ 1 < 7.

Remark 4.3. Extending Zippin’s Theorem, Fuchs [6] and Kulikov [16] have given
necessary and sufficient conditions for a sequence (C,, | @ < 7) of abelian p-groups
to be realizable as the Ulm sequence of a reduced abelian p-group of cardinality &,
when 7 and s are not assumed to be countable. (See Fuchs [8, Theorem 76.1].) We

will make use of a special case of the Fuchs-Kulikov Theorem in Section 5.

Each countable (possibly finite) 3-cyclic p-group has the form G = @, -, CZ(,“Z”),
where each s, € wU {w}; and clearly G is determined up to isomorphism by
the sequence tg = (s, | n € w"). Thus, each countable abelian p-group A is

determined up to isomorphism by the complete invariant
(4.1) T(A) " (ta, | <7(A)) " tk(A™A).

In particular, we obtain the same set of complete invariants (4.1), independently
of our choice of the prime p. Unfortunately, the complete invariant (4.1) cannot
be computed in a Borel manner. For example, applying the Boundedness Theorem
[9, Theorem 1.6.10] for 1 sets of well-orders, it follows that there does not exist a
Borel map A — L4 from A, to the standard Borel space of countable linear orders

such that L4 = 7(A). Thus it is natural to ask the following question.
Question 4.4. Are =, and =, Borel bireducible when p # ¢ are distinct primes?
Theorem 4.5. If p # q are distinct primes, then =, and =, are A} bireducible.

Let £ be the standard Borel space of countable (possibly finite) linear orders;

i.e. each x € L consists of a linear ordering <, of dom(z) € wU{w}. Let Z the
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standard Borel space of sequences
(4.2) c=x" (t;| €€ dom(z)) " d,
where € £, d € wU{w}, and each t; : v — wU{w}. Let C C Z be the I}
subset consisting of the sequences (4.2) such that:
e <, is a well-ordering of dom(z);

e for each ¢ € dom(z), there exists n € w™ such that ty(n) # 0;

e if £ is not <,-maximal, then t;(n) # 0 for infinitely many n € w™*.

Then each sequence ¢ € C naturally codes a corresponding complete invariant (4.1),
which we will denote by [c].

While we do not know of any reference where detailed proofs can be found, the
following definability results are well-known. (For example, see the comments in
Friedman-Stanley [5] and Hjorth-Kechris [12].) For a splendidly elephantine proof,
the reader might check that the binary relation I(c, A) C Z x A,, defined by

[e] = 7(A) 7 (ta, | @ <7(A)) " rk(A™W),
is 33 and then apply the Kond6 Uniformization Theorem [15, Corollary 38.7].
Lemma 4.6. For each prime p, there exists a A} map 0, : A, — Z such that
[0,(A)] = T(A) ™ (ta, | @< 7(A)) " rk(A™W).

Lemma 4.7. For each prime p, there exists a A} map ¢, : Z — A, such that if
ceC and A= ¢,(c), then

[e]=7(A) " (ta, |a<T(A)) ™ rk(AT(A)).

Proof of Theorem 4.5. If p # q are distinct primes, then ¢, o 6, is a A} reduction

from =, to =,. O

We next recall a very useful “tree presentation” approach to countable abelian
p-groups, which was first introduced by Crawley-Hales [2]. Let T be the standard
Borel space of infinite trees ' C w<¥; and for each T' € T, let G,(T) be the abelian

group generated by the elements {a; | t € T } subject to the relations:

e pay = a;- if |t| > 0;

Lcf. Neumann’s proof [19, p. 347] of Fermat’s “Little Theorem”.
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e ap=0.
(Following the example of Rogers [20], we have included the redundant generator
ag so that our groups G,(T') are parametrized by trees rather than forests.) Then
Gp(T) is a p-group, and we can identify each G,(T") with a corresponding element
of A, in such a way that the map T > G,(T) is Borel. In fact, the following result

shows that ¢(7) intersects every ,-class.

Theorem 4.8 (Crawley-Hales [2]). If A is a countable abelian p-group, then there

exists an infinite tree T C w=* such that A = G,(T).
The following result is implicitly contained in Rogers [20].

