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Unitary Representations on the Shilov
Boundary of a Symmetric Tube Domain
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ABSTRACT. Let Q@ = G/K be a symmetric tube domain where G is the
universal cover of Aut(2). Let x be a line bundle on the Shilov boundary,
and let I(x) be the space of sections.

This paper determines (a) the composition series for I(x) as a (g, K)-
module, (b) the K-module structure of each constituent, (c) explicit for-
mulas for possible invariant Hermitian forms on these constituents, and (d)
the unitarizable constituents.

Introduction.

Let & = G/K be a symmetric tube domain of rank n and let G be the
universal covering group of Aut(f2). The Shilov boundary of © is of the form
G/P, where P = LN is a maximal parabolic subgroup with abelian nilradical N.
Let x be a character of L such that the induced representation I(x) = Ind$(x)
has a non-trivial, invariant, Hermitian form.

This paper determines the composition series for such I(x), describes the
K-module structure of each constituent, and obtains explicit formulas for the
invariant Hermitian forms on the constituents. In particular, this leads to a
complete determination of the unitarizable constituents of the I(x).

The main idea is the following: After suitable normalization, the Hermitian
form has a rational dependence on the parameter. Moreover, if x is suitably
integral, then the Hermitian form is given by an equivariant differential operator
and, as shown in [S], the Capelli identity of [KS] gives an explicit formula for
this form at these points. In view of the rationality, this allows one to calculate
Hermitian forms for all x, and everything else follows. This technique should
perhaps be considered an “algebraic” continuation of the Capelli identity.
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276 SIDDHARTHA SAHI

Our results extend those of [W], [RV], [FK], and those of [KV], [G], [J]
among others.

The first three references deal with holomorphic representations on 2. These
imbed in the Shilov boundary through the boundary value map, and occur as
certain constituents of I(x). But I(x) has other constituents as well, which
should, perhaps, be related to other G-orbits on G/ P..

[KV] studies I(x) for Sp(n,R) and U(n,n), but only for the trivial character
X- [G] is in the setting of our paper, but describes only those constituents of I(x)
which have one-dimensional K-types. Finally, [J] answers the same questions
as this paper but for a different class of groups, and uses completely different
methods. ( The group U(n,n) is the only one common to both our classes.)

The organization of this paper is as follows. The necessary notation is intro-
duced in §0. In §1 an explicit formula is obtained for possible Hermitian forms on
I(x). The Jantzen filtration is determined in §2, and the irreducible constituents
are calculated in §3. In §4 the asymptotic supports (in the sense of [KV1)) of the
various constituents are determined. These turn out to be either certain cones
Tp,q With p+ g < n, or else the union of two such cones Ty, UTp11n—p—1-

85 determines which of these constituents are unitary. Of particular interest
is Theorem 5.C, which shows that for each pair of integers p,q with p+¢q¢ <n
there is a unique “small” unitary representation V}, ; with support T}, 4, whose K-
types are given by formula (7). For p = 0 or ¢ = 0, these are the representations
obtained by Wallach in [W]. They are all unipotent in the sense of [V1].

In [S1], we show that each of these small representations is naturally realized
on the L2?-space of an L orbit in N. In particular, this implies that these repre-
sentations are irreducible upon restriction to P. This should be compared with
the results of [SS].

The results of this paper also seem to have some relevance to the questions
raised in [KR], which were in turn motivated by number theoretic considera-
tions. In particular, one can show that if G is classical, and I(x) descends to
a representation of the corresponding linear group (or of its metaplectic dou-
ble cover), then all the composition factors can be “obtained” via the oscillator
correspondence. The details will appear elsewhere.

§0. Notation.

We start by recalling some notation from [S].

In what follows, all Lie algebras will be real unless complexified with a sub-
script “c”.

Let (g,&) be an irreducible Hermitian symmetric pair of tube type. Fix a
Cartan decomposition g = €+ p and choose a® C p and t* C €so that h* = a’ & t°
is a maximally split Cartan subalgebra of g.

