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Abstract. We describe a connection between discrete birth process and a certain family of mul-
tivariate interpolation polynomials. This enables us to compute all asymptotic moments of the
birth process, generalizing previously known results for the mean and variance.
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1. Introduction

In this paper we undertake the analysis of a certain class of birth processes. We estab-
lish a number of new results for these processes, including a precise description of their
asymptotic behavior. As a consequence we also obtain simple proofs and generaliza-
tions of several results in the current literature on the subject.

A discrete-time pure birth process is a sequence of random variables {Xo, Xi,...},
such that the possible values (states) for X, are the integers 0, 1, 2,..., n. The process
starts in state 0 and direct transitions are only possible from state m to state m+ 1. Such
a process is characterized by its transition probabilities

Tn =Pr{X,s1 =m+1|X, =m}. (1.1)

Indeed, writing
Py :=Pr{X, =m},

we have Py o = 1, and the following recursion holds
Pm,n = (1 - Tm,nfl) Pm,nfl + Tmfl,nflpmfl,nfl- (12)
In a number of important situations, the transition probabilities factorize in the form

Ton = OBy (1.3)
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where o, and B, depend only on m and n respectively.
Our first main result is the following “product formula” for the birth process.

Theorem 1.1. Let X,, be as in (1.1) — (1.3). Then for each n we have
Xp—1 | n—1 |
E H[H—u(xj} :H{l—i-uﬁj},
j=0 =0
where E(f (X,)) denotes the expected value of f (X,).

We next consider the asymptotic behaviour of the process in a suitable regime for
the transition probabilities, viz. we assume that the infinite products

[Ti0e: TTs0Bi

are absolutely convergent.
By [13, Section 2.7], this means that the log series

Zlog(xj, Zlogﬁj
are absolutely convergent. Moreover if we write
vi=1-0, 8 =B;—1 (1.4)
then absolute convergence is equivalent to
Y lvil <o, Y [8;] <coand y;#1,8; #—1. (1.5)
We now introduce the random variable
Yo=n—-X,. (1.6)
Thus Y, is the population “deficit” at time n.

Theorem 1.2. Let Y, be as in (1.1) — (1.6). Then Y, converges in distribution to a
random variable Y, valued in the set {0, 1,2,...} and moreover

= 1—vyi &5 1+€%;
E Y — J ]7
(e ) gl—ef'ng 1+5j

where the products converge uniformly in a strip
0<|Re(T)| <E.

In particular, one can compute explicitly the moments and central moments of Y,
which are defined by

u, =E[Y"], w=E[Y-E[r])"].

To describe the result, we introduce the rational function
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d\*T z
=|z— — . 1.7
r@= () 7] a7
We also recall the definition of the Bell polynomials
n Xi i! "
Bn(xl,...,xn):n!z:n%, (1.8)
r =1

where the sum ranges over all partitions A of n, written in the form
1my +2my+---+nm,; = n.

Theorem 1.3. ForY as in Theorem 1.2, the moments of Y are given by

ty =By (K1, K2, ..., Kn), (1.9)
tn =By (0,2, ..., %), (1.10)

where .
Ki = X;)[fifl () = fie1 (=8))] (1.11)

=

The numbers «; in formula (1.11) are in fact the cumulants of Y. We recall that
the first two cumulants are simply the mean x; = u and the variance x, = 6>. Also,
the functions f; are closely related to the Eulerian polynomials. We postpone a gen-
eral discussion of cumulants, Bell polynomials, and Eulerian polynomials to the next
section.

An interesting situation arises when we put

yi=¢", §;=0. (1.12)

In this case, the birth process has combinatorial interpretations in terms of heaps [12]
and random graphs [1]. We recall the usual g-series notation

(x),=10—=x)(1—xq)--- (1 —xq"il) ,

and also the “sum of divisors” functions

Si(q) =Y. or(n)q" where o (n) =Y d".

n>1 dln
Theorem 1.3 has the following very pretty specialization:

Proposition 1.4 (Uchimura). Suppose Y is as in the previous theorem, and assume
that;, §; are as in (1.12). Then for all k > 0 we have

Pr{Y =k} =4" (qk“)m, (1.13)

K1 (V) =Sk (q) - (1.14)
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As a further consequence we obtain

Corollary 1.5. We have the following g-series identities

Y K () = Ba(Soses Su-), (1.15)
k>0 o

I kl (*th |

Z q )n n_z s(n, k)| Bi (So,---, Sk—1)- (1.16)

Here s (n, k) are Stirling numbers of the first kind defined by
2(z—=1)-(z—n+1)= ank

The identity (1.15) was first obtained by Uchimura in [12, Theorem 2.1]. It was
independently rediscovered by Andrews-Crippa-Simon [1] along with (1.16) in a less
explicit form. In fact, as pointed out in [1] and Dilcher [3], (1.16) can be easily derived
from (1.15). Dilcher also discovered finite analogs of (1.16) which were subsequently
generalized by Prodinger [8] and Fu-Lascoux [5].