Theorem 4.9. For any countable trees S, T € T and any two primes p, q,
Gp(9) = Gp(T) = Gq(9) = Go(T)

Sketch proof. By the proof of Rogers [20, Proposition 2], if p is any prime and
T € T, then the Ulm-Kaplansky invariants of the group G,(T") can be computed

from the tree T via a computation which does not depend on the prime p. O

Thus a positive answer to the following question would yield a positive answer

to Question 4.4.

Question 4.10. Does there exist a Borel map A A T4 from A, to 7 such that
A=Gp(Ta)?

Next we will consider the bi-embeddability relation =, on the space A, of count-
able abelian p-groups. As we mentioned earlier, in [1], Barwise-Eklof found a com-
plete set of invariants for the bi-embeddability relation =,. The following result
restates their classification theorem in terms of Ulm factors. (In Appendix A, we
will explain how to derive Theorem 4.11 from the corresponding result of Barwise-

Eklof [1].)

Theorem 4.11. If A, B are countable abelian p-groups, then A and B are bi-
embeddable if and only if either:
(a) k(AT
(b) k(A7)

k(B™B)) = w; or

I
ﬁ

tk(B™(B)) < w and the following conditions are satisfied:
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(i) 7(A) = 7(B);
(ii) if 7(A) = 7(B) is a successor ordinal § + 1, then the Ulm factors Ag
and Bg are bi-embeddable.

Remark 4.12. Suppose that G = @, 5, Clr) and H = D1 Cli) are S-cyclic
p-groups, where each s,, t, € wU{w}. Then G and H are bi-embeddable if and
only if one of the following mutually exclusive statements holds.
(i) G and H are isomorphic finite p-groups.
(i) G and H are both infinite bounded ¥-cyclic p-groups and
e mg=max{n|s,=w}l=max{n|t, =w}=mg;
e s, =t, foralln>mg=mg.
(iii) G and H are both unbounded.
Of course, if statement (ii) holds, then there are only finitely many n > mqg = my
such that s, = ¢, > 0. In particular, there are only countably many countable
(possibly finite) X-cyclic p-groups up to bi-embeddability; and we see that there

are exactly w; countable abelian p-groups up to bi-embeddability.

Notation 4.13. For the remainder of this paper, let (R, | m € w) be a se-
quence listing a set of representatives of the countably many bi-embeddability
classes of nontrivial countable (possibly finite) Y-cyclic p-groups, chosen so that
Rpo = @nzl CI()Z’) is the representative of the class of unbounded groups. (In fact,

>~

we might as well choose every R, ,,, to be an element of the “largest” =,-class con-

tained in its =,-class, in the sense that if R, ., = €D,,>; C,ﬂ;‘i"), H=60,-, CI(,i")
and H =, R, , then ¢, < s, for all n > 1.)

Once again, it is natural to ask the following question.
Question 4.14. Are =, and =, Borel bireducible when p, ¢ are different primes?
Theorem 4.15. If p, q are distinct primes, then =, and =, are A} bireducible.

Proof. Let 6, and ¢, be the A} maps given by Lemmas 4.6 and 4.7. Then clearly

¢4 00, is a A reduction from =, to =,,. O

Next we will prove that =, and =2, are incomparable with respect to Borel
reducibility. Of course, the following result implies that =, is not Borel reducible

~
to =,.
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Theorem 4.16. =, is not Borel reducible to =1 4.

Proof. Tt is well-known that every countable abelian p-group embeds into the infi-
nite rank divisible p-group Z(p>°)«). (For example, see Fuchs [7, Theorem 24.1].)
Thus Do, = {A € A, | tk(A7) = &} forms a single =,-class. Since every

7 4-class is Borel, it is enough to prove the following result.
Claim 4.17. D, is a complete analytic subset of A,.
In order to see this, first note that, by Feferman [4], we have that
Gp(T) isreduced <= T is well-founded.

(In fact, Feferman [4] only proves the above equivalence for the case when p = 2.
However, his argument works for an arbitrary prime p.) Next let T +— GP(T)(‘*’) be
the Borel function from 7 to .A, which maps each tree T" to the direct sum of w

copies of G,(T). Then we have that
G,(T)*) € D, = T is not well-founded,
and hence D is a complete analytic subset of A,. O

Theorem 4.18. =, is not Borel reducible to =,.

