MARTIN’S CONJECTURE AND STRONG ERGODICITY

SIMON THOMAS

ABSTRACT. In this paper, we explore some of the consequences of Martin’s
Conjecture on degree invariant Borel maps. These include the strongest con-
ceivable ergodicity result for the Turing equivalence relation with respect to the
filter on the degrees generated by the cones, as well as the statement that the
complexity of a weakly universal countable Borel equivalence relation always

concentrates on a null set.

1. INTRODUCTION

Recall that if 7, s € 2V, then r is Turing reducible to s, written r <7 s, iff there
exists an oracle Turing machine which computes r when its oracle tape contains
s. Here an oracle Turing machine is a Turing machine with a second “read only”
tape, called the oracle tape, upon which we can write any function s € 2V, which
is called the oracle. (For more details, see Rogers [17] or Soare [19].) If r, s € 2,
then r and s are Turing equivalent, written r =1 s, iff both r < sand s <7 r. In
this paper, we will study the Turing equivalence relation = from the perspective
of the theory of countable Borel equivalence equivalence relations.

For each r € 2N, the corresponding cone is the Borel subset C' C 2N defined by
C={se2V|r<rs}.

By Martin [13, 14], if A C 2" is a =-invariant Borel subset, then either A contains
a cone or else 2V \ A contains a cone. (Here a subset A C 2V is said to be =7-
invariant iff A is a union of =7-classes.) This easily implies that if f : 2N — 2N is
a Borel function which takes a constant value on each =rp-class, then there exists
a cone C' such that f | C is a constant function. As Friedman [7] has pointed out,
this can be regarded as an ergodicity result for = with respect to the filter on

the degrees generated by the cones. In this paper, we will show that if Martin’s
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Conjecture [11] on degree invariant Borel maps is true, then =1 satisfies a much
stronger ergodicity result.

Before we can give a precise statement of our main result, we first need to recall
some of the basic notions of the theory of countable Borel equivalence relations.
Suppose that E, F' are countable Borel equivalence relations on the standard Borel
spaces X, Y respectively. Then the (not necessarily Borel) map f: X — Y is said
to be a homomorphism from E to F iff  Ey implies f(z) F f(y) for all z, y € X.
If f is a Borel map and satisfies the stronger condition that x E'y iff f(x) F f(y) for
all x, y € X, then f is said to be a Borel reduction and we write E <p F'. Finally,
if there exists a countable-to-one Borel homomorphism f : X — Y from F to F,
then we say that E is weakly Borel reducible to F' and write £ <% F'. In this case,

we say that f is a weak Borel reduction from E to F.

Definition 1.1. (a) A countable Borel equivalence relation E is said to be
universal iff ' <pg FE for every countable Borel equivalence relation F'.
(b) A countable Borel equivalence relation F is said to be weakly universal iff

F <% E for every countable Borel equivalence relation F'.

For example, by Dougherty-Jackson-Kechris [4], the orbit equivalence relation
E.. arising from the shift action of the free group Fs on two generators on 22
is a universal countable Borel equivalence relation. Of course, if E is a universal
countable Borel equivalence relation, then F is weakly universal. It is currently not
known whether the converse holds. However, Kechris [22, Corollary 4.9] has pointed
out that the Turing equivalence relation =1 is weakly universal; and Dougerty-
Kechris [5] have shown that if Martin’s Conjecture holds, then = is not universal.
(The material in Thomas [22, Section 4] is entirely due to Kechris and Miller.)

In this paper, by Martin’s Conjecture, we will always mean the following special
case of the more general conjecture (also known as the 5th Victoria Delfino Problem)

formulated by Martin in Kechris-Moschovakis [11].

Martin’s Conjecture (MC). If f: 2N — 2 is a Borel homomorphism from =
to =7, then exactly one of the following conditions holds:

(i) There exists a cone C C 2" such that f maps C into a single =p-class.

(ii) There exists a cone C C 2V such that x <7 f(x) for all x € C.
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Throughout this paper, we will write (MC) to indicate that the (currently
known) proof of a given statement makes use of Martin’s Conjecture. In Section 4,

we will prove the following result.

