ON THE E,-EXTENSIONS OF COUNTABLE BOREL
EQUIVALENCE RELATIONS

SIMON THOMAS

ABSTRACT. We initiate the study of the Ep-extensions of Borel actions I' ~ X

of countable groups I' on standard Borel spaces X.

1. INTRODUCTION

Let I' ~ X be a Borel action of a countable group I' on a standard Borel space
X and let E13< be the corresponding orbit equivalence relation. Suppose that E is

a countable Borel equivalence relation on X such that:

e [ is Borel isomorphic to the Vitali equivalence relation Ey on 2V;

e I' normalizes F; i.e. the action I' ~ X permutes the F-classes.

Then the corresponding Fy-extension of EX is the countable Borel equivalence

relation E x EX on X defined by
z(ExEX)y <= there exists v € I' such that v -z E y.

This definition includes the possibility that E C EZ | in which case we will say that
E x EX = E¥ is a trivial Eg-extension. Thus E{X is a trivial Fg-extension of itself
precisely when there exists a subequivalence relation E C EX with E 2 Ey, which
is normalized by the Borel action I ~ X. (It is usually a highly nontrivial question
to classify the normal subequivalence relations of a countable Borel equivalence
relation. See Feldman-Sutherland-Zimmer [5, Section 4] or Bowen [2].)

Examples of Ey-extensions arise naturally in the analysis of the complexity of the
quasi-isomorphism relation on the space of torsion-free abelian groups of finite rank.

(See Thomas [18].) In this paper, we will consider the problem of determining the
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relative complexity of FY and E x E for various naturally occuring Eg-extensions
E x E; and we will point out some fundamental open questions.

Of course, the most basic example occurs when I' =1, X = 2N and E = Ey. In
this case, BX = Idgn and E x EX = Ey, and so EfX <p E x EX. There also exist

many natural examples of nontrivial Ey-extensions such that EX ~p E x EX.

Definition 1.1. If I' is a countably infinite group, then Er denotes the orbit

equivalence relation of the usual shift action I' ~ 2T.

If T is a countably infinite group, then we will also denote the corresponding
Vitali equivalence relation on 2'' by Ey. Suppose that I' contains a free nonabelian
subgroup. Then, by Dougherty-Jackson-Kechris [3, Section 1], Er is a universal

countable Borel equivalence relation.

Theorem 1.2. If T is a countably infinite group which contains a free nonabelian
subgroup, then Eg x Er is a universal countable Borel equivalence relation, and

hence Er ~g Eg X Er.

Initially it might seem reasonable to expect that EX <p E x E{ for every Fo-
extension. However, it turns out that there is a naturally occuring counterexample.
Fix some integer n > 3 and let P be the set of primes. For each p € P, let
V(n,p) = F, be the n-dimensional vector space over the finite field F, = Z/pZ,
and let g — g, be the group homomorphism SL,(Z) — SL,(F,) induced by the
ring homomorphism Z — Z/pZ. Let

' =SLy(Z) ~V =]]V(np)
peP
be the Borel action defined by g - (v,) = (g, - vp). Let EJ be the countable Borel

equivalence relation defined on V' by
(vp) By (wp) <= v, = w, for all but finitely many p € P.

Then EY is a uniquely ergodic, aperiodic, hyperfinite Borel equivalence relation;
and it follows that E) is Borel isomorphic to Ey. (For example, see Dougherty-
Jackson-Kechris [3, Theorem 9.1].) Also it is clear that the action I' ~ V permutes

the E} -classes.

Theorem 1.3. EYX and EY xEY are incomparable with respect to Borel reducibility.
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By Thomas [17, Theorem 5.5], there exists a pair of countable Borel equivalence
relations £ C F on a standard Borel space Z such that F' <p E. However, it is

not known whether such examples exist in the context of Fy-extensions.
Question 1.4. Does there exist an Fy-extension Ex E{ such that ExEX <p EX?

It is also natural to consider the question of which countable Borel equivalence
relations admit Fy-extensions. (Concrete instances of this question arise in the
analysis of the relative complexity of the isomorphism and quasi-isomorphism rela-
tions on the space of torsion-free abelian groups of finite rank.) Here it is necessary

to distinguish between group actions and countable Borel equivalence relations.

Definition 1.5. If ' ~ X is a Borel action of a countable group I' on a standard
Borel space X, then I' ~ X admits an Egy-extension if there exists a countable

Borel equivalence relation E on X such that E = Ey and I" normalizes F.

Definition 1.6. If I is a countable Borel equivalence relations on a standard Borel
space X, then F' admits an Eg-extension if there exists a Borel action I' ~ X of a

countable group I' such that F = EX and I' ~ X admits an Ep-extension.

There is an obvious necessary condition for a countable Borel equivalence relation

to admit an Ey-extension.

Proposition 1.7. If a countable Borel equivalence relation F on a standard Borel
space X admits an Fg-extension, then there exists an F-invariant nonatomic prob-

ability measure on X.

Proof. Let T ~ X be a Borel action of a countable group I such that F' = E¥ and

such that there exists a countable Borel equivalence relation E on X such that:

e E is Borel isomorphic to the Vitali equivalence relation Ey on 2V;

e [' normalizes FE.
Since E = Ey, it follows that there exists a unique E-invariant probability measure
v on X and that v is nonatomic. Since I' acts as a group of automorphisms of

(X, F), it follows that v is I'-invariant, and thus v is F-invariant. O

It is currently unknown whether or not the converse of Proposition 1.7 also holds.
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Question 1.8. Does there exist a countable Borel equivalence relation F' with an
F-invariant nonatomic probability measure such that F' does not admit an Fjy-

extension?

On the other hand, there exist many examples of Borel actions I' ~ X of count-
able groups I' on standard Borel spaces X such that I' ~ X does not admit an

Ejy-extension.

Theorem 1.9. If F is an aperiodic nonhyperfinite countable Borel equivalence
relation on a standard Borel space X, then there exists a Borel action I' ~ X of
a countable group T' such that F = EX and such that T ~ X does not admit an

FEy-extension.

If F is a countable Borel equivalence relation on a standard Borel space X,
then [F'] denotes the corresponding Borel full group; i.e. the group of all Borel
automorphisms of f: (X, F) — (X, F). The proof of Theorem 1.9 will make use
of the following result. (Recall that a permutation group G on an infinite set ) is

said to be highly transitive if G acts k-transitively on Q for every k > 1.)

Lemma 1.10. If F is an aperiodic countable Borel equivalence relation on a stan-
dard Borel space X, then there exists a countable subgroup T' < [F'] such that
F = EX and such that:

(i) T acts highly transitively on each F-class;
(if) Ty #Ty forallz #y € X.