Proof. Suppose that =, is Borel reducible to =,. Applying Theorem 2.4, we can
suppose that 2 > w;. But then we immediately reach a contradiction, since there

are 2¥ many =2,-classes but only w; many =,-classes. O
Corollary 4.19. =, and =, are incomparable with respect to Borel reducibility.
On the other hand, =, is A} reducible to 2, in the following strong sense.

Definition 4.20. Suppose that £ C F are analytic equivalence relations on the
Polish space X. If # : X — X is a homomorphism from F to E such that 0(x) F x
for all z € X, then we say that 0 selects an E-class within each F-class. (Of course,

this implies that 6 is a reduction from F to F.)

Theorem 4.21. There exists a A} function ¥, : A, — A, such that 0 selects an

=, -class within each =p-class.
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Proof. Applying Lemma 4.6, let 6, : A, — Z be a A} map such that, letting

A»%c:mﬁ(tg\ﬁedom(x))ﬁdea

we have that
[e] =7(A) 7" (ta, |a < 7(A)) " rk(A™W),

Foreachc=x" (ty | €dom(z)) ~de Z,let =z (t, | €dom(z)) "~ de Z
be defined as follows.

e If / € dom(x) is not <,-maximal, then ¢,(n) = w for all n € w*.

o If £ € dom(z) is <,-maximal, let He = @, C](ﬁf(n)) and let m € w
be such that Ry, =, H.. (Here (Rp,, | m € w) is our fixed sequence of
representatives of the countably many bi-embeddability classes of nontrivial
countable (possibly finite) X-cyclic p-groups.) Then ¢t} is the function such
that Ry = @, O™,

Clearly the map ¢ — ¢ is Borel; and if ¢ € C, then ¢ € C. Finally, applying
Lemma 4.7, let ¢, : Z — A, be the A} map such that if ¢ € C and A’ = ¢, (),
then [¢'] = 7(A") ™ (ta, | a < 7(A’)) ™ tk((4")"™")). Then the composition map,

6 %) . .
A8 cr ¢ B3 A, satisfies our requirements. O

Finally, arguing as in the proof of Theorem 4.18, the following result is an easy

consequence of Theorem 2.5.
Theorem 4.22 (RC). =, is not A} reducible to =,.

Corollary 4.23 (RC). The isomorphism relation =, is strictly more complex with

respect to A} reducibility than the bi-embeddability relation =,.

5. BI-EMBEDDABILITY OF COUNTABLE TORSION ABELIAN GROUPS

In this section, we will prove Theorems 1.3 and 1.4. Clearly Theorem 4.16 implies
that =74 is not Borel reducible to =1 4. Hence, in order to prove Theorem 1.3, it
is enough to show that =74 is not Borel reducible to =74. In fact, we will prove

the following stronger result.
Theorem 5.1. =, is not Borel reducible to =1 4.

Similarly, Theorem 1.4 is an immediate consequence of the following two results.
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Theorem 5.2 (RC). =, is not A} reducible to =7 4.

Theorem 5.3. There exists a A% function which selects an =1 4-class within each

=7 a-class.

Proof of Theorem 5.3. Let P be the set of prime numbers. Recall that if A is a

countable torsion abelian group, then A = A, decomposes as the direct sum

peP
of its (possibly finite) p-primary components A, = {a € A | (In>0)p"a=0}.
Furthermore, if B = @pe p Bp is a second countable torsion abelian group, then it

is clear that:
e A and B are isomorphic if and only if for every prime p, the (possibly finite)
countable abelian p-groups A, and B,, are isomorphic.
e A and B are bi-embeddable if and only if for every prime p, the (possibly
finite) countable abelian p-groups A, and B, are bi-embeddable.
Applying Theorem 4.21, for each prime p, let ¢, : A, — A, be a A} function
which selects an =)-class within each =,-class. Then A — P, p ¥p(4,) is a Al

function which selects an =7 4-class within each =7 4-class. ([

The remainder of this section will be devoted to the proofs of Theorems 5.1
and 5.2. First it is necessary to recall some of the basic theory of pinned names.
The notion of a pinned name was first abstracted by Kanovei-Reeken [14] from an
argument in Hjorth [10, Section 5]. More recently, Zapletal [22] has developed an
extensive theory which has uncovered completely unexpected connections between
the theory of analytic equivalence relations and other areas of set theory (such as
the Singular Cardinal Hypothesis).