Our work on this topic was motivated by the results of [2]. Our Theorem 1.3 is a
far-reaching generalization of Theorems 3.2 — 3.4 of that paper.

The organization of the paper is as follows: In Section 1 we recall basic facts about
moments and cumulants. In Section 2, we establish the product formula of Theorem
1.1. In Sections 3 and 4 we analyze the asymptotics to deduce the characteristic function
of Theorem 1.2 and the moment formula of Theorem 1.3. Finally in Section 5, we
consider transition probabilities satisfying formula (1.12), and deduce Proposition 1.4
and Corollary 1.5.

The probabilities P, , are closely related to the more general interpolation polyno-
mials Py (x;p) defined in [10]. It would be interesting to obtain a statistical interpreta-
tion for the general P, (x;p) which might shed light on some of their properties.

2. Preliminaries

2.1. Symmetric Functions

Let e (x) and & (x) be the elementary and complete symmetric functions in x, defined
by the expansions

n
[T +zx)) = Zzez
=1

and
n

[T —zx))” Zzh

Jj=1

The main result of [2, Theorem 3.1] can be reformulated as follows:
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Proposition 2.1. Let P, , = Pr(X, = m) be as in (1.1) — (1.6), then we have

mn—

Hoc,HB ]an (Bsov),

where '

Omn(B:o) =Y (=1)'hi(c0,..., %) ej (Bo,-- -, Bn1)- 2.1
i+j=n—m

Since our notation is slightly different from [2], we provide a translation for the
reader. Our transition probability T, , in formula (1.1) corresponds 7% min[2, 1.3]. Our
B; and o; correspond to B;l and y; in [2, 3.2]. Our P, , and Q,, , correspond to P, ;,
and 13,,7,” in formulas [2, 1.4 and 3.4]. Our formula (2.1) above is simply the formula
for i’\n m in the proof of [2, Theorem 3.1]. Finally, we observe that the formula [2, 1.7]

actually contains a misprint — the arguments of e,_; should be l3_10’ . B 1nstead of
1—Bo 1—Bns
Bo 77 Ba—r

We note that it is immediate from the definition that Q,, » (B; ) is precisely the
coefficient of #*~ in the power series expansion in ¢ of the rational function

n—1 m
[T+, /[T +10). 2.2)
Jj=0

i=0

The same polynomial O, , (B;) arises in a completely different context in [6].
The Proposition 3.1 of [6] shows

Proposition 2.2. The polynomial Qp, » (B; Q) is the unique polynomial in Bo, . .., Ba—1
with coefficients in the field Q (Q) satisfying the following properties

(1) It is symmetric in Bo, ..., Pn—1.
(2) Its highest degree term is e;—m (Bos, - - -, Bn—1)-
(3) It vanishes if we set Bo = 0, - - ., B = O

The vanishing property of Q. » (B; ) is easy to see from (2.2). The key point is
that if we set o = g, ..., B = O, in (2.2) we obtain a polynomial of degree """~ 1.
Thus the coefficient of 1"~ is 0.

2.2. Cumulants

We recall that for a random variable X, the expression
E [exp (tX)] Z U, p}

is called the moment generating function. The cumulants k; are defined via the identity

= , 1"
exp Zi‘(il.—, = :un;?
= ° n °
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which implies polynomial expression for the cumulants & ; in terms of the moments y,,
and vice versa. Indeed, rewriting the left side as

= i 2 e [k/i"
lgexp [it' /1] _lHlLizoimi! M

one arrives at formula (1.9) for p/, in terms of the Bell polynomial (1.8).

As explained previously, the first two cumulants are precisely the mean and standard
deviation of X. The higher cumulants (x;, j > 3) are measures of non-normality of X;
they are all 0 if X is a Gaussian random variable. In statistics, k3/ o7 is called the
skewness, and x4/ 0% is called the kurtosis excess.