Sketch proof of Lemma 1.10. Clearly we can suppose that X is an uncountable
standard Borel space. Then X is Borel isomorphic to R; and it follows that we can

express

X2 A{(z,x) |z e X} = U(AZXBZ)a
¢eN

where Ay, By are Borel subsets of X such that:
e AyN By =10 for all £ € N;
o if (1, -, 2k, Thy1, Try2 ) is a finite sequence of distinct elements of X,
then there exists £ € N such that xp1 € Ay, k42 € By, and x,,, ¢ ApU By
foralll1 <m <k.
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Now the proof of Kechris-Miller [10, Theorem 1.3]* yields the existence of a sequence
of Borel bijections (g, | g € N) such that whenever (1, , &g, Txt1,Tpt2 ) IS &
finite sequence of distinct elements of X with xp 1 F xp 2, then there exist n € N
such that g, (x+1) = Ty and gn () = zp forall 1 <m < k. Let I' < [ F'] be the
subgroup generated by { g, | n € N}. Then clearly F = E{; and an easy inductive

argument shows that I' acts k-transitively on every F-class for each k > 1. O

Proof of Theorem 1.9. Applying Lemma 1.10, let ' < [ F'] be a countable subgroup
such that F' = E¥X and such that:

(i) T acts highly transitively on each F-class;

(i) Ty # Ty forall z # y € X.
Note that (i) implies that I' acts primitively? on each F-class; and it follows that
I', is a maximal proper subgroup of I" for each z € X.

Suppose that E is a countable Borel equivalence relation on X such that E = Ej
and I" normalizes E. Let € X. Then, since I' acts primitively on [z]p, it follows
that either [2]r C [z]g or else E | [x]F is the equality relation on [z ]p.

Applying Dougherty-Jackson-Kechris [3, Proposition 5.2], if [z]r C [z ]g for all
x € X, then F' is hyperfinite, which is a contradiction. Hence there exists z € X
such that F | [2]F is the equality relation on [z]p. Let y € [z]gp ~ {x}. If
[yleN[ylr ={y}, then T', <T,; and, since ', is a maximal proper subgroup of
T, it follows that I'; = I'y, which is a contradiction. Thus [y]r C [y]g = [z]E.
But then if y € I'\I'y, then [y]r C v-[z]gN[2 ] = 0, which is a contradiction. O

There is a natural candidate for a countable Borel equivalence relation E with an
FE-invariant nonatomic probability measure which does not admit an Fy-extension.
Suppose that n > 3 and that p is a prime. Let Z, be the ring of p-adic integers
and let v be the Haar probability measure on the compact group SL,,(Z,). Since
SL,(Z) is a dense subgroup of SL,(Z,), it follows that v is the unique SL,,(Z)-

invariant probability measure under the left translation action SL,(Z) ~ SL,(Zy).

Question 1.11. Does E5En(Zp)

. ) o
SL.(7) admit an Ey-extension?

IThis is the Feldman-Moore Theorem [4].

2Recall that a transitive action T' ~ C is primitive if there are no nontrivial I'-invariant

equivalence relations on C.
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Remark 1.12. It is currently unknown whether SL,(Z) ~ SL,(Z,) admits an

Ep-extension.

Remark 1.13. ngn((%) is not a trivial Fy-extension of itself. In order to see this,

let I' = SL,(Z) and let X = SL,(Z,). Suppose that E C EX is a subequivalence
relation with E = Ej, which is normalized by the Borel action I' ~ X. Then,
applying Feldman-Sutherland-Zimmer [5, Theorem 4.1], since F is a normal ergodic
subequivalence relation of E7X, it follows that there exists a [-invariant Borel subset
Y C X with v(Y) = 1 such that every E{X-class C C Y contains only finitely many
E-classes. But then, by Jackson-Kechris-Louveau [8, Proposition 1.3], Eff 'Y is

hyperfinite, which is a contradiction.

It is also natural to ask how many Fy-extensions up to Borel bireducibility can
be realized by a fixed countable Borel equivalence relation. In fact, there exist
examples of Borel actions I' » X admitting uncountably many FEy-extension up
to Borel bireducibility. In more detail, if T" is any countably infinite group, let
Ar = @, cp Ay, where each A, = (a,) is cyclic of order 2; and let Ar ~ 2" be
the Borel action defined by

(@ 2)(g) = x(g),  ifg#y
1—x(g) ifg=r.
Thus Ey x Er is the orbit equivalence relation of the Borel action of the semidirect

product Wp = Ar x ' on 2. Finally, let
Frip, (") ={zec2' |g-a#Axforallge Wr~1}
be the free part of the action W ~ 2T.

Theorem 1.14. With the above notation, if T is the free group on 8 generators
and X = Fry,. (21), then T ~ X admits 2%° many Eg-extension up to Borel bire-

ducibility.

This paper is organized as follows. In Section 2, we will recall some basic notions
and results concerning countable Borel equivalence relations and ergodic theory. In
Section 3, we will present the proof of Theorem 1.2. In Section 4, we will discuss

the superrigidity theory that will be used in the proofs of Theorems 1.3 and 1.14.
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In Section 5, we will present the proof of Theorem 1.14. The final three sections

will be devoted to the proof of Theorem 1.3.

2. PRELIMINARIES

In this section, we will recall some basic notions and results concerning countable

Borel equivalence relations and ergodic theory.

2.1. Countable Borel equivalence relations. A detailed development of the
general theory of countable Borel equivalence relations can be found in Jackson-
Kechris-Louveau [8]. Here we shall only recall some basic notions and results.

A Borel equivalence relation E on a standard Borel space X is said to be count-
able if every FE-class is countable. For example, if G ~ X is a Borel action of
a countable group G on a standard Borel space X, then the corresponding orbit
equivalence relation Eéf is a countable Borel equivalence relation. Conversely, by
a classical result of Feldman-Moore [4], if E is an arbitrary countable Borel equiv-
alence relation on a standard Borel space X, then there exists a countable group
G and a Borel action G ~ X such that E = E&. A countable Borel equivalence
relation F is aperiodic if every E-class is infinite.

If E, F are Borel equivalence relations on the standard Borel spaces X, Y, then

a Borel map f: X — Y is a homomorphism from E to F if for all z, y € X,
By = f(@)F f(y)

If f satisfies the stronger property that for all z, y € X,
tEy < [f(&)Ffy),

then f is said to be a Borel reduction and we write £ <p F. If both F <p F
and ' <p F, then we write £ ~p F and we say that E, F are Borel bireducible.
Finally, if both £ <g F and F jéB FE, then we write £ <p F.

If E, F are Borel equivalence relations on the standard Borel spaces X, Y, then
F and F are said to be Borel isomorphic, written E = F'| if there exists a Borel

bijection f : X — Y such that for all z, y € X,

rEy <= [f(z)F f(y).
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Of course, if E = F, then £ ~p F. However, there are many examples of countable
Borel equivalence relations F, F' with E ~pg F such that £ 2 F.

A countable Borel equivalence relation E is smooth if E is Borel reducible to
the equality relation Idz on some (equivalently every) uncountable standard Borel
space Z. The countable Borel equivalence relation E on the standard Borel space

X is said to be hyperfinite if there exists an increasing sequence
BHChC---CF,C-

of finite Borel equivalence relations on X such that E = J, .y F. (Here a Borel
equivalence relation F' is said to be finite if every F-class is finite.) For example,

the Vitali equivalence relation, defined on 2N by
xEyy <= x(n)=y(n) for all but finitely many n,

is hyperfinite. By Dougherty-Jackson-Kechris [3], if E is a nonsmooth hyperfinite
equivalence relation, then ' ~p Fjy. Finally, a countable Borel equivalence relation

FE is universal if F <p E for every countable Borel equivalence relation F'.