Until further notice, we will fix a notion of forcing P and an analytic equivalence
relation F on a Polish space X. Suppose that o is a P-name for an element of X;
i.e. that IFp 0 € XV . Then o and Oright are the (P x P)-names such that if

GxH C (PxP)is a generic filter, then o ¢t [G x H] = 0[G] and oyight |G x H] = o[H].
Definition 5.4. If 0 is a P-name for an element of X, then o is F-pinned if
IFpxp Olefs B Orighs

Let X (P, E) be the proper class of all F-pinned P-names. Then we can regard
X as a subset of X (P, E') by identifying each x € X with the canonical P-name
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Z such that Z[G] = «x for every generic filter G C P; and we can extend E to an

equivalence relation on X (P, E') by defining
cEdo < |hp><]p O left E O—;ight
Definition 5.5. A\p(F) is the number of F-pinned P-names up to E-equivalence.

Theorem 5.6. If E, F are analytic equivalence relations and E is Borel reducible

to F, then Ap(E) < A\p(F).

Proof. Suppose that E, F are analytic equivalence relations on the Polish spaces
X, Y and that § : X — Y is a Borel reduction from E to F’; say, R is a Borel

relation such that for all x € X and y € Y,
0(z) =y <= R(z,y).
Applying Theorem 2.4, if o is a P-name such that IFp o € X, then
ke (3y € Y') R(0,y);
and hence there exists a P-name 7, such that
lFp 7, €Y A R(o0,75).

Furthermore, Theorem 2.4 implies that if o € X (P, F) is an E-pinned P-name, then
T, is an F-pinned P-name; and that if o, o/ € X (P, E), then

cEo < 71,F71,
The result follows. O

Similarly, applying Theorem 2.5, we obtain the following result.

Theorem 5.7. Suppose that £ is a Ramsey cardinal and that |P| < k. If E, F are

analytic equivalence relations and E is AL reducible to F, then \p(E) < A\p(F).

For the remainder of this section, let P be the notion of forcing consisting of all
finite injective partial functions p : w — wy. (Thus if G C P is a generic filter, then
g = UG € V¥ is a bijection in V¥ between w and w{".) Then Theorems 5.1 and

5.2 follow from Theorem 5.7 and the following two results.

Proposition 5.8. Ap(=,) = 2.
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Proposition 5.9. Ap(=714) = ¥ .

For example, suppose that 6 is a Al reduction from %, to =74 and that  is a
Ramsey cardinal. Recall that if P/ is any notion of forcing such that |P’| < &, then
% remains a Ramsey cardinal in V¥'. (For example, see Jech [13, Theorem 21.2].)

Hence, applying Theorem 2.5, we can suppose that 2“* > w§. But then
)\p(gp) = 2“1 > )\IP’(ETA) = w?,

which contradicts Theorem 5.7.
In the proofs of Propositions 5.8 and 5.9, we will make use of the following special

case of the Fuchs-Kulikov Theorem [8, Theorem 76.1].

Theorem 5.10. Suppose that w; < 7 < wy and that (Cy, | a < 7) is a sequence of
nontrivial countable (possibly finite) E-cyclic p-groups such that C,, is unbounded
for each o such that o+ 1 < 7. Then there exists a reduced abelian p-group A of
cardinality wy with 7(A) = 7 such that A, =2 Cy, for all o < 7.

Proof of Proposition 5.8. By counting nice P-names, it follows that Ap(%,) < 2“1,
To see that Ap(=2,) > 2¢1, for each sequence § € 291, let A() be a reduced abelian

p-group of cardinality wy with 7(A) = w; such that for all o < wy,

P, cor Cpon if £(a) = 0;

®n€w+ Cp2n+1 if f(oz) =1.

