Solutions to Review Sheet for Exam 1, Math 151

These problems are presented in order to help you understand the material that is listed
prior to the first exam in the syllabus. DO NOT assume that your first midterm exam will
resemble this set of problems. The following 20 problems are not meant to be a sample
exam. These problems are just a study aid. Since we have not covered L’Hopital’s Rule
yet, this rule should not be used to answer any of these questions.

(1) Simplify sin™!(sin(77/4)) and sin~!(sin(57/6)).

Recall that the formula sin~'(sin(z)) = z is valid only when —7/2 < z < 7/2.
sin(7mw/4) = sin(7r/4 — 27) = sin(—n/4) and —7/2 < —7/4 < 7/2. Therefore,

sin ! (sin(77/4)) = sin(sin(—7/4)) = —n /4.
sin(57/6) = —sin(57/6—7) = — sin(—n/6) = sin(n/6) and —7/2 < 7/6 < 7/2. Therefore,
sin~*(sin(57/6)) = sin~! (sin(7/6)) = /6.

(2) Assume xg has the properties sin(zg) = 0.7 and cos(zg) < 0. Evaluate sin(4z() and
cos(4xg).

We know cos(wg) = £4/1 —sin®(zg) = £+/1 — (sin(zg))? = £4/1 — (0.7)2 = £1/0.51 and

cos(zg) is negative. Therefore, the correct choice of £ is — and cos(zg) = —v/0.51. Now

sin(20) = 2sin(zo) cos(zg) = 2(0.7)(=v0.51) = —(1.4)v/0.51

and
cos(2xg) = cos?(zg) — sin®(zp) = 0.51 — (0.7)? = 0.02.
Then
sin(4xg) = 2sin(2xg) cos(2xg) = 2(—(1.4)v/0.51)(0.02) = —0.056v/0.51
and

cos(4xg) = cos?(2xg) — sin®(2z0) = (0.02)% — (—(1.4)v/0.51)?
= 0.0004 — (1.96)(0.51) = —0.9992.

(3) Simplify cot(sin™! ) and cos(tan—! ).

We know (cos(sin™ z))? = cos?(sin™" 2) = 1 —sin®*(sin "' z) = 1 — (sin(sin"* z))? = 1 — 22,
hence cos(sin™! z) = +v/1 — 2. Since sin™! x is in the interval [-7/2,7/2], we must have
cos(sin™! z) > 0, and this implies that the + must be +. This says cos(sin™* z) = v/1 — 2.
We also know sin(sin™* ) = z. This implies

) cos(sintz) 1 — 22
z) = = .
sin(sin™! ) x

1

cot(sin™
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We know (sec(tan™! z))? = sec?(tan~' z) = 1+ tan®*(tan~' z) = 1+ (tan(tan™' z))? = 1+
72, hence sec(tan ' z) = /1 + 2. Since tan ! z is in the interval (—7/2,7/2), we must
have sec(tan™! z) > 0, and this implies that the & must be +. This says sec(tan™! z) =

V1 + x2. This implies

1 1

sec(tan™'z) 1+ 22

cos(tan™
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(4) Find all solutions of the equation =1

6790

e2(6+2%/2)

Since (e!)? = e?!, this can rewritten as = 1. This equation is equivalent to

el
e2(6+2%/2) — 72 Gince ¥ = ¢ implies u = v, we now know 2(6 + 22/2) = 7z, which is
2?2 — Tz + 12 = 0. The quadratic equation gives us the solutions z = 3 and z = 4.

(5) Solve for z in the equation log,, z = 1/3.

From log,, # = 1/3 we get 27'°82r® = 27/3 = 3. Since 27'°827% = ., we get z = 3.

(6) The position of a particle at time ¢ seconds is s = t* + 1/t meters. Find the average
velocity over the time interval [1, 5].

The average velocity over the time interval [1, 5] is

(52 +1/5) — (12 + 1/1)
5-1

= 5.8 meters/second.

T —95
7) Find li d .
(7) Find lim 2 and lim =

If x approaches 5 from the right then z > 5 and x — 5 > 0, which implies |z — 5| = z — 5.
This gives

m S0 = him Y0 - pm 1=
x5t € — 5| aosstxz—5 a5t
If 2 approaches 5 from the left then < 5 and z —5 < 0, which implies |z — 5| = —(z — 5).
This gives
rT—9 ) T—9

10 — 22 10 — z2
Find lim — lim —— 2.
(8) Find lim =5 and lm =5

As x approaches 4 from the right, x — 4 approaches 0 and remains positive. This implies
that (z — 4)° approaches 0 and remains positive as x approaches 4 from the right. This
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implies lim 1/(z — 4)° = oo. Also, lim 10 — 22 = —6. This shows lim ~0— % =
T4+ T4+ e—at+ (x —4)5

(=6)o0 = —00.