Theorem 1.2 (MC). There exist uncountably many weakly universal countable

Borel equivalence relations up to Borel bireducibility.

Theorem 1.2 is a straightforward consequence of the techniques of Thomas [22],
together with the following strong ergodicity result for =1. (For the standard

measure-theoretic version of strong ergodicity, see Definition 4.1.)

Definition 1.3. Let E be a countable Borel equivalence relation on the standard
Borel space X. Then =7 is said to be E-m-ergodic iff for every Borel homomor-
phism f: 2V — X from =1 to E, there exists a cone C' C 2" such that f maps C

into a single E-class.

Theorem 1.4 (MC). If E is any countable Borel equivalence relation, then exactly

one of the following conditions holds:

(a) E is weakly universal.

(b) =71 is E-m-ergodic.

Of course, if F is a weakly universal countable Borel equivalence relation, then
=1 <% E and hence =p is not E-m-ergodic. Thus conditions 1.4(a) and 1.4(b)
are mutually exclusive.

As we mentioned earlier, Martin’s Theorem on the = p-invariant Borel subsets
of 2N easily implies that =7 is A(2)-m-ergodic, where A(2Y) denotes the identity
relation on 2N. On the other hand, there are currently no nonsmooth countable
Borel equivalence relations E for which it has been proved that = is E-m-ergodic.
In particular, it is not known whether = ¢ is Eg-m-ergodic, where Fy denotes the
Vitali equivalence relation on 2N.

This paper is organized as follows. In Section 2, we will point out some simple but
useful consequences of Martin’s Conjecture. In Section 3, we will prove Theorem
1.4; and in Section 4, we will prove Theorem 1.2. In Section 5, we will present two
easy applications of the results of the earlier sections. First, partially answering

a question of Boykin-Jackson [3], we will prove that Martin’s Conjecture implies
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that the Turing equivalence relation =1 is not Borel-Bounded. Then, partially
answering a question of Thomas [22], we will prove that Martin’s Conjecture implies
that the complexity of every weakly universal countable Borel equivalence relation
concentrates on a null set.

Acknowledgements: 1 would like to thank Alexander Kechris and John Steel
for very helpful discussions concerning the material in this paper. Thanks are also

due to the referee for many suggestions that helped to improve the presentation.

2. SOME SIMPLE CONSEQUENCES OF MARTIN’S CONJECTURE

In this section, we will point out some simple but useful consequences of Martin’s

Conjecture.

Theorem 2.1 (MC). If f : 2§ — 2V is a Borel homomorphism from =1 to =,
then exactly one of the following conditions holds:
(i) There exists a cone C C 2~ such that f maps C into a single =p-class.
(ii) There exists a cone C C 2N such that f | C is a weak Borel reduction from
=7| C to =¢. Furthermore, in this case, if D C 2V is any cone, then

[f(D)]=, contains a cone.

Proof. Suppose that (i) fails. By Martin’s Conjecture, there exists a cone C' C 2
such that  <r f(x) for all z € C. Clearly f | C is countable-to-one and so f | C is
a weak Borel reduction. Let D C 2N be any cone and let Dy = DN C. Since f | C
is countable-to-one, it follows that f(Dy) is a Borel subset of 2V and this implies
that the =p-saturation [ f(Dg)]=, is also a Borel subset. By Martin’s Theorem
[13, 14], since [ f(Dy) ]= . is a < p-cofinal = p-invariant Borel subset of 2V, it follows

that [ f(Dg)]=, contains a cone. O

Condition 2.1(ii) is reminiscent of the conclusion of the “unique ergodicity ar-
gument” first introduced by Adams [1] in the measure-theoretical setting and later
exploited by Thomas [20, 21] and Hjorth-Kechris [9]. Of course, the following result
is an immediate consequence of Theorem 2.1 and implies that = is not countable
universal. (Here =¢ L =1 denotes the disjoint union of two copies of the Turing

equivalence relation =7.)