(The existence of such groups follows from Theorem 5.10.) Then we can suppose
that each A(§) has the form (wi,+¢) for some group operation +¢ on the set w;.
Let o¢ be a P-name such that if G C P is a generic filter and ¢ = |JG, then
0¢|G] = (w, P¢ ) € AXP, where

a®eb=c <= g(a)+eg(b) =g(o).

Applying Theorem 4.1, we see that each o¢ is =,-pinned; and also that if £ # ¢/,

then o¢, o¢r are =p-inequivalent. [

Proposition 5.9 is an easy consequence of the following result.

Proposition 5.11. A\p(=,) = ws.
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Proof. Let (R, m | m € w) be our fixed sequence of representatives of the countably
many bi-embeddability classes of nontrivial countable (possibly finite) X-cyclic p-
groups, chosen so that R,o = @nZl C,(ﬁf) is the representative of the class of
unbounded groups. Let I be the collection of all triples (o, m,d) with o < wy and
m, d € w such that:

e if a =0,then m=d=0;

e if o is a limit ordinal, then m = 0.

For each (a,m,d) € I, let A(«,m,d) be an abelian p-group satisfying the following
properties.

e A(0,0,0) = Z(p>)“) is the divisible abelian p-group of rank w.

e If o is a limit ordinal, then A(«,0,0) is a reduced abelian p-group of
cardinality |o| such that for each v < a, the Ulm factor A(«,0,0), is
isomorphic to R .

e If « = B+ 1 is a successor ordinal, then A(«,m,0) is a reduced abelian
p-group of cardinality |a| + w such that for each v < 3, the Ulm fac-
tor A(a,n,0), is isomorphic to R, and such that the final Ulm factor
A(a,n,0)s is isomorphic to R, .

e If a, m #0, then A(a,m,d) = A(a,m,0) & Z(p>=)D.

(The existence of such groups follows from Theorems 4.2 and 5.10.) In addition,
we choose A(«,m,d) so that:

o if @ <wy, then A(a,m,d) € Ay

o if w; < a < wa, then A(a,m,d) has the form (wi,+(q,m,qa)) for some
group operation +( 4 m,,q) On the set w;.

If @ < wy, let 0(q,m,qa) be the canonical P-name A(a,m,d) of A(a,m,d) € Ap;
and if w1 < @ < wa, let 0(q,m,q) be the P-name such that if G C P is a generic

filter and g = |J G, then o( 4 m,q)[G] = (W, B(a,m.a)) € AXP, where

a 69(oz,m,,d) b=c <~ g(a) +(o¢,m,d) g(b) = g(C)

~

Applying Theorem 4.1, we see that each o4 m,q) is =p-pinned and hence is also
=,-pinned. Applying Theorem 4.11, we also see that if (a,m,d) # (a/,m/,d"),
then o(q,m.d)s 0(a’,m’,ar) are =p-inequivalent. Finally, by a second application of

Theorem 4.11, since wYW = wy, it follows that if G C P is a generic filter and



20 FILIPPO CALDERONI AND SIMON THOMAS

A€ AXP, then there exists (o, m,d) € I such that o(4m,a)[G] =, A; and this
implies that if o is any =p-pinned P-name, then there exists (a,m,d) € I such

that (o m.q) =p 0. Thus A\p(=,) = wa. (]

Proof of Proposition 5.9. Suppose that ¢ is an =7 4-pinned P-name; and for each
prime p, let o, be a P-name such that whenever G C P is a generic filter, then
0,[G] is the p-primary component of o[G]. Then each o, is an =,-pinned P-name.
Furthermore, if ¢’ is a second =7 4-pinned P-name and o; is the corresponding

=,-pinned P-name for each prime p, then
o=rac = op =p 0,, for every prime p.

Thus the result follows from Proposition 5.11. O

APPENDIX A

In this appendix, we will explain how to derive Theorem 4.11 from Corollary
5.4 of Barwise-Eklof [1]. First we need to define some invariants which play an
important role in the work of Barwise-Eklof [1].

