Vol. 94, No. 3 DUKE MATHEMATICAL JOURNAL © 1998

THE BINOMIAL FORMULA FOR NONSYMMETRIC
MACDONALD POLYNOMIALS

SIDDHARTHA SAHI

1. Introduction. The g-binomial theorem [GR] is essentially the expansion
of (x—1)(x—¢q)---(x — g*') in terms of the monomials x%. In a recent paper
[Ok], Okounkov has proved a beautiful multivariate generalization of this in
the context of symmetric Macdonald polynomials [M1]. These polynomials
have nonsymmetric counterparts [M2] that are of substantial interest; in this
paper, we establish nonsymmetric analogues of Okounkov’s results.

An integral vector v € Z" is called “dominant” if vy = --- > v,; it is called a
“composition” if v; = 0 for all i. To avoid ambiguity, we reserve the letters u, v
for integral vectors, a, 8,y for compositions, and A, 4 for “partitions” (dominant
compositions).

We write |v| for v; + - - - + vs, and denote by w, the (unique) shortest permuta-
tion in the symmetric group S, such that v+ = w;!(v) is dominant. Let IF be the
field Q(g,t) where g,t are indeterminates. We write 7 = (1,¢7!,...,t™+!) and
define = #(q, t) in IF" by

b = q"(WyT);.

Inhomogeneous analogues of nonsymmetric Macdonald polynomials were
introduced in [Kn] and [S3]. They form an JF-basis for IF[x] = F[x, ..., X,], and
are defined as follows.

Definition. G, = G,(x;q,t) is the unique polynomial of degree < |«| in IF[x]
such that

(1) the coefficient of x* = x{' - - - x» in G, is 1;

(2) G, vanishes at x = §, for all compositions f # a such that |8| < |a|.

As shown in Theorem 3.9 of [Kn], the top homogeneous part of G, is the
nonsymmetric Macdonald polynomial E, for the root system A,_; (see [M2]
and [C]). Moreover, by Theorem 4.5 of [Kn], we have G,(8) = 0 unless “a < .”
Here o < f means that if we write w = wpw, !, then o < B, if i <w(i) and

In this paper, we obtain several new results about the polynomials G,. Our
first result is a formula for the special value G,(a0) = G,(ar) € IF[a], where a is
an indeterminate. This can be described in the following manner. We identify «
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with the “diagram” consisting of points (i,j) € Z’ with1 <i<nand 1<j<
For s = (i,j) € o, we define the arm, leg, coarm, and coleg of s by

a(s) =i —j, UWs)y=#{k>ilj<m <o)+ #{k<i|j<u+1<u},
d(s)y=j—-1, I(s)= #{k>ilox > o} + #{k <i|og = o;}.
THEOREM 1.1. We have

t-n _ qa’(s)+lt1—l’(s)

- v o
Gular) = H( 1= O+ O+ ) [1(a"® - g%©).
SE

SeEa

Let w, be the longest element of S, (which 1nterchanges each i withn —i+ 1),

and put f=—w,f and §~ —ﬁ'(q'1 t™) = (,B1 yees By ) Then we have the
following crucial “reciprocity” result.

THEOREM 1.2. There_és1 a (unique) polynomial O, of degree < |a| in
Q(q,t,a)[x] such that 0,(f ) = Gg(a&)/Gg(az) for all p.

We now introduce the following variants of G,, which also form a basis for
FF[x].

Definition. G, = G/(x; g,t) is the unique polynomial in IF[x] such that
(1) G, and G, have the same top-degree terms, that is, E,;
(2 G’ vanishes at x = § for all § with |8] < |a|.

The existence of G, can be proved along the same lines as that of G, (see [Kn,
Theorem 2.3] and [S3, Theorem 4.3]). One verifies that polynomials of degree
<d are uniquely determined by their values at x = f for |f| < d. Hence the
lower-degree terms of G, are determined by (2).

