Solutions to Review Sheet for the Last Part of the Syllabus, Math 151

This is a review sheet for the sections in the syllabus that were not covered in the previous
review sheets. When you study for the final exam, you should look at this review sheet
and the review sheets for Exam 1 and Exam 2.

(1) Consider the partition a = zg < 1 < T2 < x3 < x4 = b where o9 = —4, r; = —1,
s =5, x3 = 10, 24 = 20. Assume f(x) = —2%. Find the Riemann sum corresponding to
this partition, this function f(z) and the sample points ¢; = =2, co =4, ¢35 =7, ¢y = 12.
What is the norm of this partition?

The Riemann sum is
(—(=2)2)(—1 — (—4)) + (—42)(5 — (—1)) + (~72)(10 - 5) + (~122)(20 — 10).

The norm is the maximum of the numbers —1 — (—4), 5—(—1), 10—5, 20 — 10. Therefore,
the norm is 10.
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(2) Evaluate /6593 dz | /egw (e7™ + €**) dz and / % dx .
e €T
The indefinite integrals are

1
/6590 der = ge‘% +C,

1

/ 1
/63.13 (6—79: + 6293) dr = /6—4:6 +e5x dr = _16—4.% + ge':'):(: +O,

dxr _ bz 1 1
/%dmz/eZm—egmdeEezx—§e3m+C.

e2

4
(3) Evaluate /(\/E-i— 2?)(2® — 271/?) dz and /—\/i;/_f dx

Tne indefinite integrals are

‘ ‘ 9/2 6 5/2
/(\/E—i-xz)(ﬂ?g—x_l/z)dx:/x7/2—1+m5—:1:3/2dm: 2$9 —$+%— 2335

+C,

4 1 9
Vet d:cz/—+x5/2dx:1n|x|+—x7/2+0.
23/2 T -

Here is a question for you: Can we replace In |z| by Inz in the second answer? Note that
V is not defined when z < 0.



(4) Evaluate /tanza:d:r and /cotzxd:r.

Trigonometric identities give us

/tanzwda::/seczx—ldx:tana:—x-l—C,

/cothd:c:/csc2x—1dx:—cotx—x—i—C’.

—e d /3
(5) Evaluate / X and / secx tanx dx .
—e3 T w/6

The definite integrals are

/ dz = In |z|
_e3 X

w/3
/ secx tanx dx = secx
w/6

=In|—e?|—In|—e® =In(e?) —In(e®) = 2Ine—3lne=2-3 = —1,

—e3

/3 9
e = sec(m/3) —sec(m/6) =2 — 7

) Assume that f(x) is a continuous function defined on the interval [1,12] such that
12

12 7
/ f(x)dx = , flx)de =4, / f(x)dx = —8 . Evaluate f(x)dx
5 5

1

c b c
Using the basic formula / fz)dz = / flx)dx + / f(z) dz, we see
a a b

—3:/17f(x)dx:/15f(m)dx+/57f(m)dx

:/15f(a:) dz + (=8), hence /15f(x) dr =5,

4:/512f(x)da::/57f(x)dz+ 712f(a:)dx

12

12
= -8+ f(x)dz, hence / f(x)dx =12.
7 7

Now we obtain

12 5 7 12
1 f(m)d.r:/lf(.r)dm—l-/5 f(z)dx + g fx)de =5+ (-8) +12=09.
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(7) Evaluate %/2 t°e" dt and a /. t(1+1¢°)/<dt.

We will use the function A(z) = / t2e!” dt. Part II of the Fundamental Theorem of
2
Calculus gives us the formula A'(z) = z%e®” . Now

2

%/2 t2€t2 dt = %(A(;pz)) — A,((L'Q)2Jj — (x2)26($2)22x _ 1,'463742;1;_

b a
The formula / flx)de = — / f(z)dz and Part II of the Fundamental Theorem of
b

Calculus lead tg

i/5t(1+t6)1/zdt:i —/mt(1+t6)1/2dt
dz [, dz 5

d [* .
=—— [ tQ+tHY2dt = —x(1 + 25)'/2
dz [

(8) A particle has velocity v(t) = 3 — 5t% + 6t feet per second, where ¢ is time measured in
seconds. Find the displacement of the particle over the time interval [1,5]. Find the total
distance traveled over the time interval [1,5].

The displacement of the particle over the time interval [1, 5] is

b ° : tt 53
/v(t)dt:/ 3 =5t +6tdt = | — — = + 3t*

Since v(t) = t3 — 5t% + 6t = t(t — 2)(t — 3), we have

5

1

v(t) > 0 when 1 <t <2,

v(t) <0 when 2 <t <3,
v(t) > 0 when 3 <t <5.