Suppose that A is a (not necessarily countable) abelian group. Then a set X of
non-zero elements of A is said to be independent if whenever x4, ...,z are distinct
elements of X and nq,...,n are integers such that nix; + ... + ngzr = 0, then
then n;z; = 0 for all 1 < ¢ < k. By Fuchs [7, Theorem 16.3], if X, Y C A are
maximal independent sets, then |X| = |Y|; and so we can define the rank rk(A) of
A to be the cardinality | X| of any maximal independent subset X C A. Of course,
this notation is consistent with our earlier use of the notation rk(A7(4)). Also,
notice that if B is a subgroup of A and X C B is a maximal independent subset of
B, then X can be extended to a maximal independent subset X’ of A. It follows
that if B < A, then rk(B) < rk(A).

Now suppose that A is a countable abelian p-group. Then for each countable

ordinal «, we define the subgroup p*A inductively by:
o pYA=A;
o p*H1A=p(p*A);

e p° =(,osP*A4, if § is a limit ordinal.
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Since A is countable, there exists a countable ordinal o such that p®A = p*+1A4;
and we define the length ¢(A) to be the least such ordinal «. The relationship
between the length £(A) and the Ulm length 7(A) of a countable abelian p-group
A is easily described. Let ¢(A) = w8 + n, where n € w. Then

if n=0;
(A) = B, if n

B+1, ifn>0.
We are now ready to state the Barwise-Eklof [1, Corollary 5.4] characterization of

the embeddability relation for countable abelian p-groups.

Theorem A.l. If A and B are countable abelian p-groups, then A is embeddable
into B if and only if tk(p*A) < rk(p®B) for all countable ordinals o < wy.

Of course, this implies the following characterization of the bi-embeddability

relation for countable abelian p-groups.

Corollary A.2. If A and B are countable abelian p-groups, then the following

statements are equivalent:

(i) A and B are bi-embeddable.
(ii) rk(p*A) =1k(p*B) for all countable ordinals o < wy.

Thus, in order to prove Theorem 4.11, it is enough to show that statement
(A.2)(ii) is equivalent to the disjunction of statements (4.11)(a) and (4.11)(b). We
will begin by considering the special case when both A and B are reduced countable
abelian p-groups; i.e. when A™(4) = B7(B) = (. Of course, in this special case,
statement (4.11)(a) cannot hold.

First suppose that statement (A.2)(ii) holds; i.e. that rk(p®A) = rk(p®B) for all
a < w;. Notice that if o < 3 < wy, then p? A < p*A and so rk(p® A) < tk(p*A). It
follows that

L(A) = the least o < wq such that rk(p®A) = 0;

and hence there exists an ordinal £ < wy such that £(A) = 4(B) = {. Let { = wf+n,
where n € w.

Case 1: Suppose that n = 0 and that § is a limit ordinal. Then 7(A) = 7(B) = S
and statement (4.11)(b) holds.
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Case 2: Suppose that n = 0 and that f = a + 1 is a successor ordinal. Then it
follows that:

e 7(A)=7(B) =a+1,;
o PYUA =AY~ A,
o OB = B B,.

In particular, since p“®A is isomorphic to the Ulm factor A, it follows that p“* A
is a Y-cyclic p-group. Furthermore, since rk(p™(p¥*A)) = rk(p**T"A) > 0 for
all n € w, it follows that p“®A is unbounded. Similary, we see that p“*B is an
unbounded Y-cyclic p-group. Consequently, since the Ulm factors A, and B, are
both countable unbounded X-cyclic p-groups, it follows that A, and B, are bi-
embeddable. Thus statement (4.11)(b) holds.

Case 3: Suppose that n > 0. Then 7(A) = 7(B) = 8 + 1. Furthermore, arguing
as in Case 2, we see that the Ulm factors Ag and By are both countable ¥-cyclic
p-groups such that:

o p"Ag =p"Bg=0;
o rk(p™Ag) =rk(p™Bg) > 0forall 0 <m < n.
It follows easily Ag and Bg are bi-embeddable. Thus statement (4.11)(b) holds.

Next suppose that statement (4.11)(b) holds. Thus A and B are reduced count-
able abelian p-groups such that:

o 7(4) =7(B);
o if 7(A) = 7(B) is a successor ordinal § + 1, then the Ulm factors Ag and
Bg are bi-embeddable.