Corollary 2.2 (MC). =17 <p (=r U=7).
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Observation 2.3. Suppose that C = {z € 2V | 2 <7 2} is a cone. Then the map,
Yy — y @z, is a weak Borel reduction from =7 to =] C and hence =1 [ C is also
weakly universal. Here y @ z denotes the usual recursive join of y and z, which is

defined by

y(5) if n is even;

2(%51)  if nis odd.

Corollary 2.4 (MC). If A C 2V is a =p-invariant Borel subset, then =7 A is

weakly universal iff A contains a cone.

Proof. If =1] A is weakly universal, then there exists a weak Borel reduction
f:2¥ — A from =7 to =7 A. By Theorem 2.1, it follows that [ f(2V)

]ET

contains a cone. O

On the other hand, if =7 is countable universal, then (=7 U=7) <p =7 and
this easily implies that there exists a cone C' C 2N such that =7 (28 < C) is
also countable universal. Consequently, it would be very interesting to obtain lower
bounds on the Borel complexity of =7 (2V \ C') for cones C C 2V. In Section
5, we will prove that there exists a cone C' C 2" such that =7 (2~ C) is not

essentially free.

Remark 2.5. In [8], answering a question of Thomas [22], Hjorth proved that the
universal countable Borel equivalence relation E., is not Borel bireducible with a
smooth disjoint union of essentially free countable Borel equivalence relations. This

can also be seen as follows. Suppose that E = | |, _,n F. is the smooth disjoint union

z€2
of the essentially free countable Borel equivalence relations {E, | z € 2V} and that
f:o2N - |—|ze2N X, is a Borel reduction from =7 to E. Then there exists a cone
C C 2" such that f(C) C X, for some fixed z € 2"; and since =7 C is weakly
universal, it follows that E, is also weakly universal. But this contradicts Thomas

[22, Corollary 4.8], which says that weakly universal countable Borel equivalence

relations are not essentially free.
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3. STRONG ERGODICITY

In this section, we will present the proof of Theorem 1.4 and point out a corollary
which appears to also be consistent with Kechris’s Conjecture [5] that = is count-
able universal and even with Hjorth’s Conjecture [2] that every weakly universal
countable Borel equivalence relation is countable universal. (I should perhaps point

out that Hjorth denies having ever made this conjecture.)

Proof of Theorem 1.4 (MC'). As we pointed out earlier, it is clear that conditions
(a) and (b) are mutually exclusive. Suppose that f : 2% — X witnesses the failure
of condition (b). Since = is weakly universal, there exists a weak Borel reduction
g: X — 2V from Eto=p. Let h = gof. Then h is a Borel homomorphism from =7
to =7. Suppose that there exists a cone C' C 2N such that h maps C to a single
=r-class; say, [#]=,. Then f maps C into the countable set Y = g~ 1([z]=,)
and so there exists an element y € Y such that Z = f~!(y) is a <p-cofinal Borel
subset of 2. Applying Martin’s Theorem, it follows that the = p-saturation [ Z]= .
contains a cone D. But then f maps the cone D into the single E-class [y]g,
which contradicts our assumption that f witnesses the failure of condition (b). By
Theorem 2.1, since h does not map any cone into a single =p-class, there exists
a cone C C 2N such that A | C is countable-to-one. This implies that f [ C
is countable-to-one and hence (=r[ C) <% E. Finally, since =r[ C is weakly

universal, it follows that E is also weakly universal. ([

Corollary 3.1 (MC). Let E, F be countable Borel equivalence relations on the
standard Borel spaces X, Y respectively. Suppose that E is weakly universal and
that F is not weakly universal. If f : X — Y is a Borel homomorphism from E to
F', then there exists a Borel subset Z C X such that:

(i) E | Z is weakly universal; and

(ii) f maps Z into a single F-class.

Proof. Let g : 2V — X be a weak Borel reduction from =7 to E. Then h = fog is
a Borel homomorphism from =7 to F. By Theorem 1.4, =1 is F-m-ergodic and
hence there exists a cone C C 2N such that A maps C to a single F'-class. Since

g is countable-to-one, it follows that Z = g(C) is a Borel subset of X; and since
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(=7l C) <% (E | Z), it follows that E | Z is weakly universal. Thus Z satisfies

our requirements. ]

4. THE PROOF OF THEOREM 1.2

Before we begin the proof of Theorem 1.2, we first need to recall the standard

measure-theoretical version of strong ergodicity.