This implies
|v(t)| = v(t) when 1 <t <2,

lv(t)] = —v(t) when 2 <t < 3,
|v(t)| = v(t) when 3 <t <5.
Therefore, the total distance traveled over the time interval [1,5] is

3



/15 W)ldt:/12\v(t)!dt+/23\v(t)ldt+/:|v(t)|dt
/12v(t)dt+/23 —v(t)dt+/35v(t)dt
:/121)(t)dt—/jv(t)dt—l—/:v(t)dt

2 3 5
:/ t3—5t2+6tdt—/ t3—5t2+6tdt+/ t3 — 5t% + 6t dt
1 2 3
5t 2/ 53 S 53
:<Z_T+3t2> —(———+3t2> +(———+3t2>

L \1 73 , \17 3
(9) Evaluate these integrals:

5

3

2
/tanx dx /Cot xdx / zV3z + 2dx /m2 sin(5z® + 7) d
1

3 dx dx
5+ cosz)? sinz dz /tan4xsec2xdaz /— /—
/ ( ) zt 42 V36 — 2522
/ x3 dx xtdx / dz
Vv1—2a8 1+ 210 2 +4x +5
The substitution u = sec z, du = tan x sec x dz gives

t d d
/tanxdx:/—anxsec:c - —Uzln\u|+C:1n]secx|—|—C’.
sec T U

The substitution v = sin x, du = cos x dx gives

/cot:pdx:/cosxdx = d—u:ln|u|+C:1n|sinx|+C’.
u

sin x
.. u—2 du .
The substitution v = 3x + 2, du = 3dzx, x = 3 dx = 5 gives
2 8 . 8 5/2 3/2\ |8
2 d 1 1/2 4
/ x\/3x+2da::/ Y \/ﬂ—u:_/ W2 oyl 2 gy = - (24 _ :
1 5 3 3 9 5 9 5 3 5

where we used the following fact: The limits of integration = 1, z = 2 correspond to the
limits of integration u=3-14+2=5,u=3-2+2=28.

4



d
The substitution u = 523 + 7, du = 1522 dx, % = 22 dx gives

. inud 3
/xz sin(52% + 7) dw:/81n1u5 u _ _ccis5u - _COS(5f5+7) Lo

The substitution v = 5 + cosx, du = —sinx dx, —du = sin x dz gives

4 4
/(5+cosx)3sinxdx:—/u3du:_%+cz_(5+c408$) e

The substitution u = tan z, du = sec® z dx gives

5 t 5
/tan4xsec2xdx:/u4du=%+02 ar; m—l—C.

1
The substitution v = z? + 2, du = 42 dx, Zdu = 2% dx gives
2»der 1 [du 1 1 1
= = =1 C=-Inlz*4+2/+C=-In(z*+2)+C
/m4+2 il 4n|u\—|— 4Il|517+|+ 41(1(:10—1—)4- ,
where we used the fact z* + 2 > 0, which implies |z* + 2| = z* + 2.
The substitution u = (5/6)z, du = (5/6)dz, (6/5)du = dz gives

dx
/\/%\/1—(25/36):@2
1 6 du

1 dz
:6/ - (/62 6 5) Vi—u?

1 1
=z sin~tu+C = R sin~!((5/6)x) + C.

/ dx _ / dx
V36— 2522 ) /36(1 — (25/36)x2)

1
The substitution u = 4, du = 423 dz, Zdu = 23 dx gives

x3 dx

_1/ du 1 1
Vi—z8 4] J1—u2 4

sintu+C = 1 sin~!(z*) + C.

1
The substitution v = z°, du = 52* dx, gdu = z* dz gives

ztdx 1 du 1. 1. 5

Completing the square, we obtain z2+42+5 = (z+2)2+1. Now the substitution u = x+2,
du = dz gives

dx dx du 1 _1
e R e e e e R R




(10) A bacterial population in a petri dish triples in size every 5 days. How long does it
take for this population to double in size?

The size of the population at time ¢ (in days) is P(t) = Pye**. Our assumptions say
P(5) = 3P(0), which is Pye*® = 3Pye*? = 3P,. After dividing by P,, we get % =

1
After taking the logarithm of both sides, we obtain 5k = In 3, which is k£ = %3 Let T be

the number of days it takes for the population to double. We know P(T') = 2P(0), which

is PyetT = 2Pyet0 = 2P,. After dividing by Py, we get e*T = 2, hence kT = In2 and

In 2 In3 51n2
T = n? Substituting the formula k£ = n?, which we derived earlier, we get T' = i n3 .
n

(11) We start out with a 7 microgram sample of a certain radioactive isotope. After 8 days
have passed, we find that 2 micrograms of the sample have decayed. What is the half-life
of this isotope?
The mass of the isotope at time ¢ (in days) is P(t) = Pye* (in micrograms). Our as-
sumptions say P(0) = 7 and P(8) = 7 —2 = 5. We know P(0) = Pye*? = Py. All this
implies

Py = P(0) =7, hence 5 = P(8) = Pye"® = 7e®*, hence %% = 5/7.

1
From €% = 5/7 we get 8 = In(5/7), which is k = @. Let T be the half-life
of the isotope. We know P(T) = (1/2)P(0), which is Ppe*? = (1/2)Pye*® = (1/2)P.
After dividing by Py, we get e¥T = 1/2, hence kT = In(1/2) = —In2 and T = _ln?2'
1 —8In2
Substituting the formula k£ = n(5/ 7), which we derived earlier, we get T' = 1?5% =
n

—8In2 8In2

“In(7/5) _ W(7/5)

(12) Find the area of the region bounded by y = z* and y = 7z — 10.

The curves y = z? and y = 7z — 10 intersect when z? = 7z — 10, which is 22 — 72z +10 = 0.
After solving 22 — 7z + 10 = 0, we get x = 2 and # = 5. This tells us that the interval of
integration is [2,5]. Since y = 22 is concave up and y = 7z — 10 is a straight line, we know
that y = 7z — 10 is higher than y = 2 on [2,5]. The required area is

5 2 3
/(7x—10)—x2dx:(7i—10m—x—)
\ 2 3

5

2