It is known that the restricted root system is of type C, where n = dim(a®).
Thus we may choose a basis €1, -+ ,&, for (a®)* such that X(g,a°) = {£e; £
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UNITARY REPRESENTATIONS ON THE SHILOV BOUNDARY 277

The root spaces for +¢; + ¢; have a common dimension which we will denote
by d.

The root spaces for +2¢; are one-dimensional. Thus +2¢; may be regarded
as roots of h° in g, vanishing on t°. To each 2¢; we may attach in a standard
manner, an S-triple {h;,e;, f;}, contained in g. These S-triples commute, and
{h=30hjve=375 1€, f =35, fj} is also an S-triple.

The eigenvalues of ad(h) on g are —2, 0 and 2. Let us write i, [ and n for the
corresponding eigenspaces. Then q = [+ 1 is a maximal parabolic subalgebra.

The Cayley transform is the element ¢ = exp”f"(e + f) in Ad(gc). Let t =
ic(a®), then h = t+t° is a compact Cartan subalgebra for g (and €); and {v; | v; =
co(2¢;),i=1,---,n} is a maximal set of (Harish-Chandra) strongly orthogonal
roots in X(be, ge)-

Let us write v for e; +---+ €, and p for y1 + -+ - + ¥y

Let G’ be the adjoint group of g and let G be its universal covering group.
Let K’ and K be the analytic subgroups corresponding to €, and let P = LN be
the maximal parabolic subgroup of G corresponding to q. Then K’ is a maximal
compact subgroup of G’, and @ = G/K = G'/K' is a symmetric tube domain
of rank n and G/P is its Shilov boundary.

We describe next the characters of L. First of all, v is (the differential of) a
positive character of L; and for each ¢t € C, 1! is a character of L. Similarly,
u is (the differential of) a unitary character of K; and for each ¢ € C, uf is
a character of K. Now u° restricts to a character of the component group of
LN K, which is the same as the component group of L; hence this restriction
extends to a unique character of L, which we denote by u® as well. Finally, the
most general character of L is of the form p¢ ® v%.

We will write (4, I(e,t)) for the induced representation Ind§(u® ® vt) (K-
finite, normalized induction).

It is known that the highest weights of K-types in I(e,t) are of the form a+ep

with
n
(1) a = Z aii
i=1
where the a; are integers with a; > --- > a,, and each such K-type occurs

ezactly once.

We are interested in the situation when I(e,t) has a g-invariant, K-unitary
Hermitian form. This happens if and only if € is real and ¢ is either real or purely
imaginary. Furthermore, if ¢ is imaginary and non-zero then I(e,t) is irreducible
and unitary; if ¢ is real then I(e, —t) is the Hermitian dual of I(e,t); and finally,
I(e + 1,t) = I(e,t). Consequently, for the rest of this paper we assume

(2) teR" and e € [0,1)
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278 SIDDHARTHA SAHI

§1. Rationality.

It is convenient to realize all of the 7. ; on a fixed space. For this, let (LNK)' be
the (compact) image of LN K under the projection from G to G’, and write V =
L*(K'/(LN K)")Kk'—gnite- If € = 0, then restriction to K gives an isomorphism
of I(0,t) with V. For general ¢, multiplication by the function p~¢ gives an
isomorphism of I(e,t) with V. In view of this, when ¢ is understood, we will
simply write a for the K’-type with highest weight o + ep.

Now, let ¢,e be asin (2) and let (, ), , be a m,+(g) invariant Hermitian form on
I(e,t). On each K-type, (, ), is a constant multiple of the standard (positive
definite) form (, ) on V coming from L2(K’) through the above identification.

Fix K-types a and § and choose (, )-unit vectors v and w in V,, and V3
respectively, and let
(w, w)e s

(v,0)er

It is well known that =, is irreducible for most € and ¢, and thus (, )E’t is
unique up to a scalar and gg(€,t) is unique, period! Our first theorem is a
formula for gg o(€,t). An obvious multiplicative property implies that it suffices
to consider the case where

QB,a(E, t) =

(3) B=a++; for some i such that a;_; > a; + 1.
THEOREM. For a as in (1), B as in (3), we have gg o(€,t) = a; /a; , where

(4) af =af(a,e,t) =a;+e+dn—2i+1)/4+1/2+¢/2.