2.2. Ergodic theory. Let G ~ X be a Borel action of a countably infinite group
G on a standard Borel space X. Throughout this paper, a probability measure on
X will always mean a Borel probability measure; i.e. a measure which is defined on
the collection of Borel subsets of X. The probability measure y on X is G-invariant
if u(g(A)) = p(A) for every g € G and Borel subset A C X. If y is G-invariant,
then the Borel action G ~ (X, p) is said to be ergodic if for every G-invariant Borel
subset A C X, either pu(A) = 0 or u(A) = 1. It is well-known that a Borel action
G ~ (X, ) is ergodic if and only if whenever Y is a standard Borel space and
f: X — Y is a G-invariant Borel map, then there exists a Borel subset Xg C X
with u(Xo) =1 such that f [ Xy is a constant map.

The Borel action G ~ X is said to be uniquely ergodic if there exists a unique
G-invariant probability measure p on X. In this case, it is well-known that g must
be ergodic. (For example, see Bekka-Mayer [1, Section 1.3].)

Suppose that G ~ (X, u) is ergodic and that H < G is a subgroup of finite
index. Then an H-invariant Borel subset Z C X is said to be an ergodic component

for the action of H ~ (X, u) if
o u(Z) > 0; and
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e H acts ergodically on (Z, uz), where puz is the normalized probability mea-

sure defined on Z by uz(A) = n(A)/u(2).

It is easily checked that there exists a partition Z; U --- U Zg of X into finitely
many ergodic components and that the collection of ergodic components is uniquely
determined up to p-null sets. Furthermore, if the action of G on X is uniquely
ergodic, then the action of H on each ergodic component Z C X is also uniquely
ergodic.

Suppose that F is a countable Borel equivalence relation on the standard Borel
space X and that u is a probability measure on X. Then p is said to be E-invariant
if u is G-invariant for some (equivalently every) countable group G with a Borel
action on X such that E = EX. Similarly, an E-invariant probability measure y on
X is said to be E-ergodic if p is ergodic for some (equivalently every) Borel action
G ~ X of a countable group G such that E = EJX; and E is said to be uniquely
ergodic if there exists a unique F-invariant probability measure on X.

Suppose that E, F are countable Borel equivalence relations on the standard
Borel spaces X, Y and that u is an E-invariant probability measure on X. Then a
Borel homomorphism f : X — Y from F to F' is said to be p-trivial if there exists
a Borel subset Z C X with u(Z) = 1 such that f maps Z into a single F-class.
Otherwise, f is said to be p-nontrivial. E is said to be F'-ergodic with respect to u
if every Borel homomorphism from E to F is p-trivial.

By Dougherty-Jackson-Kechris [3], the cardinality of the set of ergodic invariant
probability measures is a complete invariant for Borel isomorphism of nonsmooth
aperiodic hyperfinite Borel equivalence relations. The following special case is due

to Nadkarni [13].

Theorem 2.1. If F is a uniquely ergodic, aperiodic, hyperfinite Borel equivalence

relation, then E is Borel isomorphic to Ey.

3. THE PROOF OF THEOREMS 1.2

In this section, we will present the proof of Theorem 1.2. Let I' be a countable
group which contains a free nonabelian subgroup. Let G < T be a free nonabelian

subgroup, freely generated by the elements a, b. By Karras-Solitar [9, p. 950], the
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set {a™b"a™ | n > 1} freely generates a malnormal® subgroup F of G. It is easily
seen that H = (aba, a®b*a?) is a malnormal subgroup of F, and hence H is also a
malnormal subgroup of G. Furthermore, it is clear that [G : H] = oc.

Let Eg be the orbit equivalence relation of the shift action H ~ 2. Then,
by Dougherty-Jackson-Kechris [3, Section 1], Ey is a universal countable Borel
equivalence relation, and hence it is enough to show that Fy <p Fy x Er. From
now on, we will identify the elements of 2", 27 with the corresponding subsets of T,
H. Under this identification, the shift actions Fy, Er correspond to the translation
actions, S EN 9S; and Ey corresponds to the almost equality relation =* on P(T'),
defined by

S="T < |SAT|< .

The proof of Theorem 1.2 will make use of the following observation.
Lemma 3.1. Ifge G~ H and ¢, d € G, then |gHcN Hd| < 1.

Proof. First note that gHc = gHg 'z, where z = gc, and that gHg ' N H = 1.
Hence if z € gHcN Hd, then

gHcNHd=gHg 2N Hd= (gHg "N H)x = {xz}.
|

Let (Hz, | m > 0) enumerate the distinct cosets Hx of H in G such that
Hxz # H, and let (g, | n > 1) be a list of the elements of G \ H in which each
g € G~ H occurs infinitely many times. We will inductively define elements y,,
zn € G~ H for n > 1 such that the following conditions are satisfied:

(i) the cosets Hxo, Hy1, Hz1,- - , Hy,, Hz, are distinct;
(ii) Hxo N gnHy, # 0.
Suppose inductively that y1, 21, - ,Yn—1,2n—1 have been defined. Then Lemma

3.1 implies that
|HxoNgn(HUHxoUHyy UWHz -+ Hyp—1 UHz,—1)| < 2n,
and hence we can define suitable elements y,,, 2.

3Recall that a subgroup F of a group G is said to be malnormal if gF g~ N F = 1 for all
geGNF.
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Let f: 2" — 2 be the Borel map defined by S — S U Hxo U |, Sz,. We
claim that f is a Borel reduction from Ep to Ey x Ep. Clearly if S, T € 2H
and h € H satisfy hS = T, then hf(S) = f(T). Conversely, suppose that S,
T € 28 and g € T satisfy gf(S) =* f(T). If g € I' ~ G, then Hxy C f(T)
and Hzo Ngf(S) € GNgf(S) = 0, which is a contradiction. Next suppose that
g € G~ H and let n > 1 be any of the infinitely many n such that g = g,,. Then
there exists ¢, € Hxg N g, Hyy, and clearly ¢, ¢ g,f(S). Since Hxg C f(T), we
again reach a contradiction. Hence g € H. Clearly if ¢S # T, then gf(S) #£* f(T);
and so we obtain that ¢S = T. This completes the proof of Theorem 1.2.

4. SOME SUPERRIGIDITY RESULTS

In this section, we will discuss the superrigidity theory that will be used in the
proofs of Theorems 1.3 and 1.14. Until further notice, we will fix a Borel action
G ~ (X, u) of a countable group G on a standard Borel space X with an invariant

probability measure p.

Definition 4.1. If H is a countable group, then a Borel function a: G x X — H
is called a cocycle if for all g, h € G and = € X,

alhg,z) = a(h,g-x) a(g, x).

Cocycles typically arise in the following manner. Suppose that Y is a standard
Borel H-space and that H acts freely on Y i.e., that h-y # y for all y € Y and
1#heH. If f: X =Y is a Borel homomorphism from EZ to EY, then we can

define a corresponding Borel cocycle a: G x X — H by
a(g,z) = the unique element h € H such that h - f(z) = f(g - ).