The central moments of X are the moments of the random variable

Z=X-E[X]=X x|,

which has the generating function
Elexp(tZ)] = Elexp(tX)] /exp (tK;) = Hexp [Kiti/i!] ,
i=2

and therefore we get formula (1.10).
Next, one can write

pi0= () [ 28

where Eq (z) = 1, while for k > 1, Ej (z) is a polynomial of degree k — 1:

k=1
Ec(z)=Y E(k, j)z'.

j=0

These polynomials Ej (z) are called the Eulerian polynomials and their coefficients
E (k, j) are called Eulerian numbers. They satisfy the Pascal triangle type relation:

Ek j)=k—j+1)E(k—-1,j—1)+(G+1)E(k—1,}).

The first few Eulerian polynomials are as follows:

El (Z :17
Ez(Z =14z
E3(z) = 14+4z+ 7,

1+ 11z+ 1122+ 2,

)
)

(2)
E4(2)
Es(z) = 14267+ 667>+ 267° + z*.
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3. The Product Formula

In this section we prove Theorem 1.1, as a straightforward consequence of the following
result.

Proposition 3.1. Let Oy, , be as in (2.1), then we have the identity

— n—1
ZanBoc H u+og) =[] u+p)- (3.1
i=0 i=0
Proof. Let us write
m—1
Uy = H (M"‘(Xa[) .
i=0

Then we have
V,, = 1" + lower terms.

Therefore we can invert this expansion and express ut (0 <i<n)in terms of v; (0 <
i<n).
In particular we have an expansion of the form

n — n—1
Y Run(Biov) H u+oy) =[] (u+pi), (3.2)
m=0 i=0 i=0

with some unknown polynomials R, , (B; o). We will prove

Rm,n (B;OC) = Qm,n (B;OC)

by verifying the properties of Proposition 2.2.
Clearly Ry, » (B; t) is symmetric in . Also setting

Op=-=0,-1=0

in (3.2) we deduce

n n

-1
Z Rin (B;0)u I:Iou—&—ﬁ

m=0 i

The leading term in  of Ry, » (B; Q) is

Ry (B;0) = en—m(B),

as desired.
To complete the proof, it suffices to show that for each &

Rk;” (B,(X) |B0:(10,...,Bk:(1k = 0
We will prove this by induction on k. First, in (3.2) we set

Bo =00 =—u,
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then the right side is 0 because of the factor u + B9, whereas on the left, all but one of
the terms drops out because of the factor u + 0p. Thus we get

Ro,n (B; 1) |py= = 0,

which is the desired result for k = 0.
We now proceed by induction on k. Set

Bo=0o,...,Pk—1 =0k—1 and PBr=o0y =—u

in (3.2). Once again the right side is 0 because of the factor u + B;. On the left side,

the terms for m = 0,..., k — 1 vanish by the inductive hypothesis, while the terms for
m=k+1,...,n— 1 vanish because of the presence of the factor u + 0. Thus we get
k=1

[Rk n(Bs o) |Bo 0, Br= (Xk} (0 — oy) = 0.

i

I}
=

Since [T\ (o — o) is invertible in the field Q (ct), the result follows.
By Proposition 2.2 we deduce that for all m

Rm,n (B;(X) = Qm,n (B;OC) 5
and so (3.2) becomes (3.1). |
Theorem 1.1 is now an immediate consequence.

Proof of Theorem 1.1. Combining Lemma 2.1 with the previous proposition, we obtain

n — n—1
u+o;) = (u+P).
L e Qe =11
Rewriting this, we get
n—1 n m—1 X,—1
[Ta+up; ) =Y Pun [T (1+ue; ') =E | [T (1+uo; )1 ]
i=0 m=0 i=0 i=0

In view of the standard identity
k k
H 1+ux;) = Z em (X1, x)u™,
i=1 m=0

the previous result can also be reformulated as

Corollary 3.2. E {em (aal,..., (x)}nlfl)} =em By B, 1) -
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4. The Characteristic Function
In this section, we will prove Theorem 1.2. For this we define

1428 A 1y

O () = g) 1+9; I1

i=o 1 -2y

.1

Lemma4.1. LetY, beasin (1.1)—(1.6), then

1
Pr{Y, =k} = 0", (0).

Here f¥) (z) denotes the k-th derivative of f.
Proof. By definition,
Pr{Y, =k} =Pr{Xy, =n—k}=P,_gp.