PROOF. For each X in g, (¢,t) — 7 +(X) is an affine map. Arguing as in
(Theorem 4.11(c) of [V1]) we conclude that gg (e, t) is a rational function of
¢ and ¢t. Thus it suffices to prove the theorem for the special case where ¢ is a
positive integer. For such ¢, the theorem follows from Theorem 1 of [S], once
we note that the argument in the appendix of that paper shows that m.; is
irreducible for most e. O

§2. Reducibility.

For this section, let us fix €,t as in (2), and write Vj = V = I(g,t). Let
s € R be variable, then Theorem 1 shows that, after multiplying by a suitable
power of (s—t), we may assume that (, ), ; is non-zero at ¢, and non-degenerate
elsewhere in a small interval (¢t — 6,t + 6).

Let Vi consist of those vectors v in V for which there exists a polynomial
function f, defined on (¢t —6,t+6) and taking values in a fixed, finite dimensional
subspace of V, with the following two properties: (a) f(¢) = v; (b) for all w in
V, the function (f(s),w). s vanishes to order at least k at s = t.

DEFINITION([V]). The filtration Vy 2 V4 2 --- 2 Vi D ---, is called the
Jantzen filtration of I(e,t) and Qx = Vi /Vi+1 are called the Jantzen subquotients.
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UNITARY REPRESENTATIONS ON THE SHILOV BOUNDARY 279

It is easy to check that each V} is m-invariant. Furthermore, if v,v’ € V} and
we choose f, f’ as above, then lims_,t-(rlt);(f(s), f'(8))e,s depends only on v, v’

and defines a Hermitian form ( , )f on Vi whose radical is exactly Vi41. Thus the
Jantzen subquotients are (g, K') modules with non-degenerate Hermitian forms.

In our situation (K-multiplicity one), these subquotients admit a simpler de-
scription.

LEMMA. In the present situation, v € Vi if and only if (v,v)c,, vanishes to
order at least k at s =t.

PROOF. Suppose v satisfies the condition of the Lemma, and define f(s) = v.
Since K-multiplicities are 1, (, )., is definite on each K-type (for s # t) and
we can write V = Cv @ (Cv)*, with a fired, orthogonal decomposition for all
(s )e, Ifw €V, we may write w = cv +v*. Then (f(5),w)e,s = (v,CV)es
vanishes to order at least k at s = ¢. Thus v belongs to V.

Conversely, suppose v € Vi and f(s) is as in the definition of V. Write
V = Cv ® (Cv)! as above and decompose f(s) = c(s)v + g(s) where c(s) is a
(scalar valued) polynomial, and g(s) takes values in (Cv)*. Then (f(s),v),s =
c(8)(v,v)e,s. At t = s, the left side vanishes to order at least k, and since c(t) = 1,
so does (v,v)cs. O

COROLLARY. The Jantzen subquotient Qy, consists of the K -types for which
() )e,s vanishes to order ezactly k. Furthermore, if we fiz a € Qx and normalize

(, ):,t to be equal to (, ) on V,, then for each B € Qy, (, ):’t = gg,a(e,t)(, )
on Vg.

§3. Irreducibility.
In this section we decompose I(e,t) into its irreducible components.

LEMMA. Let a,3,t,af be as in (1) - (4). Then

(a) Vg C met(8)Vy if and only if a; # 0.
(b) Va C me+(8)Vp if and only if a} #0
(c) B and a belong to the same irreducible component of I(e,t) if and only

ifaf #£0.

PROOF. Lett, = to(a,i,e) = 2(a;+e+%(n—2i+1)+1), so that aF = 1(t,%t).
Then Theorem 1 shows that gg.a(e,t) = 22%.