Definition. The “nonsymmetric (g, t)-binomial coefficients” are defined by

[“] _Gs(@) _ Gp(a(g,1);9:1)
Blo: Gp(B)  Gp(B(a,1);9:2)
Our main result is the following relationship between G, and G;g.

THEOREM 1.3. We have

Ga(ax)= 18] | % G;?(x)
Gula) ~ 22 [ﬂ]l/q,l/ﬁp(ar)'
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COROLLARY 1.4. We have

G, (x) _ o Eg(x)

G.(0) & [ﬂ]l/q,l/,cﬂm)' =
COROLLARY 1.5. We have

E,(x) _ « Gk(x)

Ep(7) B ﬁga[ﬂ]l/q,l/tEﬁ(T) ’ -

The corollaries follow from Theorem 1.3 by: (1) replacing x by a~!x and
letting a — 0 and (2) letting a — oco. For n = 1, Corollary 1.4 is essentially the
g-binomial theorem.

If we put t =¢" and let g — 1, then E,(x;r) = lim,_,1 E,(x;q,q") is the non-
symmetric Jack polynomial (see [Op]). To discuss this limiting case, we define
0= (0,-1,...,—n+1), p=rd, and &(r) = a + wep.

Definition. Gy(x;r) is the unique polynomial of degree < |«| in Q(r)[x] such
that

(1) the coefficient of x* = x{' - - - x3* in Gy(x;7) is 1;

(2) Gu(x;r) vanishes at x=f(r) for all compositions f # a such that

1Bl < |a.
Definition. The “nonsymmetric r-binomial coefficients” are
H _ Gylatryin)
Bl Gp(B(r);7)
Definition. G (x;r) is the unique polynomial in @(r)[x] such that
(1) Gy (x;r) and G,(x;r) have the same top-degree terms;
(2) G (x;r) vanishes at x = f(r) = —w,f(r) for all # with || < |«

Theorems 1.1-1.3 have analogues in this setting.
If a is a scalar and x is a vector, write a + x for (a + x1,...,a + X,).

THEOREM 1.6. We have

/ 1—rl r , ,
Gu(a+p;r) = mna(a:(sz)-: 1 +rrl§3 i rn) :s[;[a(a —d'(s) +rl'(s)).

THEOREM 1.7. There is a (unique) polynomial O,(x;r) of degree < |a| in
Q(a, r)[x] such that we have 0,(B(r);r) = Gg(a + a(r);r)/Gg(a + p;r) for all B.
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THEOREM 1.8. We have

Gu(a+x;r) [oc] Gp(x;7)
Gu(a+p;r)  £zilBl, Gpla+pir)’

Since &;(r) = lim,1(&(q,q") —1)/(q—1) as in [Kn, Theorem 6.2], we get
Go(x;7) = limg_1G,(1 + (¢ — 1)x;9,4)/(q — 1)!*. It follows that the top terms
of G,(x;r) and G/ (x;r) are E,(x;r), and that

[“]—_-nm[“] =1im[°‘]
Bl, a1lB ar ! B 1/q,1/q

So setting x = ax and letting a — oo in Theorem 1.8, we get the following
corollary.

COROLLARY 1.9. We have

E,(1+x7) _ Z[a] Eg(x;r)

E(Li7) Bl Es(Tir) o

yii=t%

It seems to be difficult to deduce Theorems 1.6-1.8 directly from Theorems
1.1-1.3 by a limiting procedure. However, the proofs in the (g,t)-case can be
modified to make them work in this setting.

We now describe some new phenomena in the limiting case. Write s; for the
transposition (i i + 1), which acts on @(a)[x] by permuting x; and x;1, and let

r
o = Sj +—'—(1 — S,').
Xi — Xit+1

Then, as observed in [Kn, Corollary 6.5], the map o : s;+— o; extends to a repre-
sentation of S,,.
THEOREM 1.10.  We have G (x;7) = (—=1)!*l6(wo)WoGa(—x — (n — 1)r; 7).