Suppose now that b: X — H is a Borel map and that f' : X — Y is the “adjusted
map” defined by f'(z) = b(z) - f(x). Then f’ is also a Borel homomorphism from

EJ to E}; and the corresponding cocycle 8 : G x X — H satisfies

Blg.x) = blg - x)a(g, x)b(x) ™"

for all ¢ € G and x € X. This observation motivates the following definition.
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Definition 4.2. If H is a countable group, then the cocycles o, 5 : G x X - H
are equivalent if there exist a Borel function b : X — H and a G-invariant Borel

subset Xy C X with pu(Xo) = 1 such that

Blg,x) = blg - x)a(g, z)b(z) ™"
for all g € G and z € Xj.

Cocycle superrigidity theorems state that with suitable hypotheses on G, ( X )
and H, every Borel cocycle a : Gx X — H is equivalent to a group homomorphism®
¢ : G — H. In this case, if « is the cocycle corresponding to a Borel homomorphism
f:X =Y from EX to EY; and f' : X — Y is the “adjusted homomorphism”
corresponding to ¢, then

e(g)- f'(x) = f'(g- )
for all ¢ € G and x € Xp; i.e., the pair (o, f' | Xo) is a permutation group
homomorphism from (G, Xy ) to (H,Y").

The proof of Theorem 1.14 will make use of of the following special case of Popa’s
cocycle superrigiditity theorem [16]. (In the statement of the following theorem, we
oG

are considering the shift action G ~ (2%, 1), together with the uniform product

probability measure p on 2¢.)

The Popa Superrigidity Theorem. If G is a countably infinite Kazhdan group

and H is any countable group, then every Borel cocycle
a:Gx2° 5 H
is equivalent to a group homomorphism from G into H.

The proof of Theorem 1.14 involves the application of the Popa Superrigidity
Theorem to a suitable family of simple quasi-finite Kazhdan groups. Recall that a
countably infinite group A is said to be quasi-finite if every proper subgroup of A
is finite. The following result is implicitly contained in Olshanskii [14]. (For more

details, see Ozawa [15].)

4In some superrigidity theorems, it is necesssary to restrict to a subgroup Go < G of finite

index and an ergodic component of the restricted action Go ~ (X, ).
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Theorem 4.3 (OlU'shanskii [14]). If H is a noncyclic torsion-free hyperbolic group,
then H has a family { Ay = H/Ny | a < 2%} of uncountably many pairwise

nonisomorphic simple quasi-finite quotient groups.

Corollary 4.4. There exists a family { A, =| a < 2%} of uncountably many

pairwise nonisomorphic simple quasi-finite 2-generator Kazhdan groups.

Proof of Corollary 4.4. Let L be a noncyclic torsion-free hyperbolic Kazhdan group.
(For example, we can let L be a co-compact lattice in Sp(n, 1) for some n > 2. See
de la Harpe-Valette [6].) Let K < L be a 2-generator non-cyclic subgroup. Then,
by Olshanskii [14, Theorem 2], L has a quotient H = L/M such that:

(i) H is a noncyclic torsion-free hyperbolic group; and

(ii) m(K) = H, where 7 : L — L/M is the natural surjection.

In particular, (ii) implies that H is a 2-generator group. Applying Theorem 4.3, let
{A, = H/N, | a < 2% } be a family of uncountably many pairwise nonisomorphic
simple quasi-finite quotient groups. Let o < 280, Since A, is a quotient of H, it
follows that A, is a 2-generator group; and since A, is a quotient of L, it follows

that A, is a Kazhdan group. O

Remark 4.5. For later use, suppose that o # 8 < 2% and that ¢ : A, — Agisa
group homomorphism. Since A, 2 Ag and every proper subgroup of Ag is finite,
it follows that ¢ is not an embedding; and since A, is simple, it follows that ¢ is

the trivial homomorphism such that ¢(g) =1 for all g € A,,.

For each o < 2% let Ea_ be the orbit equivalence relation of the shift action
Ay ™ 22 and let p1,, denote the uniform product probability measure on 2%, The
proof of Theorem 1.14 will make use of the following strong Borel incomparability

result.
Theorem 4.6. If a # 3, then Ea,, is Ea,-ergodic with respect to fiq.

Proof. Suppose not and let f : 22« — 226 be a u,-nontrivial Borel homomorphism

from Ea, to Ea,. Let

Fra,(2%7)={xz€2% |g-a#aforallge Ag~1}
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be the free part of the action Ag ~ 224, Applying Thomas [19, Lemma 7.8], since
Ag is a simple quasi-finite group, it follows that Ea, is Borel bireducible with
Ea, | Fra,(24¢). Hence we can suppose that f(z) € Fra,(247) for all z € 2%«;

and we can define a Borel cocycle a : A, x 2% — Ag by
a(g,z) = the unique h € Ag such that h - f(z) = f(g- z).

By the Popa Superrigidity Theorem, « is equivalent to a group homomorphism
v : Ay = Ag; and, by Remark 4.5, ¢ is necessarily the trivial homomorphism such
that ¢(g) = 1 for all g € A,. Thus there exist a Borel map b : 28« — Az and a
A,-invariant Borel subset Xo C 2%+ with 4 (Xo) = 1 such that

b(g - x)a(g,z)b(x) " =1

for all g € A, and z € X,. Let f' : 28« — Ag be the Borel map defined by
f'(x) = b(x) - f(x). Then f' | Xy is A,-invariant; and hence, by ergodicity, there
exists a Borel subset X; C Xy with p(X1) = 1 such that such that f/ | X is
a constant map. But this means that f maps X; into a single Ex ,-class, which

contradicts the assumption that f is p,-nontrivial. ([

The proof of Theorem 1.3 will make use of the following result, which is an easy
consequence of the Toana cocycle superrigidity theorem [7] for profinite actions of
Kahzdan groups. Let n > 3, let V = Hp@, V(n,p), and let I' = SL,(Z). Then we
can define a I'-invariant ergodic probability measure v for the Borel action I' ~ V'

as follows.® For each p € P, let vp be the probability measure on V' (n,p) defined by

/(p"—1), ifv#0;

0 ifv=0.

Then the corresponding product measure v = [[ _pvp on V is I'-invariant and

p€EP

ergodic.
Theorem 4.7. Let n > 3 and let T'= SL,(Z). If H is any countable group and

a:I'xV - H

5Tn Section 6, we will classify all of the I'-invariant ergodic probability measure on V.
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is a Borel cocycle, then there exists a subgroup A < T with [T : A] < co and an
ergodic component Xq for the action of A ~ (V,v) such that o | (A x Xg) is

equivalent to either:

(a) an embedding ¢ : A — H; or else

(b) the trivial homomorphism ¢ : A — H which takes constant value 1.

Remark 4.8. The proof of Theorem 4.7 is virtually identical to that of Thomas [20,
Theorem 4.3]. There is a slight complication when n is even and Z(SL,(Z)) is a
nontrivial finite normal subgroup of I'. However, this is easily dealt with by first

passing to a subgroup I'g < T' of finite index such that I'o N Z(SL,(Z)) = 1.

The proof of Theorem 1.3 will also make use of the following non-embeddability

theorem, which is an easy consequence of the Margulis superrigidity theorems [11].

Theorem 4.9. Let n > 3 and let T' = SL,(Z). If A < T is a subgroup with
[T:A]<oco and 1 <m <mn, then A does not embed into GL,,(C).