Suppose a; = 0, that is t = t,. Now if ¢, # 0, gg (c,t) has a pole at t,.
Thus in the Jantzen filtration of V' at t,, V, occurs in lower degree than V3. In
particular Vg & 7c ¢, (g)Va. If t, = 0 then ggo(e,t) = —1 is negative. However
the representation . o is unitary (and completely reducible), so @ and 8 must lie
in different summands; thus once again Vg € m, ;s (g)V,. This proves the “only
if” part of (a).
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For the other direction, fix v € V, and X € g, and let P(e,t) = Px,(c,t)
be the orthogonal projection of 7 ((X)v to V3. Since (g,t) — m4(X) is affine,
there are w, wo and w; in V3 such that P(e,t) = tw + ewo + wi. The first part
of the proof shows that P(e,t,(c,4,¢)) = 0, whence P(e,t) = (2a; )w.

In the appendix it is shown that one can find X € g and v € V,, such that
Px ,(e,t) # 0 for some (e,t). It follows that w # 0, and so P(e,t) # 0 for all
t # to(a,4,€). This shows that V,, C m.+(g)Vs if a] # 0. This completes the
proof of (a); (b) is similar, and (c) follows. 0O

In the situation of the Lemma, we will say a and 3 are linked if (c¢) holds.
Two K-types of I(e,t) will be called equivalent if they can be connected through
a chain of linked K-types.

Let (m, W) be an irreducible subquotient of I{e,t), and a be a K-type of W.
Clearly all the K-types in the equivalence class of a occur in W. On the other
hand, as observed in Lemma 3.1 of [S], the K-types of n(g){W,) are contained
in the set {a,a £y | j = 1,---,n}. This shows that W coincides with the
equivalence class of a.

The preceding remarks show that I(e,t) is reducible if and only if there is a
K-type a as in (1), and an index i such that one of a;'-h is an integer.

DEFINITION. We say that « is of type (p, ¢) if p is the smallest index such that
one of a;t_H is a non-positive integer; and ¢ is the smallest index such that one
of a,:f_q is a positive integer. Finally, we will write V}, 4 for the subspace spanned
by the K-types of type (p,q).

(Not all possible V}, o’s need occur for a given ¢ and t.)

THEOREM. The irreducible constituents of I(e,t) are exactly the non-zero
‘/177q ,S'

ProOOF. It suffices to show that the K-types of V}, ; form a single equivalence
class. Suppose a as in (1) is of type (p,¢) and 8 is as in (3). Now g is also of
type (p,q), unless one of the following holds:

(a) i < p and one of af + 1 is a non-positive integer;

(b) i = p+ 1 and neither of af + 1 is a non-positive integer;
(c) i = n — g and neither of a + 1 is a positive integer;

(d) i > n—q+1 and one of af + 1 is a positive integer.

From the definition of p and ¢, it is clear that (a) and (c) are impossible, and
that (b) or (d) can occur if and only if the appropriate af equals zero. In view
of the Lemma, we see that if i <p+1ori>n—gq, then 3 = o+, is linked to
a if and only if it is of the same type.

It remains to show that if p+1 > i > n — ¢, then g is linked to a. Suppose
not, then one of a¥, say a;, must equal 0. Then af_, <af =0<ay,,,and
now from the definition of p and g, it follows that a,_, is a positive integer, and
Qpyq IS @ non-positive integer. However, since a,,_, < a,.;, this is impossible.
This finishes the proof. O
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UNITARY REPRESENTATIONS ON THE SHILOV BOUNDARY 281

§4. Supports.
Let C be the set {}_, rivi | r1>--- >, € R}

DEFINITION. ([KV]; 6.1) If W is a subquotient of some I(e,t), we say that
A € C is in the asymptotic support T(W) of W, if there is a sequence tx — 0 of
positive real numbers, and a sequence of ay, of K-types of W, such that txar — A.

We now describe the asymptotic supports of the irreducible components of
I(e,t). Clearly, if I(e,t) is irreducible, its asymptotic support is all of C, and
there is nothing more to say. If I(e,t) is reducible, then T(V, 4) is determined
by p and gq. The next Lemma provides some control over the possible pairs (p, q)
which can occur.