Using this and writing G} (x;r) i= (=1)!*Gy(—x — (n — 1)r;7), we get the
following corollary.

COROLLARY 1.11. We have

a(We)Gq(a+ x;r) _ [a] WoG}(x; r) O
Bsa

Gu(a+p;7) Bl,Ggla+p;r)’

As mentioned earlier, the symmetric analogues of Theorems 1.1-1.3 have been
established in [Ok]. In the case of symmetric Jack polynomials, expansions
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in the form of Corollary 1.9 were first considered by Bingham [B] (r = 1/2), and
Lascoux [Lc] (r = 1), and, in general, by Lassalle [LS] and Kaneko [Ka]. The
analogues of Theorems 1.6, 1.7, and Corollary 1.9 were obtained by Olshanski
and Okounkov in [Ol], [OO1], and [OO2]; the analogues of Theorems 1.8 and
1.10 seem not to have been considered by them. Since these follow easily by our
techniques, we formulate and prove them in Theorems 6.3 and 6.2.

While our proof follows the same general outline as Okounkov’s argument,
there are several differences. First, a decisive role is played by the affine Hecke
algebra and Cherednik operators. The Hecke recursions satisfied by the Gy
actually yield a simplification of part of the argument. On the other hand, there
are some subtleties in the nonsymmetric case, as exhibited by the definition of
G,

Note. In the case of the Jack limit, the binomial coefficients have been
recently (and independently) introduced in [BF]. The authors use Corollary
1.9 as the “definition” and deduce Corollary 6.6 as a consequence.

2. Preliminaries. We start by recalling certain basic properties of the
G,(x; g,t) (see [Kn] and [S3]).
The main result of [Kn, Theorem 3.6] is that the G, satisfy the eigenequations

= =1
|=|iG¢ = Ga

for the “inhomogeneous Cherednik operators” defined by

1

i =x'+x7'H;---Hy,1®H, - - - Hi_y.

In turn, the operators ® and H; are defined by
Of (x1,. .., Xn) = (en — ") f(%n/, X1, - - - Xn1),
Xi
Hi=ts;— (1 —-t)—————(1 —s)).
si=( )xi — Xit1 (1-5)

The H;’s satisfy the braid relations and the identity (H; —t)(H;+ 1) =0 and
generate a representation of the Iwahori-Hecke algebra o of S, on FF[x].
Next, write v# = (v, — 1,v1,...,0,-1); let a be an indeterminate.

LeMMA 2.1. We have .

(1) ®f(ad) = (ab, — ™) f(av?);

(2) Hif (ad) = ((t — 1)5:)/ (B — Di1) f (D) + (B — thi1)/ (Bs — Div1) f (a50).

This is proved just as in [Kn, Lemmas 2.1, 3.1]. The main point in (2) is that
forveZ", s;v = v = ¥; — thi;; = 0 and s;v # v = §5;0 = 5.



470 SIDDHARTHA SAHI

LemMA 2.2. (1) Ifa, > 0, then Gy = ¢ 1 ®Gys.
() If i > aiy1, then Gy = (H; + (1 — t)d 1) Gy where d = (1 — &;/&iyy).

This is essentially in [Kn] and [S3]. Here is a sketch of the argument: Evi-
dently the right sides of (1) and (2) have degree < ||, and by using Lemma 2.1,
one verifies the vanishing conditions. It remains only to check that the coefficient
of x* is 1. This is obvious for (1), while for (2) one has to use the triangularity of
E; (Lemma 3.10 of [Kn]).

In connection with Theorem 1.1, we define scalars d,(q,t) =
[Tl = @O EOM)  e4(g,1) = [[ieo(t™" — g*OHe! ), and  ¢y(a;9,1) =
Hsea(atll(s) - qa’(s)).

LemMA 2.3. (1) If on >0, then dy/dy» =1 —t"q,, ey/eqr =t'™™ —t&, and
$4(0) = —q"$,+(0).