5. THE PROOF OF THEOREMS 1.14

In this section, we will present the proof of Theorem 1.14. First we will recall
the notation that we will use throughout this section. Let I' be a countably infinite
group, let Er be the orbit equivalence relation of the shift action I' ~ 2T and
let 4 be the uniform product probability measure on 2. Throughout, the Vitali
equivalence relation on 2' will be denoted by Ey. Let A = @«/GF A, where each

A, = {ay) is cyclic of order 2; and let A ~ 2" be the Borel action defined by

z(g), if g #;

1—z(g) ifg=r.

(ay - 2)(9) =

Thus Fy is the orbit equivalence relation of the action A ~ 2'; and Ey x FEr is
the orbit equivalence relation of the action of Wy = A x I" on 2'. Finally, for each

He {T,Wr}, let
Frgy2")={zc2' |h-a#4xforallhc H~1}

be the free part of the action H ~ 2F'. Then clearly Fry(2') is an H-invariant

Borel subset of 2F'. In this section, we will continue to identify each = € 2T with the
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corresponding subset S C I' and to identify Ey with the almost equality relation
=*on P(I).

Lemma 5.1. u(Fry,.(21)) = 1.

Proof. Tt is enough to show that
p({ze2t |g-x=2})=0

for all 1 # g € Wr. Let g = a7y, where a € A and v € I'. Since A acts freely on 2T,
we can suppose that v # 1. Note that if S € 20 and g- S = 5, then v- 5 =* S. Let
C = (7) be the cyclic subgroup generated by ~.

First suppose that C' is finite and let T" be a set of right coset representatives of
C in I'. Then T is infinite and v -5 =* S if and only if for all but finitely many
t € T, we have that either SNCt = Ct or SNCt = (). There exists a fixed 0 < p < 1
such that for all t € T,

pw({Se2" | SNCt#Ctand SNCt#0}) =p.

By the second Borel-Cantelli Lemma, since these events are independent, it follows
that for p-a.e. S € 2%, there exist infinitely many ¢ € T such that S N Ct # Ct and
SNCt# 0.
Next suppose that C' is an infinite cyclic group. Then if v - S =* S, we must
have that either:
(i) SNC is finite; or
(ii) there exists ¢ € Z such that {y" |n <} CSNC;or
(iii) there exists £ € Z such that {4" |n>{¢} C SNC.

Clearly the set of S € 2" satisfying conditions (i), (ii) or (iii) forms a y-null set. [

From now on, let ' = (a, b, c) be the free group on the generators a, b, ¢ and let
F = {a,b) be the free group on the generators a, b. Let 7w : I' — F be the surjective
homomorphism such that 7(a) = a, 7(b) = band n(c) = 1; and let N = ker 7. Then
clearly F is a set of coset representatives of N in I'. Let Xz C 2 be the Borel
subset consisting of the subsets S C T' such that there exists a (possibly empty)
subset I C F with S =| |,.; Nt. For each S € 2", let [S]g, be the corresponding

Ej-class.
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Claim 5.2. If S € Xp, then [S]g, ~ Frr(2Y) = {S}.

Proof of Claim 5.2. Suppose that S = | |,c; Nt € Xp. Then clearly g-S = S for
each g € N and so S ¢ Frp(2h). Let S’ € [S]g, ~ {S}. Then at least one of the
following possibilities must hold:

(i) {teT|0<|S" NNt < oo} is a nonempty finite subset of T\ I;

(ii) {t €T |0 <|Nt~\ S| < oo} is anonempty finite subset of T.
Suppose that g € T satisfies g - S’ = S’. Since N is a normal subgroup of T', it
follows that g permutes the cosets { Nt | t € T' }; and since at one of (i) or (ii) holds,
it follows that there exists a nonempty finite subset A C I' such that g- A = A, and
this implies that g = 1. t

Let Y = J{Frr(2") N [S]g, | S € Xr}. Note that Claim 5.2 implies that if
SeXpandl#a€ A thena-SeY.

Claim 5.3. If 1 # a € A, then the map S — a - S is a Borel reduction from
EF [XF to (EO X EF) [Y

Proof of Claim 5.3. Suppose that S1, So € Xp. If there exists v € I' such that
v+ S1 = So, then v - [S1]g, = [S2]E, and it follows that there exists g € Wr such
that g - (a-S1) = a- Sy. Conversely, suppose that there exists g € Wr such that
g-(a-S1)=a-Sy. Let g =~b, where v € ' and b € A. Then v-[S1]g, = [S2]E5,,
and Claim 5.2 implies that v -.S; = S5. [l

Note that the above argument also yields the following result.
Claim 5.4. Let 0 : Y — Xp be the Borel map defined by
o(y) = the unique z € X such that z Ey y.
Then o is a Borel reduction from (Eg x (Er) |'Y to Er | XF.

Applying Corollary 4.4, let { A, =| a < 2%} be a family of uncountably many
pairwise nonisomorphic simple quasi-finite 2-generator Kazhdan groups. For each

a < 2% let m, : F — A, be a surjective homomorphism and let

fa22A”*>XF
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be the Borel injection defined by
(5.3) S— || Nt
teny 1 (S)

Let XA, = fo(2%¢). Then Xa_ is a I-invariant Borel subset of Xz and f, is a

Borel isomorphism from Ea, to Er | Xa,. Let
Vo = J{Frr(@) N [S]g, | S € Xa, }

and let Z, = FrWF(QF) UY,. Then clearly Y,, Z, are I'-invariant Borel subsets of
Frr(2') and T’ permutes the (Eg | Z,)-classes.

Claim 5.6. Ey [ Z, is Borel isomorphic to Ey.

Proof of Claim 5.6. Applying Claim 5.2, we see that the following conditions hold:
(i) Ey | Yy, is aperiodic; and
(ii) Ep | Y, is smooth.
Since Ey | Fryy,. (21) is clearly aperiodic, it follows that Ey | Z, is aperiodic. Also
condition (ii) implies that if v is an (Ey [ Z,)-invariant probability measure on
Zq, then v(Y,) = 0. (For example, see Dougherty-Jackson-Kechris [3].) Since
Eo | Fri,.(2) is uniquely ergodic, it follows that Ey | Z, is also uniquely ergodic.

Hence the result follows from Theorem 2.1. O
Claim 5.7. I' ~ Z,, is Borel isomorphic to T ~ Fry. (2).

Proof of Claim 5.7. Tt is enough to show that Er | Y, is smooth. To see this, first
let {A, | n € N} be an enumeration of the finite nonempty subsets of I'. Now
suppose that C' C Y, is a ['-orbit; and for each S’ € C, let S € Xa_ be the unique
element such that S’ Ey S. Then S = Utels Nt for some subset Ig C T'; and

Fs/:U{S/ﬂNt|0<|S’ﬂNt|<oo}UU{Nt\S'|0<|Nt\S’|<oo}

is a nonempty finite subset of I". Furthermore, it is clear that if v € T', then

Fy.sr =7 Fsr. It follows that the map

C —{A,|neN}

S Fg
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is injective; and so we can make a Borel selection of an element S, € C by letting

S¢ be the unique S” € C such that Fgr = A, ¢y, where
n(C)=min{n e N| (38 €C)Fs = A, }.
([l

Combining Claims 5.6 and 5.7, we see that (Ey [ Z,) % (Er | Z,) is Borel
isomorphic to an Eg-extension of I' ~ Fryy;.(21). Hence, in order to complete the

proof of Theorem 1.14, it is enough to prove the following result.