LEMMA. Suppose I(e,t) is reducible and Vp, 4 is an irreducible subquotient,
then p+ q < n+ 1. Furthermore unless d is odd and t — % is not an integer, we
have p + ¢ < n.

PROOF. Let a be of type (p, q). Clearly ¢ < n,soifp = 0,1, then p+q < n+1.
Assume therefore that p > 2. Since I(e, t) is reducible, one of the four numbers
a;,b, af_l is an integer. By the definition of p, this integer must be positive. On
the other hand if n — ¢ < p—1, this integer would be less than the corresponding
af_q which, by the definition of ¢, is non-positive. This shows that n—¢ >p—1
which proves the first part of the Lemma.

Moreover, if d is even, or if ¢t — % € Z, then one of a;,h is an integer. Arguing
as before, we see that in this case n—q¢>p. O

For p+q < n, let T, 4 be the cone {} ;77 €C | rpp1 =+ =1p_q =0}

THEOREM. Let V,, 4 be as in Theorem 8. Then if p+q < n, T(Vpq) = Tpq;
and if p+qg=n+1,T(Vpq) =Tpq-1UTp-14.

PRrROOF. Fix a K-type a in V, 4. Then the proof of Theorem 3 shows that if
€y > cg >+ > cp > 0 is any decreasing sequence of nonnegative integers, then
the K-type a+2f=1 ci7i also belongs to Vp, 4. Similarly if 0 > cp—g41 > - 2> ¢p
is a decreasing sequence of non-positive integers then a + E?=n_ q+1 Cii belongs
to Vp q.

Definition 3 implies that the first n — g coefficients of possible K-types in
Vp,q are bounded below, and the last n — p coefficients are bounded above. The
theorem follows. 0O

§5. Unitarity.
Let W be an irreducible constituent of some I(e,t).

LEMMA. W is unitarizable if and only if for each K-type a of W as in (1)
and for each index i = 1,--- ,n, satisfying af # 0 and a;—1 > a;, we have

d 1
(5) t<2|a,~+e+z(n—2i+1)+§|.
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PRroOOF. In view of Corollary 2 it suffices to show that for each pair of K-types
a and f in W, gg,q(e,t) is positive. The discussion following Lemma 3 shows
that it suffices to check this for linked pairs, and so we may assume that 3 is as
in (3) and af # 0. Theorem 1 shows that gg (e, t) is positive if and only if af
have the same sign. Since ¢ > 0, this happens if and only if either a; > 0 or
af < 0. Rewriting this, we get (5). O

We now give explicit descriptions of the unitarizable constituents. For conve-
nience, we divide the discussion into three cases:

(A) (Complementary series) W = I(e,t)

(B) (Large Constituents) W =V, , withp+g=n,n+1

(C) (Small Constituents) W =V, g withp+¢g<n-—-1

Also let us abbreviate the frequently occurring constant € + %(n +1)+ % by
n(n,d,¢) or, simply, 7. Thus af = a; + 7 — 1’2—‘ + i

THEOREM A. Lett; = ty(n,d,e) = min {2|a+7|,2la+n+%||a € Z}. Then
I(e,t) is irreducible and unitary if and only if t < t;.

PRroOF. The Lemma shows that I{e,t) is both irreducible and unitary if and
only if (5) holds for all i = 1,--- ,n and all integers a;. It is easy to see that the
minimum value of right side of (5) is¢;. O

REMARK. We can make Theorem A still more explicit as follows: Let § =
1 —|2¢ —1]. If d is even, then t; = } +§ accordingly as 9(n + 1) is odd or even;
if d is odd, then t; = |6] or § — |§] accordingly as n is even or odd.

The remark follows from an easy calculation once we note that ¢ € [0, 1).

THEOREM B. Suppose d is even and p+ q = n. I(e,t) has a constituent of
type Vp q if and only if

(0) one of n+ £ is an integer.
This constituent is unitarizable if and only if at least one of the following condi-
tions holds:

(1) t is an integer;

(2) t =1t; or, equivalently t < 1;

(3) p=0 and n+ £ is an integer.

(4) ¢=0 and n— £ is an integer.