(2) If a; > i1, then dy = ((1 — &;/&41)/(1 — t&i/&i+1))dsia-

(3) ewx = ey and @,,, = @, for all win S,.

The lemma can be proved in a manner very similar to Lemmas 4.1 and 4.2
in [S2]. To-illustrate the argument, we sketch the proof of e,/e s = t'™" — tiiy;
other proofs are similar. It follows from the definition of & that &; = g%t %, where
ki=#{k<i|oax>o}+ #{k>i|ox>a}

The diagram of « is obtained from a* by adding a point to the end of the
first row and moving this row to the last place. The new point s = (n,a,) € a
has d'(s) = a, — 1 and I'(s) = #{k <n| ax > o} = ks, while coarms and colegs
of other points are unchanged. Thus e,/e. = t!™" — q¥O+11-1(s) = ¢l-n _
qa,.tl—k,, =¢tl-n _ 10y

We also need limit versions of these results, which are proved similarly. First,
by [Kn, Theorem 6.6], we know that the G,(x;r) satisfy the eigenequations

E"iGot(x; r) = &(r)Gy,

where the “limit” Cherednik operators are defined by

[l

i =X — 001 P01 - 041

Here, o; = s; + r(x; — x,~+1)_1(1 — §;) is as in the previous section, and
(i)f(x) =(xp+(n—=1r)f(xy — 1,%1,...,X5—1)-

LeMMA 2.4. We have .

(1) @f (a+12) = (a+ 0 +nr —r)f(a+v#);

() aif (a+ ) = (r/(Bi — Bix1)) f(@+ D) + ((Bi — Dip1 — 1)/ (Bi — Dix1)) f(a + 59).
O
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LEMMA 2.5. (1) If oy > O, then G, = ®G».
() If & > o1, then Gy = (0; + rd™1) Gy, where d = & — di11.

O

In connection with Theorem 1.6, we define scalars dy(r)
sea(a(s) + 1+1l(s) +1), ex(r) = [Lea(d(s) + 1= r(s) +rm), and ¢,(a;r)
[Lieola —d'(s) +r(s)).

LeMMA 2.6. (1) If a, > O, then d,(r)/dy# (r) = rn+ &,(r) = eq(r)/eq (r).
(2) If a; > 041, then dy(r) = (d/(d + 1)) dsu(r), where d = & — ;1.
(3) Let eyy(r) = ey(r) and ¢, = ¢, for all win S,. O

[
We now briefly discuss the symmetric case.

Definition. R;(x;q,t) is the unique symmetric polynomial of degree < |A|
that vanishes at x = j for partitions u # A, |u| < |4|; it is normalized so that the
coefficient of x* is 1.

Definition. R;(x;r) is the unique symmetric polynomial of degree < |4 that
vanishes at x = a(r) for partitions u # 4, |u| < |A|; it is normalized so that the
coefficient of x* is 1.

The existence and uniqueness of R;(x;q,t) was proved in [Kn] and [S2], as
was the fact that its top term is the Macdonald polynomial P;(g,t). In the case
of R;(x;r), these results were established in [S1] and [KS].

As in [S3, Theorem 4.6] and [Kn, Corollary 2.6], we have the following
lemmas.

LemMA 2.7. Let V, be the F-span of {E,(x;q,t)|at = A}. Then V) is a module
for the Hecke algebra 3#, and V¥ = FR;(x; q,1t).

LEMMA 2.8. Let V;(r) be the Q(r)-span of {Ey(x;r)|at = A}. Then V,(r) is a
module for o(S,), and Vi(r)°®” = Q(r)R;(x; ).

Finally, for compatibility of notation between [Kn], [Ok], and [S3], we point

out that

(1) [Kn] uses P, for R;, P, for P,, E, for E,, and E, for G,;

(2) [Ok] uses P}(x) for the “(shifted)” polynomial R;(xt) =R;(xy,%2t™",
xnt1™") which vanishes at (¢f,...,¢#) and is symmetric in the variables
x;t™.