Therefore by Proposition 2.1 we get

n—k—1 n—1
Pr{Y, =k} = [ H o H le‘| On—t,n (B:0).
Jj=0 J=0

By (1.4), we have
(X]'ZI—’Y]', Bj:1+6j-

Now the recursion (1.2) for P, , yields the following recursion for Q,, ,
Qm,n = (anl - (xm) Qm,nfl + mel,nfl-

In particular we see that the recursion is unchanged if we add the same constant to
all o; and B;. Thus we get

Qm,n (B;OC) = Qm,n (1 +34;1 _’Y) = Qm,n (8, _Y)

So we have

= ' (1-7)
Pr{Y, =k} = |—L———"| Qnin(&—7).
{ n } [ H’;;(l)(l +8j) n k,n( Y)
Now by formula (2.2), O, ., is the coefficient of Z¥ in the expansion of
n—1 n—k—1 o
[T(+28) [T (1—zvy) .
J=0 =0

Therefore Pr{Y, = k} is the coefficient of z* in Ok, > and the result follows by Taylor’s
formula. |
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We next study the behaviour of the corresponding infinite products.

Lemma 4.2. Let y; be as in (1.1) — (1.5) then
0<y;<1 forall j.

Furthermore, we have
supy; = maxy; < L.

Proof. Since the products [T7_, o, [T~ B; are absolutely convergent, we have

lim(x.j = hm Bj =1.
J J

In particular, for all m we have
oy = lima, B, ' = limt,, , € [0, 1].
n n

Again, by the absolute convergence of [T/, o; we have
o; #0 forall j.

Hence we have
a; € (0, 1],

and therefore
vt e

which proves the first part of the lemma.
For the second part, we merely observe that since y; — 0, the sequence{yj} attains
its supremum.

Lemma 4.3. Let v;, 8; be as in (1.1) — (1.5) then there is R > 1, such that the infinite

product
=1y S 1+29;

0(z) =
g)l_Zij:O 149,

converges uniformly and absolutely on the disc {|z| <R}, and defines a holomorphic
function there.

Proof. 1t suffices to consider the products [T (1 +z9;), [ ﬁ separately.
X J

By (1.5), the series
L[] = Iz X131
converges uniformly on compact sets. Therefore by [9, Theorem 15.4], the product
H (1 + ZSJ‘)

converges uniformly on compact sets and defines an entire function.
By the previous lemma, we can choose R > 1 such that

supy; < R 1<l
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Then on the disc {|z| < R}, we have

A |y,
L2 <L

)

where
m:inf‘l —zyj| >1—Rsupy; > 0.

Therefore again by [9, Theorem 15.4], the product
1

Hl—ZYj:H<1+1—L;Yj)’

converges uniformly to a holomorphic function on the disc {|z] < R}. |

Proposition 4.4. Let Y, be as in (1.1) — (1.6), and define
v = lim Pr{Y, = k}.
n—o0

Then the limit exists, and moreover

i)’kzk:ﬁ 1_—y,- ﬁl—i—zﬁi,-' @2)

In particular, the series is absolutely convergent on the disc {|z| < R}, where R > 1 is
as in the previous lemma.

Proof. Let us fix k and consider the sequence ¢y, from (4.1) as n — oco. By Lemma 4.3,
we have

lim ¢y, —
n—oo

uniformly on {|z| < R}. Note that the limit is independent of k.
Therefore, by an elementary result in complex analysis [9, Corollary 10.27], we get

) k
hrllnq)k)n — q>< ).
Therefore by Lemma 4.1 we get

, 1o« 1
lim Pr{¥, = k} = lim E(P/(c,r)z (0) = Eq)(k) (0).

This identifies y; with the Taylor coefficients of ¢ and the result follows. |

We can now prove Theorem 1.2.

Proof of Theorem 1.2. By the previous proposition, ¥,, converges in distribution to the
random variable Y, such that
PI‘{Y = k} = Vk-

Let R be as in the previous proposition and set

€ =1ogR > 0.
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Then for
[Ret| < ¢
we have
e <R
Therefore we may substitute
z=¢" (4.3)
in formula (4.2), to get
> s 1+4€%;
(g Tk
= e
J=L1n H [ L IS
and the result follows. |

5. The Cumulant Formula

Proof of Theorem 1.3. The cumulants of Y are given by

Ki+1 = (%)k [IOgE(eTYﬂ ‘1:0'

Or, equivalently, in terms of the variable z from (4.3)

~ (4 kl E (¥ Sy kl
Kt = | 2 [logE ()] 11:1— iz qu)(z)‘z:l’
where, as in (4.2), we have
_ o 1 =Y = 1+Z5j
0(x)=]1 _ng)Hsj,

=01

with uniform convergence for |z] <R, with R > 1.
Moreover we have

o(1)=1.