PROOF. First consider the situation when both p and ¢ are positive.
If ¢ is an integer, and « is a K-type of Vj 4, then (0) implies that the four
numbers af_q, a;t_,_l are all integers. Definition 3 implies that a,_, > 0 and
a;H < 0. Thus a,-:b > 0for i < p and a;': < 0 for 7 > p, and so the unitarity
follows from the Lemma.

If ¢ is not an integer, then exactly one of af, say a], is an integer for all i.
Now as discussed in the proof of Theorem 4, we can find a K-type in V}, 4 whose
first p coefficients are large and positive. Adding an integral multiple of v,,; we

obtain a K-type a in Vj 4 such that a,;; = —1. Now a;_H =a,, +t=t—-11If
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t > 1, this number is positive, and the Lemma shows that V, 4 is not unitary. On
the other hand if t < 1, one can check that (0) implies that ¢ = ¢;, and another
application of the Lemma proves the unitarity. The argument is similar if aj’ is
an integer for all 3.

Now suppose that p = 0, and ¢ > 1. Arguing as above, we see that V4 is
unitary if and only if af < 0 for all ¢ and for every K-type a of V,,. This
happens if and only af is a (non-positive) integer for all a. This leads to (3).
The proof of (4) is similar. O

REMARK. We note that the representations in (1) were discussed in [S]; those
in (2) correspond to the endpoints of complementary series; and those in (3) and
(4) are (limits of) holomorphic and anti-holomorphic discrete series.

THEOREM B’. Suppose d is odd and p + q = n. I(e,t) has a constituent of
type Vp 4 if and only if

(0) One of n+ -% is an integer, and 2t is an odd integer.

This constituent is unitarizable if and only if at least one of the following condi-
tions holds:

(1) n— % — £ is an integer;

(2) t=ti(n,d,e) = %;

3) p=0andn— % + & is an integer;

(4) ¢g=0andn— %i — £ is an integer.

PROOF. First assume that p and q are positive, and let a be a K-type of V,, 4.
Since d is odd, a;" and a;L +1 cannot both be integers. Thus exactly one of the
following two situations must hold:

(a) a, and a;'_,,l are integers.

(b) af and a,, are integers.

These conditions are easily seen to be equivalent to (0) of the Theorem.

Arguing as in the proof of Theorem B, we have unitarity in case (a), which
corresponds to (1) of the present Theorem; and non-unitarity in case (b), unless
t < 1. However, since 2¢ is an odd integer, the last condition implies ¢ = %,
which corresponds to (2) of the Theorem.

The argument for cases (3) and (4) is the same as in Theorem B. O

THEOREM B”. Suppose d is odd and p+ q =n + 1. I(e,t) has a constituent
of type Vp 4 if and only if

(0) One of n — ﬂg;—ll + % s an integer, and 2t is not an odd integer.
This constituent is unitarizable if and only if at least one of the following condi-
tions holds:

1) t< % or, equivalently t = t,;

(2) p=0andn— %+ % is an integer;

3) ¢g=0andn— "z—d — £ is an integer.
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PROOF. From Definition 3, it follows that a constituent of type V} 4 occurs
exactly when one of a;bﬂ is an integer, and a;f+2 are both non-integral. Rewriting
this gives (0).

The argument for (2) and (3) is the same as before. So we assume that p and
q are positive. Let a be a K-type of V,, ;. For i = p+1, one of agh is an integer,
say a;. Since d is odd, o} is in Z + 1.

Now Theorem 4 shows that a, can assume arbitrary integral values. In par-
ticular, we can arrange to have a;,* = % For V4 to be unitary, a, = % —t must
also be positive. Conversely if ¢ < %, then (0) implies that ¢ must equal ¢;, and
the unitarity follows. 0O

THEOREM C. Suppose p+q < n. Then I(e,t) has a constituent of type Vp 4
if and only if n— %(p+ 1) — £ is an integer and t — g(n —1—p—q) is a positive
integer.

This constituent is unitarizable if and only if

(6) t=1+g(n—l—p—q).