(3) [S3] uses Ry(x;q,t) to denote the polynomial t~"~DIMR, (xt"1; 471, ¢71),
which is symmetric and vanishes at the points x = (g™ t"““l
g #1171, g#); its top term is Py(x;q~,¢t™!), which equals P;(x;q, t) by
[M1].

3. Evaluation. In this section, we prove the evaluation formulas, Theorems
1.1 and 1.6.

LeMMA 3.1.  For all w € S, we have dyy(q,t)Gyy(at; q,t) = dy(q,t)G4(at; g, t).
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Proof. 1t suffices to verify this for w =s5;, and we may also assume that
o > Olitq. _

Since T = 0, substituting v = 0 in Lemma 2.1 (2), we get (H;f)(ar) = tf (ar) for
all functions f. Combining this with Lemma 2.2 (2), we get

1 — td; /@1

Ga(ar) = (t+ (1 = )d™")Gyu(ar) = 7= %/ i1

Gsu(ar).

The result now follows from Lemma 2.3 (2). O

Theorem 1.1 states that d,G,(at) = es¢,(at), and we first establish this for
a=0.

LEMMA 3.2. We have

d.Go(0) = ex$,(0) = e, H(_qd(s))-

Sea

Proof. The case a = 0 is trivial, and we proceed by induction on |a| assum-
ing o # 0. By Lemma 3.1 and Lemma 2.3 (3), both sides are unchanged if we
permute o, so we may assume that o, > 0 and that dy+ Gy# (0) = e,# @+ (0). Thus

it suffices to prove
G.(0) _ (ﬁ) (da_#) (¢a(0) )
G,#(0) [ dy ] \ @y (0)
The left-hand side can be computed by combining Lemmas 2.1 (1) and 2.2 (1),
and the right-hand side can be computed by Lemma 2.3 (1). In each case, we get
_ qoz,,—l tl-n O
We now deduce Theorem 1.1 from the symmetric case (see [Ok]).

Proof of Theorem 1.1. If A is a partition, then, by [Ok, formula (1.9)],
R;(at) is an FF-multiple of ¢,(a). Next, if o is a composition such that ot = 4,
then by Lemma 2.7, there are some coefficients ¢, € IF such that R;(x) =
> wes, wdwaGwa(x). Evaluating at x=ar and using Lemma 3.1, we get
R;(at) = (3 cw) duGo(az). It follows that d,(q,t)G,(ar) is an IF-multiple of
$1(a) = 4.(a).

Setting a = 0 and using Lemma 3.2, we see that this multiple is e,(q,t), and
Theorem 1.1 follows. |

Proof of Theorem 1.6. Arguing as in Lemma 3.1, we deduce that
dywo(r)Gua(a+ p;r) = dy(r)Gy(a+p;r). Next, by [0O01] formula (2.3),
R;(a+ p;r) is a Q(r)-multiple of ¢,(a;r). Arguing as before, we conclude that
dy(r)Gy(a + p;r) is a Q(r)-multiple of ¢,(a;r).

Letting a — oo, we see that the multiple is d,(r)E,(1;r), which equals e,(r) by
Theorem 1.3 of [S2]. The result follows. O
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4. Reciprocity. In this section, we prove Theorems 1.2 and 1.7.
Proof of Theorem 1.2. Write K = IF(a) = Q(q,t,a). For f in K[x], we have

i f(ad) = (ab;)"'f (ab) + (ab;) “H;- - - H,_y®H - - - H;_f (ab).

Since |v*| = |v] — 1 and |s;v| = |v|, it follows from Lemma 2.1 that the second
term on the right-hand side is a combination of f(ai1) with |u| = |v| — 1, where
the coefficients do not depend on f. Thus if p is a polynomial of degree d and
we write p(Z) = p(E1, .., Ex), then p()/(ar) = p(E)/(@0) = X< o(B)f (@),
with coefficients c,(f) independent of f.