Definition 4.1. Suppose that F, F' are countable Borel equivalence relations on the
standard Borel spaces X, Y and that u is an E-invariant probability measure on X.
Then F is said to be F-ergodic with respect to u iff for every Borel homomorphism
f:X =Y from E to F, there exists a Borel subset Z C X with u(Z) = 1 such
that f maps Z into a single F-class.

Remark 4.2. More generally, if F is F-ergodic with respect to pand f: X — Y
is a p-measurable homomorphism from E to F, then there exists a Borel subset
Z C X with p(Z) =1 such that f maps Z into a single F-class. To see this, recall
that there exists a Borel map g : X — Y such that g(z) = f(z) for p-a.e. z. It is
easily checked that

W ={z € X | g([z]g) is not contained in a single F-class }

is an E-invariant Borel subset of X with u(W) = 0. Hence, after adjusting the
values of g on W, we can suppose that g is a Borel homomorphism from E to F.

The result then follows easily.
We will make use of the following result, which was proved in Thomas [22].

Theorem 4.3. There exists a Borel family G = {G, | a € 2} of finitely generated

groups, each with underlying set N, such that the following conditions are satisfied:

(a) Gqo has an infinite normal subgroup N, such that Ny, = SL3(Z).
(b) G4 has no nontrivial finite normal subgroups.

(c) If a # 3, then G does not embed into G,.

For each o € 2V, consider the shift action of G, on 26« = 2N, Then the usual

product probability measure ; on 2V is G-invariant and the free part of the action

Xo={zec2V|g-a#axforalll+#gcG,}
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has p-measure 1. Let E, be the corresponding orbit equivalence relation on X,,.
Then the following result is an easy consequence of Popa’s Cocycle Superrigidity

Theorem [16]. (For example, see Thomas [22, Section 5].)
Theorem 4.4. If a # (3, then E3 is Ey-ergodic with respect to fi.

Clearly (=7 x E, ) is weakly universal for each o € 2V. Hence Theorem 1.2 is
an immediate consequence of the following result. (In an earlier version of the proof
of Theorem 4.5, I assumed X}-Determinacy in order to obtain the measurability
of X3 sets. T am grateful to Alexander Kechris for providing the following elegant

method for eliminating the hypothesis of X}-Determinacy.)
Theorem 4.5 (MC). If a # 3, then (=7 X Eg) %5 (=1 X Ey).

Proof. We will first prove Theorem 4.5 under the additional assumption that the
universe V also satisfies M A + 2% > R;. Notice that Theorem 4.4 implies that E,

is not weakly universal. Suppose that
f:2N><Xﬁ—>2N><Xa

is a Borel reduction from (=7 X Eg) to (=7 X E,) and let A, p be the Borel
functions defined by
flryz) = (A(r, ), p(r, ).

For each = € Xg, let p, : 2V — X,, be the map defined by p,(r) = p(r,x). Then
Pz is a Borel homomorphism from =p to E,. Since F, is not weakly universal,
Theorem 1.4 implies that there exists a cone C, C 2V such that p maps C; to a
single E-class; say, d,. If yEgxz and r € Cy, then p,(r) E, py(r) and so py(r) € d,.
Hence if y Eg z, then dy, = d,. Let R C X3 x X, be the X} subset defined by

(x,z) e R iff (3s)(Vr) (s <rrimplies p(r,z) Ey 2 ).

Applying Kondé’s Theorem [12], let h : X3 — X, be a X1 uniformizing function
for R. If U C X, is an open set, then

h'(U)={z € Xp|(3y)(y €U and h(z) =y}

is a 31 set. By Martin-Solovay [15], since M A + 2% > N; holds, every X1 set is

p-measurable and hence h is p-measurable. Clearly h(z) € d, for all € X5 and
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it follows that h is a p-measurable homomorphism from Fg to E,. Since Ejg is
E,-ergodic with respect to pu, there exists a Borel subset Xo C X with pu(Xo) =1
such that h maps X, into a single F,-class; say, c.