In our analysis, we will make use of the following result of Barwise-Eklof [1, 2.6].

Lemma A.3. Let G be a countable abelian p-group and suppose that {(G) = wy+n,
where n € w. Then tk(p*G) = w for all « < wr.

Case 1: Suppose that 7(A) = 7(B) is a limit ordinal 7. Then ¢(A) =4(B) =wT.
In particular, if wr < a < wy, then rk(p*A) = rk(p®B) = 0. Furthermore, applying
Lemma A.3, we see that if & < w7, then rk(p®*A) = rk(p®B) = w. Thus rk(p*A) =
rk(p®*B) for all o < wy.
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Case 2: Suppose that 7(A) = 7(B) is a successor ordinal 5 + 1 and that the
Ulm factors Ag and Bg are bi-embeddable. Since Ag, Bg are X-cyclic and bi-
embeddable, it follows that £(Ag) = ¢(Bg) < w and that rk(p™Ag) = rk(p™Ag) for
all 0 < m < w. (This special case of Corollary A.2 can easily be checked directly.)
Note that p“#A = AP =~ Ag and pPB = BP =~ Bg. By Lemma A.3,

rk(p”A) = rk(p® B) = w
for all 0 < a < wf. Also for each 0 < m < w,
rk(prerA) = rk(pmAﬂ) — I‘k(meB) _ I‘k(prerB).

Finally, rk(p*A) = rk(p®B) = 0 for all w(8+1) < @ < wy. Thus rk(p®A) = rk(p*B)
for all o < wy.

This completes the proof of Theorem 4.11 for the special case when both A and
B are reduced countable abelian p-groups.

Now suppose that A and B are arbitrary (not necessarily reduced) countable
abelian p-groups. Then we can express A = A7) @ C and B = B"(P) @ D, where
C, D are reduced abelian p-groups; and it is easily checked that:

o 7(4) = 7(C);

o 1k(p®A) = 1k(p®C) + rk(A™) for all a < wy;

e the Ulm factors Ag and Cjp are isomorphic for all 8 < 7(A4) = 7(C);
and the corresponding statements also hold for B, D.

First suppose that statement (A.2)(ii) holds; i.e. that rk(p®A) = rk(p®B) for all
« < w;. Note that if @ > max{/(A),¢(B)}, then p®A = A™) and p*B = B(B);
and so

k(A7) = rk(p" A) = tk(p° B) = rk(B"®).
In particular, tk(A74) = w if and only rk(B7(#)) = w; and so we can suppose that

there exists an integer d > 0 such that rk(A™4)) = rk(B7(#)) = d. Since
rk(p®C) + d = rk(p*A) = rk(p® B) = rk(p“ D) + d,

it follows that rk(p®C) = rk(p®D) for all & < wy. Since C' and D are reduced

countable abelian p-groups, this implies that:

 7(C) = (D)
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o if 7(C') = 7(D) is a successor ordinal 5 + 1, then the Ulm factors C;z and
Dg are bi-embeddable.

Since the Ulm factors A, and C, are isomorphic for all v < 7(A) = 7(C) and the
Ulm factors By and D., are isomorphic for all v < 7(B) = 7(D), it follows that
statement (4.11)(b) holds.

Finally suppose that either statement (4.11)(a) holds or statement (4.11)(b)
holds. Arguing as above, we see that if rk(A74)) = 1k(B™(F)) = w, then rk(p®A) =
rk(p®B) = w for all @ < w;. Hence we can suppose that there exists an integer
d > 0 such that rk(A™®)) = rk(B™®)) = d and that:

e 7(4) =r(B);
o if 7(A) = 7(B) is a successor ordinal § + 1, then the Ulm factors Ag and
Bg are bi-embeddable.
Since 7(C) = 7(4) = 7(B) = 7(D), the Ulm factors A, and C, are isomorphic
for all v < 7(A) = 7(C), and the Ulm factors B, and D, are isomorphic for all
v < 7(B) = 7(D), it follows that rk(p®C) = rk(p®D) for all a < wy; and hence

tk(p®A) = rtk(p*C) + d = tk(p®D) + d = rk(p®B)

for all @ < wy. This completes the proof of Theorem 4.11.
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