As z approaches 4 from the left, + — 4 approaches 0 and remains negative. This implies

that (z — 4)° approaches 0 and remains negative as = approaches 4 from the left. This

. 10 — 22
implies lim 1/(z —4)° = —oco. Also, lim 10 — 2> = —6. This shows lim W= =
T—4- T—4- T—4- (3: - 4)5
(=6)(—00) = o0.

(9) A continuous function f is defined by

22+ ifz<a,
flx)=<22—-1 ifa<z<b,
9—4z? ifb<u,
where a and b are real numbers such that ¢ < b. Find ¢ and b.
Continuity at a implies lim f(x) = lim f(z) = f(a) = a® — 1. The definition of f(z) also
r—a~ r—a

implies lim f(z) = lim 2?4+ = a®+a. Combining these two assertions, we get a®>—1 =

T—a T—a—
a®? + a, which gives a = —1. Similarly, continuity at b implies lilil f(z) = lirr}) flz) =
z—b— z—
f(b) = 9 — 4b*. The definition of f(z) also implies liril flx) = liril 2 —1=10"—1.
z—b— z—b—

Combining the last two assertions, we get 9 — 4b*> = b?> — 1, which gives 10 = 5b%. This
implies 2 = b? and b = £v/2. We already showed a = —1. We have the assumption a < b.
This gives —1 = a < b, which tells us that b = —/2 is impossible. But we have shown
b = +1/2. This implies that the £ is +, and we get b = V2.

(10) Evaluate i T8 S I ’
valu m , m , m .
=2 x — 2 z—3 /3z+1—+/10 a—=—00 /322 + 7

Factorization gives us

-8 . (z—2)(z?+2x+4)
=2 T — 2 T—2 xr— 2

= lim 22 +2x+4=12.
r—2

Rationalization gives us

3—x . (3 — 2)(v/3z + 1+ +/10)
V3 +1—+v10 =3 (v3z +1—v10)(v3z + 1 + v10)
(3 — 2)(v3z + 1+ /10) (3 —2)(v3z + 1+ /10)

lim
r—3

=1 =1

) Bz+ 1) —10 o3 3(x - 3)
o VEEFIVID 2/
il 3 R



As z approaches —oo, it becomes negative and we get © = —|z| = —v/z2. This gives

\/_ . x?

lim lim

lim g
T——00 1/3$2 Z——00 1/3%.2 T — 00 3$2+7

——\/ lim 1 —ﬁ
B :c—><>03m2—|—7 3 f 3

(11) Prove lin%(.r cos®(1/z)) = 0 using the Squeeze Theorem.
z—

We know |cos®(1/z)] = |cos(1/x)]®> < 1 for all z # 0. This implies |z cos®(1/z)| =
|| - | cos®(1/x)| < |z| for all x # 0. Now we know
|z cos®(1/x)| < |z| for = # 0.
This can be rewritten as
—|z| < zcos?(1/x) < |z| for z # 0
because, in general, |t| < ¢ is equivalent to —¢ < t < ¢. Now the Squeeze Theorem and the

facts lim —|#| = 0 = lim |x| lead to the conclusion lim (z cos®(1/z)) = 0.
z—0 z—0 z—0

. 7 2
(12) Bvaluate  lim S0 and i — 5
z—0 tan(5x) x—0 1 —cosw

Using the substitution v = 7z we obtain

i S0(72) _ g sin(Tr) o osinQu) oL
r—0 x x—0 € u—0 u
Using the substitution v = 5z we obtain
t t t sin(u) 5 lim,, sm(u)
lim $2007) _ oy, 8000 o, tant) o T Sl
=0 x—0 bx u—0 u—0 COSU lim,_.q cosu
5-1
= — =05.
1
All this gives us
Siﬂ(?.’]?) . singjm) _ lim, .o sini?w) :z
2—0 tan(bx) «—0 tan(z) g, o tan(dz) 5
. sinz x 1 1 .
From the fact lim =1 we get lim = — —— = — = 1. This implies
z—0 X z—0 sinzx ]1mz_>0 S“;m 1
2
T

lim — 5— = lim ( _
z—0 sin“ z—0 s ax

2
) =12 = 1. Now we have

, x? _ 22(1 + cos x) . 2?*(1+cosz) .  x%(1+coszx)
lim ——— = lim =lim ——— =lim ————
¢=0 1 —cosz 2—0 (1—cosz)(l4+cosx) «—0 1—cos?x 2—0 sin” x
2
= <lim _1:2 > (lim (1—|—cosx)) =1-(1+1)=2.
z—0 sIn“ x z—0



(13) Using the Intermediate Value Theorem, prove that the equation
2+ 2 =72 + 227 + 3+ 7 =0

has a real solution z.

Let f(z) = 2° + 2% — 72% 4+ 222 + 32 + 7. Then f(z) is a continuous function such that
f(—=100) < 0 < f(100). The IVT tells us that there exists ¢ in the interval (—100, 100) such
that f(c) = 0. Then z = cis a real solution of the equation z° +2* —72% +22%2 +3z+7 = 0.