For each = € Xj, let A, : 2% — 2% be the map defined by A\, (r) = A(r,z). Then
Az is a Borel homomorphism from =7 to =1. If r, s € Cy, then p(r,z), p(s,z) € ¢
and it follows that

r=rs iff A (r) =71 Aa(s).

Thus A, induces a Borel reduction from =1 C, to =r. Hence, by Theorem 2.1, it
follows that [ran A, [ C, ]=,. contains a cone D,.. In particular, choosing z, y € Xo
with [2]g, # [y]E,, there exist 7 € C, and s € C, such that A, (r) =7 A,(s). But
this means that f(r,z) (=7 x Ey) f(s,y), which is a contradiction.

Finally we will explain how to eliminate the additional assumption that V satis-

fies M A+2%° > N;. First note that MC is equivalent to the following I1} statement.

(MC") If f: 2N — 2N is a Borel homomorphism from =7 to =7, then either:
(a) for all z € 2N, there exists z <1 y such that f(y) <7 y; or
(b) for all x € 2V, there exists < y such that y <7 f(y).

To see this this, suppose that MC’ holds and let f : 2¥ — 2N be a Borel homo-
morphism from =7 to =7. If (a) holds, then A = {y € 2V | f(y) <r y} is a
< p-cofinal = p-invariant Borel subset of 2Y; and hence, by Martin’s Theorem, A
contains a cone C. Applying Slamen-Steel [18], it follows that there exists a cone
D C C such that f maps D into a single =p-class. Similarly, if (b) holds, then
there exists a cone C such that y <p f(y) for all y € C. (Of course, it is clear that
MC implies MC".)

Fix some o # 3 and let VT be a generic extension which satisfies MA+2%0 > Xy,
Then by the Shoenfield Absoluteness Theorem [10, Theorem 25.20], it follows that
VT also satisfies MC. Furthermore, it is clear that conditions 4.3(a), (b) and (c)
are absolute and so Ez remains E,-ergodic with respect to u in VE. Hence, by our

earlier argument,

VEE (=7 xEp) £ (=1 x Ey).
By the Shoenfield Absoluteness Theorem, since this is a II} property of a and (3,
it follows that

VE(=r xEg) e (=1 x E,).
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5. SOME APPLICATIONS

In this final section, we will present two easy applications of the results of the
earlier sections, which answer questions of Boykin-Jackson [3] and Thomas [22],
modulo Martin’s Conjecture. Throughout this section, if ¢, d € NY, then ¢ <* d iff
¢(n) < d(n) for all but finitely many n € N; and ¢ =* d iff both ¢ <* d and d <* c.
Similarly, we will write ¢ < d iff ¢(n) < d(n) for all n € N.

*

It is well-known that the countable Borel equivalence relation =* is Borel bire-

*

ducible with the Vitali equivalence relation Ey. In particular, =* is not weakly

universal.

Definition 5.1 (Boykin-Jackson [3]). Let E be a Borel equivalence relation on the
standard Borel space X. Then F is said to be Borel-Bounded iff for every Borel
map ¢ : X — NV, there exists a Borel homomorphism g : X — NN from E to =*

such that p(z) <* g(z) for all z € X

In [3], Boykin-Jackson introduced the notion of Borel-Boundedness and showed
that it is closely related to the Union Problem, which asks whether an increasing
union of hyperfinite Borel equivalence relations is also hyperfinite. More specifically,
Boykin-Jackson proved that every hyperfinite Borel equivalence relation is Borel-
Bounded; and they also showed that if the countable Borel equivalence relation E is
an increasing union of hyperfinite Borel equivalence relations, then F is hyperfinite
iff £ is Borel-Bounded. On the other hand, Boykin-Jackson pointed out that, while
it is conceivable that every Borel-Bounded countable Borel equivalence relation is
hyperfinite, there are currently no examples of countable Borel equivalence relations

which are known not to be Borel-Bounded.
Theorem 5.2 (MC). The Turing equivalence relation =1 is not Borel-Bounded.