Theorem 5.8. If a # 3, then (Ey | Zy) % (Er | Z,) is not Borel reducible to
(Eo | Zg) x (Er | Zg).

Suppose that f : Z, — Z3 is a Borel reduction from (Ey [ Z,) X (Er | Zs) to
(Eo | Zg) x (Er | Zg). Let fo : 2%« — Xa_ be the Borel isomorphism from Fa,
to Er | Xa,, given by (5.3) and let 1 # a € A be a fixed nonidentity element. Let
¢ : 28« — Zz be the Borel map defined by

S fla- fa(5)).

Applying Claim 5.3, we see that S +— a - f,(S) is a Borel reduction from Ea_ to
(Eo | Za) % (Er | Zy); and it follows that ¢ is a Borel reduction from Ea_ to
(Eo | Zg) x (Er | Zg). Since A, ~ (229, u, ) is ergodic, either:

e o(x) € Fryp.(21) for pa-ae. € 2%<; or

e o(z) € Yp for py-ae. x € 28,
Case 1: Suppose that ¢(z) € Fryy,. (21) for pa-a.e. x € 28=. Then, after deleting

a fie-null subset of 22+, we can define a Borel cocycle a : A, x 2%« — W by
a(y,z) = the unique g € Wr such that g - p(x) = p(vy - z).

Applying the Popa Superrigidity Theorem, it follows that « is equivalent to a group
homomorphism ¥ : A, — Wr. Hence, after adjusting ¢, we can suppose that for

fa-a.e. x € 28 for all v € A,,

It is clear that the simple quasi-finite group A, does not embed into Wpr = A x T
and it follows that ¢ is the trivial homomorphism such that ¥(y) = 1 for all
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v € Ay. Thus @ is pg-a.e. Ag-invariant; and by ergodicity, this implies that ¢ is
lo-a.e. constant, which is a contradiction.

Case 2: Suppose that ¢(z) € Y3 for pe-a.e. ¥ € 2%«. Applying Claim 5.2, let
o:Yg — Xa, be the Borel map defined by

o(y) = the unique z € Xa, such that z Ey y.

Then, by Claim 5.4, ¢ is a Borel reduction from (Eg % (Er) [ Yg to Er [ Xa,. It
follows that the map = — (f[;1 oo op)(x)is ue-a.e. a Borel reduction from F, to
Ez, which contradicts Theorem 4.6.

It should be pointed out that the current version of Theorem 1.14 is situated
very much in the Borel setting, rather than in the measurable setting in which sets
and functions are identified if they agree on a conull set. This suggests the following

problem.

Notation 5.9. For each countable Borel equivalence relation E such that F = FEj,

let up be the unique E-invariant probability measure.

Question 5.10. Does there exist a countable Borel equivalence relation F' on a
standard Borel space X with uncountably many Ep-extensions { E, x F | a < 2% }
such that whenever ¥ C X is a Borel subset with ug, (Y) =1 and 8 # «, then
(Eq x F) 1Y is not Borel reducible to Eg x F'?

6. ERGODIC PROBABILITY MEASURES

The remaining sections of this paper will be devoted to the proof of Theorem
1.3. From now on, we will let I' = SL,(Z). Recall that E¥ is the orbit equivalence
relation corresponding to the Borel action

['=SLy(Z) ~V =[] V(np),
peP

and that E} is the countable Borel equivalence relation on V' defined by
(vp) By (wp) <= v, = w, for all but finitely many p € P.

In order to simply notation, for the remainder of this paper, we will write E, E*
instead of EY, E} x EY respectively. For each p € P, let T}, = {t, | v € V(n,p) },
where

ty(w) =v+w, w € V(n,p).
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Let T = @,cpTp and let G = T'x I'. Then clearly E* is the orbit equivalence
relation corresponding to the Borel action G ~ V.

In this section, in preparation for the proof of Theorem 1.3, we will classify the
I'-invariant and G-invariant ergodic probability measures on V. First note that I"
SL(n,p). It follows that
T, x SL(n,p)]. Since K

is a dense subgroup of the compact group Ky = Hpe]P’

G is a dense subgroup of the compact group K = HPGP[
acts transitively on V, it follows that the action G ~ V is uniquely ergodic; and,
since G clearly preserves the product p of the uniform probability measures on the
V(n,p), it follows that p is the unique G-invariant probability measure on V.

The situation for the action I' ~ V is a little more complex. First note that the

orbits of K on V are precisely { Vg | S C P}, where
Vs={(vp) eV |v,#0<=peS}
It follows that each action I' ~ Vg is uniquely ergodic. Let

Vi(n,p)~{0}, ifpes;
Vs(n7p) =
{0}, otherwise.
Then Vg = HpEIP’ Vs(n,p) and the unique I-invariant probability measure on Vg is

the product pg of the uniform probability measures on the sets Vs(n,p).
Lemma 6.1. The I'-invariant ergodic probability measures onV are { ug | S CP}.

Proof. Suppose that v is a I'-invariant ergodic probability measures on V. Since I is
a dense subgroup of Ky, it follows that v is also Ky-invariant. Since Ky is compact,
every Ky-invariant ergodic probability measure on V is supported on a Ky-orbit.
(For example, see Bekka-Mayer [1, Corollary 2.21].) It follows that v = pg for some
S CP. O

Finally, we will also need to know the A-invariant ergodic probability measures
on V for subgroups A < T' of finite index. Recall that if v is a probability measure
on a topological space X, then the support of v, denoted by supp(v), is the smallest
closed subset C' C X such that v(X ~\ C) = 0.

Lemma 6.2. Suppose that A < T is a subgroup with [T : A] < oo and that v is

an ergodic probability measure for the action A ~ V. Then there exists a subset
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S C P such that supp(v) is an ergodic component of A ~ (V,us) and v is the

normalized probability measure on supp(v) corresponding to pg.

Proof. Let H be the closure of A in Ky = [[,.pSL(n,p). Then v is also H-

peEP
invariant and hence is supported on an H-orbit; say, H -v. Furthermore, the action
of H ~ H -v is uniquely ergodic. Let S C P be the subset such that Ky -v = Vg.
Then the normalized probability measure on H-v corresponding to pg is H-invariant

and hence is equal to v. O

7. THE PROOF OF THEOREM 1.3

Let v = up be the I'-invariant probability measure which concentrates on
Ve={(vp) eV |v,#0forall peP},

and let Frg(V)={v eV |g-v#£wvforall g e G\ 1} Equivalently, v € Frg(V)
if and only if for all 1 # v € ', v and 7y - v are not E{ -equivalent. The proof of the

following technical result will be delayed until Section 8.

Lemma 7.1. If f : V — V is a v-nontrivial Borel homomorphism from E to E*,

then v({v eV | f(v) €Frg(V)})=1.