PROOF. Let a be a K-type of V}, 4. By the definition of p and g, one of a;fﬂ
is a non-positive integer and one of a,:f_ ¢ 18 a positive integer. Since p+1 > n—g,
the only way this can happen is if a,,; is the non-positive integer and a,'f_q is
the positive integer. Rewriting this, we obtain the the first part of the Theorem.

Suppose V; 4 is unitary. Now a,; > ai_, must be positive. Since a, can
be arbitrarily large, the Lemma shows that a,; cannot be negative, so it must
be 0. Arguing similarly, a;}_, must be equal to 1. Thus 1 = a},, —a
$(=2(p + 1) + 2(n — q)) + ¢, which yields (6).

On the other hand if (6) holds, then an easy calculation shows 0 > a,,, =

n—q =

aps1+€— %(p—gq). Similarly, 1 <af =an_q+e—%(p—q)+1. Thus we see
that a; +¢ > %(p——q) for i < n —q and that a; + ¢ < %(p—q) fori >p+1.
Consequently, the K-types of the representation are

d n
(M {Z(p—Q)ﬂ+Zci'Yi|cl > >cn €Z; cpy1 =+ = Cp—q = 0}.
i=1

The unitarity of V}, 4 follows easily from the Lemma. O

Appendix.

In this appendix we complete the proof of Lemma 3 using some elementary
facts from the theory of generalized Verma modules. A convenient reference for
this section is [FK].

Let ¢ be an integer and let € be in [0, 1) as usual. Write 9 for the 1-dimensional
t-type ¥ = cp + ep, let M(¥) = U(8) Qu(e+p+) Cy be the corresponding gener-
alized Verma module, and let L(%) be its unique irreducible quotient.
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LEMMA A. Ift = t(c,e) = 2(c+¢ + ﬂnT_‘ll + 3), then L(¥) occurs as a
subquotient of I(e,t).

PRrOOF. It suffices to show that m(p*)Vy, = 0. Clearly mes(p™)Veu C
Veu+q:» and arguing as in the proof of the first part of Lemma 3, we see that
for t = t(c,€), cu is lower than cp + 7, in the Jantzen filtration. Consequently
7l'e,t(lﬁ.)vcp =0. O

Let c be fixed. Then it is well known that for “most” e, M(¢) = M(cu +ep)
is irreducible. (For an exact statement see Theorem 5.3 in [FK].) On the other
hand, if a, 8 and t,(a,i,¢e) are as in the proof of Lemma 3, then by suitably
choosing € and ¢ >> a; we may arrange to have

Vo, Vo € M(¢) = L(¥) C (e, t(c,¢€))

and at the same time ensure that t(c,e) # *t,(a,i,¢€).

This reduces the proof of Lemma 3 to a corresponding result about Verma
modules, which we shall prove after introducing some necessary notation.

As in [FK], we may realize M (1) on the space P of polynomials on p*. (This
is related via the Cayley transform (as in [S]) to the realization inside I(e,t).)
The Lie algebra p* acts by constant coefficient vector fields.

The t-weights of p* are 1(v; + ;) and -, and the latter have 1-dimensional
weight spaces. Choose weight vectors X; in the 7;-weight spaces and extend these
to a basis of p* consisting of t-weight vectors. If z; is the coordinate function
for the ~y;-weight vector, then X; acts on P by 0; = 0/0z;.

Let ¢; be the polynomial functions described in [KS] (and denoted by A; in
[FK]). Then polynomials of the form

d
(8) p=of ol

constitute the totality of lowest weight vectors in the various €-types of M(v).
Such a p has t-weight

(c+elp—[(di+ - +di)n+(d2+--+dn)y2+- +dnyal.
The highest weight vector in that ¢-type has weight
(c+e)p—[dnm1+ (dn-1+dn)r2+ -+ (di + - +dn)Va]-

Let & = ajy1+:--+anv, and B be as in (1), (3) and Lemma 3. Since ¢ >> a;
and a;—; > a; (see (3)), we can choose integers di,...,d, so that if p is as in
(8), then v = p;p and w = ;_1p are lowest weight vectors in V, = M(¥)a+e
and Vg = M (%)p+ respectively.