Proof. Identifying each r € 2 with the corresponding subset of N, let ¢ : 2% — NN
be the Borel map such that:

e () is the strictly increasing enumeration of r N 2N, if N 2N is infinite;

e () is the zero function, otherwise.
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We claim that for each function » € NN, the = p-invariant Borel set
Sp={re2V|(Fse2¥)(s=rrand h < (s))}

contains a cone. To see this, first fix some strictly increasing function e € NN such
that h < e. Now suppose that r € 2V satisfies e <7 r and consider the subset

s C N defined by
s={2n)|neN}u{20+1|ler}.

Then clearly s =7 r and h < o(s). Thus S}, contains the cone {r € 2 | e <7 r}.
Now suppose that g : 28 — NV is a Borel homomorphism from =, to =* such that
o(r) <* g(r) for all » € 2V. Applying Theorem 1.4, it follows that there exists a
cone C' C 2N such that g maps C into a single =*-class; say, [h]=-. But this means

that S, N C = 0, which is a contradiction. O

Corollary 5.3 (MC). If E is a weakly universal countable Borel equivalence rela-

tion, then E is not Borel-Bounded.

Proof. If E is weakly universal, then =1 <% FE. Hence, applying Kechris-Miller
[22, Theorem 4.4], there exists a countable Borel equivalence relation S C E such
that =r<p S. By Boykin-Jackson[3, Lemmas 10 and 11], it follows that F is not
Borel-Bounded. (As we mentioned earlier, the material in Thomas [22, Section 4]
is due Kechris-Miller.)

O

The proof of Theorem 5.2 makes use of the Ey-m-ergodicity of the Turing equiv-
alence relation =¢. Unfortunately, this argument cannot be carried out within
the usual measure-theoretic setting. To see this, suppose that (X, u) is a stan-
dard Borel probability space and that § : X — NN is a Borel map. Then the

Borel-Cantelli Lemma implies that there exists a function » € NY such that
p({zeX[0(x)<"h})=1
This simple observation has the following striking consequence.

Theorem 5.4 (MC). Let E be a countable Borel equivalence relation on the stan-

dard Borel space X and let p be a (not necessarily E-invariant) Borel probability
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measure on X. Then there erists a Borel subset Y C X with u(Y) = 1 such that

E 1Y is not weakly universal.

Proof. Let ¢ : 2N — NN be the Borel map defined in the proof of Theorem 5.2. By
the Feldman-Moore Theorem [6], there exists a countable group I' = {7,,, | m € N}
and a Borel action of " on 2" such that the corresponding orbit equivalence relation

is precisely =7. Let ¢ : 2¥ — NN be the Borel map defined by
Y(2)(n) = max {@(ym - z)(n) [m <n}.

Then for all 7, s € 2V, if s =7 7, then p(s) <* ¥(r). Let f : X — 2% be a weak
Borel reduction from E to =7 and let 6 : X — NN be the Borel map defined by
6 =1 o f. Then there exists a function h € NV such that the Borel subset

Y={zeX|0(x)<"h}

satisfies u(Y) = 1. Let Z = [f(Y)]=z,. Then for each » € Z, we have that
o(s) <* h for all s = r. As in the proof of Theorem 5.2, this implies that
2N  Z contains a cone. Applying Corollary 2.4, if follows that =7[ Z is not
weakly universal. Since (E |Y) <% (=r] Z), it follows that E [ Y is not weakly

universal. O

In particular, assuming Martin’s Conjecture, the complexity of a weakly univer-
sal countable Borel equivalence relation always concentrates on a null set. This

answers Thomas [22, Question 3.22].

Remark 5.5. In [8], Hjorth proved that there exists a countable Borel equivalence
relation F on a standard Borel space X with an invariant probability measure p
such that F | Y is not essentially free whenever Y C X is a Borel subset with
w(Y) = 1. Arguing as in the proof of Theorem 5.4, it follows that there exists a

cone C C 2" such that =7[ (2 \ C) is not essentially free.