Let 2 be the space of polynomials in K[x] of degree < d, and let & be the set
of compositions # in Z", with |B| < d. Then p—>c, is a K-linear map from £ to
K, and we claim that th1s map is bijective.

Since the spaces have the same dimension, it suffices to check injectivity. If
cp = 0 then p(E)f(ar) =0 for all f. In particular, setting f = Gg, we obtain
p(B~ )Gﬂ(ar) 0. By Theorem 1.1, Gg(at) # 0, and it follows that p vanishes at
the points ﬂ =B(g~',t™!) for all B, and hence p = 0, proving injectivity.

Now fix o with || = d, and let O, be the polynomial in # whose image under
pcp is the delta function at « in K. Then O, has degree < || and satisfies

0.(E)f (at) = f(ad) for all f. Setting f = Gg, we get O,(8 1)Gﬁ(a‘r) Gg(ad). O

Proof of Theorem 1.7. This is proved similarly by using the limit Cherednik
operators E; and Lemma 2.4. O

5. The binomial formula. We now prove Theorems 1.3 and 1.8.

Proof of Theorem 1.3. Since the G;g form a basis for K[x], there exist bg, € K
such that

. G,(ax) _ )
v Gu(am) ﬂzwzswl )

Substituting x = 7 and using Theorem 1.2, we get 0,(@~!) = > baGy(P).

Let G be the (infinite) matrix whose entries are g,5 = Gj(#). By Theorem 4.2 in
[S3], polynomials of degree < d are determined by thelr values at the points
{7 : |7] < d}. It follows that G has an inverse H, and we get bg, = 3, hg,0,(&7").
Since Gg(a) =0 for |af < |B|, it follows that G and H are block triangular.
Thus hg, =0 for |y| > |B|, and we deduce that bg, = bg(&~!), where by :=
> yi71<18 hey0y is a polynomial of degree < |B|.

The top-degree term on the left-hand side of (x) is a multiple of E,, and so by
the definition of G, we obtain that bg, = 0 for || < |B|, « # B. Thus bg(a~!) =0
for |a| < |B|, o # B, and since a ! = a(q~!,¢71), it follows that bg(x) is a multiple
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of Gg(x;q*,t1). In other words, there are scalars cg in K such that

Gy(ax) o
Gy(at) Zﬁ: % [ﬂ

5(%).
]l/q,l/t g

Comparing the top-degree terms, we get ¢, = al*! /G, (at), and the result follows.
O

Proof of Theorem 1.8. The proof proceeds similarly using Theorem 1.7. []

6. More on the Jack limit. We now prove Theorem 1.10 and the symmetric
versions of Theorems 1.8 and 1.10. Since the (g, t)-case is not considered in this
section, we often suppress r to simplify the notation; for example, we write G,(x)
for Gy(x;r), B for B(r), and so on.

We start with a simple, but crucial, lemma.

LemMmA 6.1. We have
(1) W_w,p = wowpWwo;
(2) =weB=B+(n— ).

Proof. For w in S,, we have (wowwo)™(—w,B) = (—w,)(w~18), which is
dominant if and only if w™!8 is dominant. Since conjugation by w, preserves
length, part (1) follows.

Now B = —woff = —Wof + W_w,gp = —Woff + wowgwop by part (1). Also, since
wop = —(n— 1)r — p, we get B = —wo(B + (n — 1)r + wgp) = —wo(B+ (n— 1)r).

O

Proof of Theorem 1.10. For any polynomial f, wf and a(w)f have the same
top terms. So, since w3 = 1, the top term on the right-hand side of Theorem 1.10
is (—1)'“'w(2,E¢(—x) = Eq(x). It remains only to show that the right-hand side of
Theorem 1.10 belongs to the space V consisting of polynomials that vanish at
the points x = B, |B| < |a|.