We recall next the positive definite, K-invariant, Fischer inner product on
P = M(3) defined as in (§3 of [FK]) by (p|q) = (8(p)-q)|.=0, where q(z) = ¢(Z).

We leave it to the reader to verify the following simple facts:

(i) ¢ =i
(ll) ;- wi = pi—1 and G; -k =0 for k < 1.
(iil) (A(r)-plq) = (p|Tq) for all p,q,7 in P.
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LEMMA B. (8; - (vip) | pi-1p) # 0.

PRrOOF. If Dj(m) is the differential operator 9(p;)™ o ¢7* and q is a lowest
weight vector of the form 5 - - - ¥ with k < j, then D;(m) - ¢ is a multiple of
g- Moreover, from (i) and (iii) above, and the definiteness of the form, it follows
that this multiple is not zero.

Applying this remark and (iii) repeatedly, we see that (9; - (¢:p) | pi—1p) is
a non-zero multiple of (8; - (¢ip’) | pi—1p’) where p' = & ~--<p?i‘1‘. Now (ii)
shows that 8; - (p;p’) = p;—_1p’, and the Lemma follows by the definiteness of the

form. O

ProOOF OF LEMMA 3. Choose c,e and t = t(c,¢) as above. Also let v = ¢;p
in V,, and w = ¢;_1p in Vj be as before, and set X = X; in p*. Then Lemma B
shows that 7, (X )v is not orthogonal to w. In particular, Px ,(e,t(c,e)) #0. O

REFERENCES

[FK] Faraut, J. and Koranyi, A., Function spaces and reproducing kernels on bounded sym-
metric domains, J. Funct. Anal. 88 (1990), 64-89.

[G] Guillemonat, A., On some semi-spherical representations of a Hermitian symmetric
pair of tubular type, Math. Ann. 246 (1980), 93-116.

3] Johnson, K., Degenerate principal series and compact groups, Math. Ann. 287 (1990),
703-718.

[KR] Kudla, S. and Rallis, S., Degenerate principal series and invariant distributions, Israel
J. Math. 69 (1990), 25-45.

[KS] Kostant, B. and Sahi, S., The Capelli identity, tube domains and the generalized
Laplace transform, Adv. in Math. 87 (1991), 71-92.

[KV] Kashiwara, M. and Vergne, M., Functions on the Shilov boundary of the generalized
half plane, Non-Commutative Harmonic Analysis, Lect. Notes Math. 728, Springer,
1979, pp. 136-176.

[KV1] Kashiwara, M. and Vergne, M., K-types and singular spectrum, Non-Commutative
Harmonic Analysis, Lect. Notes Math. 728, Springer, 1979, pp. 177-200.

[RV] Rossi, H. and Vergne, M., Analytic continuation of the holomorphic discrete series of
a semisimple Lie group, Acta Math. 136 (1976), 1-59.

[S] Sahi, S., The Capelli identity and unitary representations, Comp. Math. 81 (1992),
247-260.

[S1]  Sahi, S., Ezplicit Hilbert spaces for certain unipotent representations, Invent. Math.
110 (1992), 409-418.

[SS]  Sahi, S. and Stein, E., Analysis in matriz space and Speh’s representations, Invent.
Math. 101 (1990), 379-393.

V] Vogan, D., Unitarizability of certain series of representations, Ann. of Math. 120
(1984), 141-187.

[V1]  Vogan, D., Unitary representations of reductive groups, Ann. of Math. Studies 118,
Princeton University Press, 1987.

[W]  Wallach, N., The analytic continuation of the discrete series II, Trans. Amer. Math.
Soc. 251 (1979), 19-37.

DEPARTMENT OF MATHEMATICS, PRINCETON UNIVERSITY, PRINCETON, NJ 08544

E-mail address: sahi@math.princeton.edu

Licensed to Princeton University. Prepared on Sat Dec 15 18:51:55 EST 2012 for download from IP 128.112.200.107.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