REFERENCES

[1] S. Adams, Containment does not imply Borel reducibility, in: S. Thomas (Ed.), Set Theory:
The Hagnal Conference, DIMACS Series vol. 58, American Mathematical Society, 2002, pp.
1-23.

[2] A. Andretta, R. Camerlo and G. Hjorth, Conjugacy equivalence relation on subgroups, Fund.
Math. 167 (2001), 189-212.



(3]

(21]

MARTIN’S CONJECTURE AND STRONG ERGODICITY 13

C. M. Boykin and S. Jackson, Borel boundedness and the lattice rounding property, in:
S. Gao, S. Jackson, Y. Zhang (Eds.), Advances in logic, Contemp. Math. 425, American
Mathematical Society, 2007, pp. 113-126.

R. Dougherty, S. Jackson and A. S. Kechris, The structure of hyperfinite Borel equivalence
relations, Trans. Amer. Math. Soc. 341 (1994), 193-225.

R. Dougherty and A. S. Kechris, How many Turing degrees are there?, in: Computability
Theory and its Applications (Boulder, CO, 1999), Contemp. Math. 257, Amer. Math. Soc.,
2000, 83-94.

J. Feldman and C. C. Moore, Ergodic equivalence relations, cohomology and von Neumann
algebras, I, Trans. Amer. Math. Soc. 234 (1977) 289-324.

H. M. Friedman, New Borel independence results, preprint (2007).

G. Hjorth, Borel equivalence relations which are highly unfree, J. Symb. Logic. 73 (2008),
1271-1277.

G. Hjorth and A.S. Kechris, Rigidity theorems for actions of product groups and countable
Borel equivalence relations, in: Mem. Amer. Math. Soc. 177, no. 833, 2005.

T. Jech, Set Theory: The Third Millennium Edition, Revised and Ezpanded, Springer Mono-
graphs in Mathematics, Springer-Verlag, Berlin, 2003.

A. S. Kechris and Y. N. Moschovakis (Eds.), Cabal Seminar 76-77, Lecture Notes in Math.
689, Springer-Verlag, Berlin, 1978.

M. Kondo, Sur luniformisation des complémentaire analytiques et les ensembles projectifs
de la seconde classe, Japan. J. Math. 15 (1938), 197-230.

D. A. Martin, The aziom of determinacy and reduction principles in the analytical hierar-
chy, Bull. Amer. Math. Soc. 74 (1968), 687-689.

D. A. Martin, Borel determinacy, Ann. Math. 102 (1975), 363-371.

D. A. Martin and R. M. Solovay, Internal Cohen extensions, Ann. Math. Logic 2 (1970),
143-178.

S. Popa, Cocycle and orbit equivalence superrigidity for malleable actions of w-rigid groups,
Invent. Math. 170 (2007), 243—-295.

Hartley Rogers Jr., Theory of Recursive Functions and Effective Computability, 2nd edition,
MIT Press, Cambridge, 1987.

T. A. Slaman and J. R. Steel, Definable functions on degrees, in: Cabal Seminar 81-85,
Lecture Notes in Math. 1333, Springer, Berlin, 1988, pp. 37-55.

R. I. Soare, Recursively Enumerable Sets and Degrees, Springer-Verlag, New York, 1987.
S. Thomas, Some applications of superrigidity to Borel equivalence relations, in: S. Thomas
(Ed.), Set Theory: The Hajnal Conference, in: DIMACS Series vol. 58, Amer. Math. Soc.,
2002, pp. 129-134.

S. Thomas, Superrigidity and countable Borel equivalence relations, Ann. Pure Appl. Logic

120 (2003), 237-262.



14 SIMON THOMAS

[22] S. Thomas, Popa superrigidity and countable Borel equivalence relations, Annals Pure Appl.

Logic. 158 (2009), 175-189.

MATHEMATICS DEPARTMENT, RUTGERS UNIVERSITY, 110 FRELINGHUYSEN ROAD, PISCATAWAY,
NEw JERSEY 08854-8019, USA

E-mail address: sthomas@math.rutgers.edu