Putting a =0 and v = f in Lemma 2.5 (2), we deduce that V is o-invariant,
and so it suffices to prove that f = w,G,(—x — (n — 1)r) e V. But, using Lemma
6.1, we get

S(B) = woGa(—f — (n = 1)r) = Ga(—wof — (n— 1)r) = Ga(B),
which vanishes for |8| < |«| by the definition of G,. O

We now turn to the symmetric versions of Theorems 1.8 and 1.10. As in
[OO01], we define the “symmetric r-binomial coefficients” by

(/1) _ Ru(A(r);7)
k), Ru(a(r);r)’
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The main result of [OO1] is the generalized binomial formula

Py(1+x;r) A\ Pu(x;r)
) Pi(Lin) Z(u), P

3=y}

For the inhomogeneous analogue of this result, we define the following.

Definition. R/ (x;r) is the unique symmetric polynomial in Q(r)[x] such that
(1) R)(x;r) and R;(x;r) have the same top-degree terms;
(2) R)(x;r) vanishes at x = fi(r) = =w,a(r) for all u with |u| < [A|.

Then we have the following theorem.
6.2. THEOREM. We have Rj(x;r) = (—1)*IRy(—x — (n — 1)r; 7).

Proof. The two sides have the same top-degree terms, and it suffices to prove
that the right-hand side vanishes for x = j if |¢| < |4|. By symmetry, we may
consider instead x = w, . Substituting this and using Lemma 6.1, the right-hand
side becomes (—1)!* R, (; r), which vanishes by the definition of R,. O

THEOREM 6.3. We have

Ri(a+xr) Z(A) R, (x;7)

Ri(a+pir)  “Z\u ), Rua+pr)

=)

We deduce Theorem 6.3 from Theorem 1.8 by symmetrization. Write % for
the operator

1
] Z a(w)
weS,
acting on Q(r)[x].
LeMMA 6.4. & maps polynomials to symmetric polynomials.

Proof. For all i, we have ;% =3, o(siw) = &. Soif f is a polynomial in
the image of &, then (1 — a;) f = 0. Rewriting this, we get

(1——’-——)(1—si)f=o.

Xi — Xit+1

Hence (1 —s;) f = 0 for all i, which implies that f is symmetric. O

LEMMA 6.5. Let o be any composition with ot = A; then
(1) (#Ga(a+x))/(Gula+ p)) = (Ra(a+ x))/(Ru(a+ p));
2) (#G,(x))/(Gala+ p)) = (R)(x))/(Ra(a+ p)).
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Proof. If |B| < || and B # «*, then Lemma 2.4 implies that, for all w in Sy,
the polynomial g(w)G,(x) vanishes at x = f. This means that f = #G,(a + x)
vanishes at i — a for all partitions u satisfying |u| < |A|, ¢ # 4. Since f is sym-
metric and of the right degree, we conclude that f is a multiple of R;(a + x). To
determine the multiple, we merely evaluate both sides of (1) at x = p and use the
fact that o(w)G,(a + p) = Gy(a+ p) (which follows from Lemma 2.4 (2)). This
proves (1).

For (2), the same argument proves that G/ (x) vanishes at i for |u| < |A|. To
finish the proof, it suffices to prove that the top terms of the two sides are equal.
But these are also the top terms of (1) and hence are equal. O

Proof of Theorem 6.3. Fix a with ot = A, and apply & to both sides of
Theorem 1.8. By Lemma 6.5, we get

Ri(a+x;1) R, (x;7) L [«
Ri(a+p;r) Z ”Rn(Z+P ) wnhk"_ﬂ%[ﬂ],emr)'

To conclude, we need to establish that k, = (ﬁ) , but this follows by putting
r
x = ax in the above, letting a — oo, and using (*x). O

COROLLARY 6.6. For each o satisfying ot = A, we have

=) 0
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