In this section, we will present the proof of Theorem 1.3, modulo Lemma 7.1.
First suppose that that f : V — V is a Borel reduction from E* to E. Then f is
a v-nontrivial Borel homomorphism from E to E*. Hence, by Lemma 7.1, there
exists a I'-invariant Borel subset X C V with v(X) = 1 such that f(v) € Frg(V)

for all v € X; and we can define a Borel cocycle a: ' x X — T" by
a(g,v) = h, where h € T is the unique element such that h - f(v) = f(g-v).

By Theorem 4.7, there exists a subgroup A < T" with [T': A] < oo and an ergodic
component Xg C X for the action A ~ X such that a [ (A x X ) is equivalent
to either an embedding ¢ : A — T or else the trivial homomorphism ¢ : A — T’
which takes constant value 1. Thus, after deleting a null subset of X if necessary,

we can suppose that there exists a Borel map b: Xg — I such that

o(g) = b(g - v)a(g,v)b(v) !
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for all v € Xy and g € A. Let f' : Xo — V be the Borel map defined by
f'(v) =b(v) - f(v). Then

flg-v)=w(g)- f'(v)

for all v € Xg and g € A. If ¢ is the trivial homomorphism, then f/: Xq — V is
A-invariant; and hence, since A acts ergodically on Xy, it follows that f/ is v-a.e.
constant. But this means that f maps v-a.e. v € X into a single E-class, which is
a contradiction. Thus we can suppose that ¢ is an embedding; and it follows that
[T : ¢(A)] < co. In order to simplify notation, we will suppose that f" = f, so
that

flg-v) =¢(g) f(v)

for all v € Xy and g € A. Next note that by applying Lemma 7.1 to the identity
map V — V, it follows that v(Frg(V)) = 1. (Lemma 7.3 will provide a direct
proof of this result.) Hence can suppose that Xo C X C Frg(V). It follows that
if v € Xp, then f restricts to a bijection between the orbits A - v and @(A) - f(v).
Furthermore, if v € X and 1 # g € T, then v and g - v are not EY -equivalent.
Also, since v(Xg) > 0, it follows that E) | X, is not smooth and so we can
suppose that [U]ES/ N Xp is infinite for each v € Xy. Fix some v € X and let
v = vg,V1, - ,VUp, -+ enumerate [’U]E[\)/ N Xo. Then the orbits {A - v, | n € N}
are distinct; and @(A) - f(v,) € T'- f(v) for all n € N. Since [T : p(A)] < oo,
it follows that T - f(v) contains only finitely many ¢(A)-orbits. Let ¥ be the A-
ergodic probability measure on X defined by 7(A) = v(A)/v(Xy) Let Z = f(Xo)
and let m = f,0. Then @(A) acts ergodically on the standard probability space
(Z,m). By ergodicity, we can suppose that each ¢(A)-orbit is the image of the
same number of A-orbits; and this number is necessarily infinite. Thus we can

define a smooth aperiodic countable Borel equivalence relation F' C Efo by
vFw <<= f(v)=f(w).

But, by Dougherty-Jackson-Kechris [3, Proposition 2.5, this means that Ef“ is
compressible, which is a contradiction. (Recall that, by Nadkarni [12], if a countable
Borel equivalence relation E is compressible, then E does not admit an invariant

probability measure.)
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Next suppose that f : V' — V is a Borel reduction from E to E*. Applying
Lemma 7.1, there exists a I'-invariant Borel subset X C V with v(X) = 1 such that
f(v) € Frg(V) for all v € X; and we can define a Borel cocycle a : I' x X — G by

a(g,v) = h, where h € G is the unique element such that h - f(v) = f(g-v).

By Theorem 4.7, there exists a subgroup A < T’ with [T': A] < oo and an ergodic
component Xy C X for the action A ~ X such that o [ (A x Xy ) is equivalent to
either an embedding ¢ : A — G or else the trivial homomorphism ¢ : A — G which
takes constant value 1. Furthermore, arguing as above, we can suppose that ¢ is
an embedding; and, after deleting a null subset of Xy and adjusting f if necessary,
we can also suppose that

flg-v) = ¢(g) - f(v)
for all v € Xy and g € A. Since T is finitely generated and [T : A] < oo, it follows
that A is also finitely generated. Thus there exists a finite subset F' C P such that

p(L) <[P T =T

peER
Suppose that v, w € Xy and that g € A satisfies g-v = w. Then ¢(g)- f(v) = f(w).
Let ¢(g) = th, where t € €, cp T, and h € I'. Let f(v) = (up) and f(w) = (zp).
Then h-u, =z, forallp e P\ F.
Let f': Xog — V be the Borel map defined by
(o) = f(v)p, ifpeP~F;
0, ifpe F.

Also, let ¢’ : A = T be the homomorphism defined by ¢'(g) = h, where ¢(g) = th
for some t € P, Tp- Then clearly f'(v) £ f(v) and so f is a Borel reduction
from F | Xg to E*. Furthermore, if v € Xy and g € A, then

fg-v)=¢'(9)- f'(v)

and so f'(g-v) E f'(v). Let Z = f'(Xo). Then the above remarks imply that if C' is
an E*-class of V, then C'N Z is contained in a single E-class. In order to simplify
notation, we will suppose that f' = f | Xy and that ¢’ = (.

Let 7 be the A-ergodic probability measure on X defined by 7(A) = v(A4)/v(Xo)
and let m = f,0. Then ¢(A) acts ergodically on the standard probability space
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(Z,m). By Lemma 6.2, there exists a subset S C P such that m is the normalized
probability measure on Z corresponding to the finite measure pug [ Z and it is clear
that S cannot be a finite subset of P. Thus, in order to reach a contradiction, it is

enough to prove the following result.

Proposition 7.2. Suppose that S C P is an infinite subset and that Z C 'V is a
Borel subset such that if C' is an E*-class of V', then C'N Z is contained in a single
E-class. Then us(Z) =0.

First we need to prove the following result.
Lemma 7.3. If S CP is an infinite subset, then us(Vs NFrg(V)) =1.

Proof. For each 1 # g € I, let W§ be the subset of those v € Vg such that v and
g-v are not Egp-equivalent. Then it is enough to show that each pg(WZ) = 1. To see
this, for each p € S, let g, € SL(n,p) be the corresponding element. Then g, # 1
for all but finitely many p € S. Let T' C {p € S| g, # 1} be an infinite subset

such that )~ _,1/p < co. For each p € T, let Fix(g,) < V(n, p) be the subspace of

peT
vectors fixed by g, and let £ = {v € V' | v, € Fix(gp) }. Since dim Fix(g,) <n—1,

it follows that
ps(E9) < ("7 = 1/(" —1) <1/p.
Applying the Borel-Cantelli Lemma, since
Y us(Bg) <> 1/p< oo,
peT peT
it follows that for pyg-a.e. v € Vg, the set {p € T'| g, - v, = v}, } is finite. Hence
ps(W§) = 1. O

Proof of Proposition 7.2. Suppose S, Z is a counterexample. Applying Lemma 7.3,
we can suppose that Z C Vs NFrg(V). Let Gs = [P, Tp] x I and let vg be the
uniform product probability measure on Vg = [l,esV(n,p). Then vg is a Gs-
ergodic probability measure on V;; and, identifying Vg with HpES( Vin,p)~{0}),
we have that vs(Vs) = [[,c5(1 —1/p™). Since 3 o 1/p™ < oo, it follows that
vs(Vs) > 0 and hence vg(Z) = ps(Z)vs(Vs) > 0. It follows that there exists
1L #t € D,yesTy such that tZNZ # 0; say, t -v € Z, where v € Z. Then,

since v and t - v are E*-equivalent, it follows that there exists 1 # g € I such that
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g-v=t-v. But then v and g - v are Ey-equivalent, which contradicts the fact that

v € Frg(V). O

This completes the proof of Theorem 1.3.