(14) Prove liﬂi (3z — 5) = 7 using an - argument.
z—

Let ¢ > 0 be given. Choose § = ¢/3. We know 6 > 0. If 0 < |z — 4| < ¢ then
Bz —=5) =7 =183z — 12| = |3(z —4)| = |3| - |z — 4| =3 |z — 4] < 30 = 3(¢/3) = .

(15) Prove lir% V|| = 0 using an e-6 argument.
T—

Let ¢ > 0 be given. Choose § = ¢%. We know § > 0. If 0 < |x — 0] < § then 0 < |z] < 6,

hence |\/|z] = 0| = /|z] < V6 = Ve2 =.

(16) Assume f(z) = v/z. Prove f'(x) = ﬁ using the definition
of the derivative.
We see

. fle+h)—flz) . Ve+h—+yvx . (Ve+h—r)Vr+h+x)

im = lim ——— = lim

h—0 h h—0 h h—0 h(vVx + h + /7)

= lim (zth) == = lim h
h=0 h(Vx +h++/x) =0 h(Vz +h + /Z)

1 1 1
= lim = = .
=0z +h+x Vr+r 2y

(17) Assume f(z) = —=. Prove f'(z) =

~5. using the definition
T x

4

f'(@) = lim

fle+h) - f(z)
h

of the derivative.



We see

lim f(m—i_h)_f(x)zlim1 (—1 —i)—hm1 ﬁ—\/.ﬁ—h
h—0 h h—0 h \/:L'—i——h \/E h—0 h \/5\/33—|——h
ol (- Va R REEVa R
h=0h  \/avo+h(/x+ T+ h)
—lml x—(z+h)
T im0 b ia + h(VE+ Ve T h)
—h

= hm

= ﬁm(f+ Vit h)

_’LO\/E\/F(\/_Jr\/F)

T

(18) Evaluate the following derivatives:

d

d
SosinTH(e”) o tanT (V)

d
—\/1+ vV,

d
d | 5 cosa d 1 3 d tan(z? + 2)
Is (x e ) I (sec (:1:)) e P

Using the Chain Rule and other Rules, we get

d sin~(e?) e’ e’
— sin = = ,
dz VI=(e")?2  VJ1i—ex
1/2 —1/2 1/2 —1/2
itan 1(\/5) — ( / )QS‘ — ( / )QL' :
dz 1+ (vV7)? 1+a
d 1
=1 1 /2~
TN+ VT = ( + V)" N
d 2 cosx cos x 2 . CcoS 2 . CoS &
e (2%e°°°%) = 2ze + x“(—sinz)e = (22 — x*sinx)e“®?,
€T
d -1 2 -1 1
— z)) =2sec” (x) ————,
- (sec ( )) ( ) |x|\/m

d tan(z? +z?)  (sec?(2? + 2))(2z + 42°)(1 + 2°) — 62° tan(a? + z*)
de 1425 B (1+ 2%)2 '




(19) Find the second derivative of each of the following functions:

1

.. 5 ;p4+m o —1 2
sin” tan(v/x e sin x .
; (\/_) ; y ( ) ; 4+5(IIZ

If f(x) = sin® x then f'(z) = 5sin® x cosx and

2 — 5sin’ 7.

f"(x) = 5(4sin® z cos z)(cos ) 4 5sin* z(— sin x) = 20sin® x cos
If f(x) = tan(y/Z) then f'(z) = sec?(v/x)(1/2)z~/2 = (1/2) sec®(v/z)z~*/? and
f'(x) = (1/2)2sec(Va) sec(v/x) tan(Va) (1/2)z 272 4 (1/2) sec? (Vo) (=1/2)2 3/,
If f(z) = e® % then f'(z) = (423 + 1)e®" T and
F(x) = 1227 77 4 (4a® + 1)(42® + 1)e® 7% = (1227 + (42° + 1)%)e” 2.

B 2z 2
a V11— (22)2 V14t

If f(z) = sin~*(2?) then f'(z) = 2z(1 —z*)71/? and

(@) =2(1—a*) 2+ 20(-1/2)(1 — 2*) /2 (—4a)
1 2\—1
If f(z) = 11522 then f(x) = (4+ 52°)7", hence
f'(z) = (=1)(4 + 52%) 7?10z = —10z(4 + 52°) 2

and
f"(z) = —10(4 + 52%)~2? — 102(—2)(4 + 52?) *10x.

(20) Find the slope of the tangent line at the point (1,2) on the graph of z%y* + zy = 18.
Implicit differentiation gives

A dy dy
2eyt + 22 (4y® =2 -2 =0.
xy” + x*(dy dm)-l-y-l—wdx
Substituting = 1 and y = 2 gives
d d
9.90 4 4.3 Lo YW _
dx dx
dy 34 . .
Therefore, T = ~33 when z = 1 and y = 2. The slope of the tangent line at the point
T
34
(1,2) on the graph of z2y* + zy = 18 is ~33
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