Therefore ¢ (z) is analytic and non-zero in a small disk D centered at 1.
This means we can take the principal branch of the logarithm of both sides to get

logE (z Z log[1 +2z8;] —log[1 — zy;]) + const.

For zin D, the series on the right converges uniformly and therefore we can differentiate
under the summation sign.
Finally, substituting z = zy we conclude that

FRLes FRLas
{Zd—z} 10g(1—ZY)‘z:1 = [Zd_z] log(l—z)|z:y: —fi (),
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Hence we get

k+1 o0
Koot — [i] ogd(2)|._, = ¥ Ui (4)) — fi(~5;)].

dz =0

This proves formula (1.11), and the rest of the theorem follows as discussed in
Section 2. |

6. Divisors and g-Series

LetY, be asin (1.1) — (1.4), (1.6) and set
vi=¢t', §;=0

asin (1.12) . If we have 0 < g < 1, then the conditions (1.5) are satisfied and all of the
results of the previous sections hold.
We can now prove Proposition 1.4.

Proof of Proposition 1.4. As before we write
Yk = Pr (Y = k) .
Then by formulas (4.2) and (1.12) we get

iykzk:ﬁ | AR ()
k=0

o 1=z (z9).,

By an elementary identity due to Euler [7, Ex. 1.2.4], we have

Therefore comparing coefficients we get

W= %qk =q" (q"“)m-

Next, we have the series expansion
FRL Z o
= = = )=V gkA.
fi(2) [Zdz:| (1—z> dgﬁ z

Therefore by Theorem 1.3 we get

oo

Kip1 = ifk (q’“) _ i deqd(lJrl)'
1=0

d=11=0

~

Replacing d (I 4 1) by n, we obtain

K1 = Y, Y. d*q" =5k (q),

n=1d|n

which proves formula (1.14). |
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Corollary 1.5 is an immediate consequence.
Proof of Corollary 1.5. The g-series of formula (1.15) is
Z K'g* ( qk+1) '
k>0 -

In view of the previous lemma this can be written as
Y K'Pr(y =k)=E(Y") =pu),.
k=0

Therefore formula (1.15) follows from formula (1.9).

We next consider formula (1.16). As explained in [1, p. 49] and Dilcher [3, Lemma
1], using the binomial theorem, together with the following standard g-series identity
[7,Ex. 1.2.4]

_y D @
(Z)oo_”;o (q)n q [

we can rewrite the left side of (1.16) as

i <k+n—1>qk (qk+1)m:E {Y(Y+1)...(Y+n_l)

!
= n n!

Since we have
n
Y(Y+1)-(Y+n—1)=Y |s(n k)|Y*
k=1

formula (1.16) follows from (1.15). |

References

1. G. Andrews, D. Crippa, and K. Simon, g-Series arising from the study of random graphs,
SIAM J. Discrete Math. 10 (1997) 41-56.

2. T. Bickel, N. Galli, and K. Simon, Birth processes and symmetric polynomials, Ann. Com-
bin. 5 (2001) 123-139.

3. K. Dilcher, Some g-series identities related to divisor functions, Discrete Math. 145 (1995)
83-93.

4. W. Feller, An Introduction to Probability Theory and Its Applications, 2nd Ed., John Wiley
and Sons, Inc., New York-London-Sydney, 1971.

5. AM. Fuand A. Lascoux, g-Identities from Lagrange and Newton interpolation, Adv. Appl.
Math. 31 (2003) 527-531.

6. F.Knop and S. Sahi, Difference equations and symmetric polynomials defined by their zeros,
Internat. Math. Res. Notices 10 (1996) 473-486.

7. 1. Macdonald, Symmetric Functions and Hall Polynomials, 2nd ed., Oxford University Press,
1995.

8. H. Prodinger, Some applications of the g-Rice formula, Random Structures Algorithms 19
(2001) 552-557.



The Asymptotic Behavior of Certain Birth Processes 269

11.

12.

13.

. W. Rudin, Real and Complex Analysis, McGraw-Hill, New York, 1966.
10.

S. Sahi, The spectrum of certain invariant differential operators associated to Hermitian sym-
metric spaces, Progr. Math. 123 (1994) 569-576.

S. Sahi, Interpolation, integrality and a generalization of Macdonald’s polynomials, Internat.
Math. Res. Notices 10 (1996) 457-471.

K. Uchimura, Divisor generating functions and insertion into a heap, Discrete Appl. Math.
18 (1987) 73-81.

E. Whittaker and G. Watson, A Course of Modern Analysis, 4th ed., Cambridge University
Press, 1927.