8. THE PROOF OF LEMMA 7.1

In this section, we will present the proof of Lemma 7.1. Suppose that f: V — V
is a counterexample; i.e. that f : V' — V is a v-nontrivial Borel homomorphism
from E to E* such that v({v € V| f(v) € Frg(V)}) # 1. Then, by ergodicity,
it follows that there exists a I'-invariant Borel subset X C V with v(X) = 1 such
that f(v) ¢ Frg(V) for all v € X.

Let EgP be the countable Borel equivalence relation on 2F defined by
(xp) Egp (yp) <= x, =y, for all but finitely many p € P.

Then clearly E2 = Ey. For each v € V, let o(v) = {p € P | vp # 0}. Then the
map v — o(v) is a Borel homomorphism from E to Eg“’. Since T is a Kazhdan
group, it follows that E is Ey-ergodic with respect to v; and hence we can suppose

that f maps X into a single ng—class; say, [S] Clearly S cannot be a finite

Eg]P.
subset of P. Let D be any nonprincipal ultrafilter over P such that S € D.
From now on, for each v € V, the corresponding E} -class will be denoted by

[v]; and we define

Lloy={rel |y [v]=][v]}.
Let v € X and let f(v) = (up). Then there exists a non-identity element v € I'\ 1
such that 5 [ f(v)] = [7+ f(0)] = [F(v)]. Let

f()p = (w)p € [[ Vnp)=V(nF)

where F' = [[, F,. For each p € P and v €T, let v, € SL(n,p) be the correspond-
ing matrix over the finite field F,, = Z/pZ. Then (v,)p - f(v)p = f(v)p and clearly
(7p)p = . From now on, regard F as a subfield of C and let I' ~ V(n,C) be the
corresponding extension of the action I' ~ V(n, F'). Then f(v)p # 0 is a nontrivial
element of the 7-eigenspace E < V(n,C) corresponding to the eigenvalue 1; and
since v # 1, it follows that F is a nontrivial proper Q-subspace of V (n,C).

Here Q is the algebraic closure of Q; and a subspace W < V(n, C) is said to be

a Q-subspace if there exists a (possibly empty) collection of vectors by,..., by €
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V(n,Q) such that E = (by,...,b;). Clearly if E, F < V(n,C) are Q-subspaces,
then ENF is also a Q-subspace. Thus, for each v € X, there exists a unique minimal
proper Q-subspace W, such that f(v)p € W,. Furthermore, the above argument
shows that each v € T'[f(,)] acts trivially on W,. Thus, for each v € X, there
exists a unique nontrivial maximal (necessarily proper) Q-subspace U, < V(n,C)
on which T' ¢,y acts trivially. Note that the Q-subspace U, does not depend on
the choice of the nonprincipal ultrafilter over P such that S € D. In particular, the
above argument shows that if v € X and if D is any nonprincipal ultrafilter over
P such that S € D, then f(v)p € U,. Clearly the map v +— U, is Borel and hence

there exists a Q-subspace U such that
v({veX|U,=U})>0.

After adjusting f and shrinking X if necessary, we can suppose that U, = U for
all v € X. Let H = 'y be the setwise stabilizer of U in I'. Now suppose that
v, w € X and that v € T satisfies v - v = w. Then there exists h € I" such that
h-[f(v)] =[f(w)], and we have that

Thus h € H. Let Hy = {h | U | h € H} be the group of linear transformation
induced on U by H; and for each h € H, let h=nh IU.

Claim 8.1. Suppose that v, w € X and that h € H satisfies h- [ f(v)] = [ f(w)].
=1, then [ /(0)] = [f(w)].

Proof of Claim 8.1. Let f(v) = (up,) and f(w) = (2p). Suppose that
D={pePlup#2}

is infinite, and let D be a nonprincipal ultrafilter over P such that D € D. Then
clearly |D ~\ S| < oo and so S € D. Hence f(v)p, f(w)p € U and f(v)p # f(w)p.
Since h - f(v)p = f(w)p, it follows that h # 1. O

Again suppose that v, w € X and that v € I satisfies v-v = w. Then there
exists h € H such that h-[f(v)] = [f(w)]. Suppose that h’ € H also satisfies
W - [f(v)] = [f(w)]. Then h='h’" € T4, and it follows that h | U = b’ | U.
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Hence we can define a Borel cocycle a: I' x X — Hy by
a(v,v) = h, where h € H is any element such that h - [ f(v)] = [f(y-v)].

By Theorem 4.7, there exists a subgroup A < I" with [I': A] < oo and an ergodic
component Xy C X for the action A ~ X such that o | (A x X ) is equivalent
to either an embedding ¢ : A — Hj or else the trivial homomorphism ¢ : A — Hy
which takes constant value 1. Furthermore, applying Theorem 4.9, it follows that
A does not embed into Hy. Thus, after deleting a null subset of X if necessary,

we can suppose that there exists a Borel map b: Xy — Hp such that

b(y - v)a(y,v)b(v) ' =1

for all v € Xy and v € A. Let b: Xo — H be a Borel map such that b(v) = b(v)
and let f': Xo — V be the Borel map defined by f/(v) = b(v) - f(v).

Suppose that v, w € Xy and that v € A satisfies v-v = w. Let h € H be such
that b - [ f(v)] = [f(w)] = [f(y-v)]. Then

b(y - v)hb(v) - [ (v) ] = by ) - [f(v-v)] = [f'(v-0)] = [ (w)]
and b(v - v)hb(v) ™1 — b(y - v)a(y, v)b(v) "t = 1.
Claim 8.2. [f'(v)] = [f'(w)].
Proof of Claim 8.2. Let f'(v) = (up) and f'(w) = (z,). Suppose that
D={pePlu,#2}

is infinite, and let D be a nonprincipal ultrafilter over P such that D € D. Once
again, it is clear that |D \ S| < oo and so S € D. Thus f(v)p, f(w)p € U; and
clearly f'(v)p # f'(w)p. Since f'(v) = b(v)- f(v) and f'(w) = b(w) - f(w) for some
b(v), b(w) € H = T'qyy, it follows that f'(v)p, f'(w)p € U. Finally, since

b(g - v)hb(v) ™ [f'(0)] = [f'(w)],

it follows that b(g - v)hb(v)~" = b(g - v)a(g, v)b(v)~! # 1, which is a contradiction.
(I

Since A is a Kazhdan group, it follows that Eﬁo is Ey-ergodic; and hence we

can suppose that f’ maps Xy into a single EJ -class. However, this implies that f
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maps v-a.e. v € X into a single E*-class, which contradicts the assumption that f

is v-nontrivial. This completes the proof of Lemma 7.1.
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