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Abstract. We study Kontsevich's deformation quantization for the dual of a finite-dimensional
Lie algebrag. Regarding elements &(g) as distributions org, we show that thex-
multiplication operator«+— r * p) is a differential operator with analytic germ @t We
use this to establish a conjecture of Kashiwara and Vergne which, in turn, gives a new proof
of Duflo’s result on the local solvability of bi-invariant differential operators on a Lie group.
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Quantification par déformation et distributions invariantes

Résumé. Nous étudions la quantification par déformations dans le cas du dual d’'une algébre de
Lie de dimension finig. Considérant les éléments d¥g) comme des distributions de
support0 sur g, nous montrons que keemultiplication a droite(r — r x p) est un opérateur
différentiel a germes analytiques énNous utilisons ceci pour établir une conjecture de
Kashiwara—\Vergne, ce qui fournit une nouvelle démonstration du théoréme de Duflo sur la
résolubilité locale des opérateurs différentiels bi-invariants sur un groupe delL#000
Académie des sciences/Editions scientifiques et médicales Elsevier SAS

Version francaise abrégée

SoitG un groupe de Lie réel connexe de dimension finie d'algébre dg, leiesoit/ = U (g) etS = S(g),
respectivement I'algébre enveloppante et I'algébre symétriqug dee nous identifions a I'algebre de
convolution des distributions de supparsur le groupe, et a I'algebre de convolution des distributions
de suppord surg. NotonsZ = 8¢, Z =U/? les sous-algebres d’invariants correspondantes.

Soit U et S les espaces dgermesen 1 et 0 de distributions suG et g, et Z et I les sous-espaces
d’invariants correspondants. Nous avons les diagrammes commutatifs

U——-=U S§——=S

RN

Z—17 IT——1
Note présentée par Israél GLFAND.
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Soientexp, : S — U etexp* : U — S, respectivement, I'image directe et 'image inverse au sens des
(germes de) distributions. Soit la fonction analytique sur un voisinageddasg :

det ead(z)/2 _ g—ad(z)/2
o) = ()

n(p) = exp,(qp).

Utilisant la méthode des orbites de Kirillov, Duflo [1] a montré que la restrictiom deZ est un
isomorphisme dilgébresde? sur Z, c’est-a-dire :

Soitn I'application deS dansU

n(p1 *g p2) =n(p1) *a n(p2) pourpy, p2 € Z,

oU ¢ etxy sont respectivement le produit de convolution sur le gratie I'algébre de Ligy.
SoitD I'algébre des germes énd’opérateurs différentiels a coefficients analytiquegisBoitR 'idéal
a droite de© engendré par les germes de champs de vecigjisdéfinis par I'action adjointe d€' surg :

d

adia(NE@) =3,

f (Adexp(-ta) (@)

NaturellementS est un®-module a droite — nous noterons donc 'actiorisur les distributions a droite.
Nous démontrons le résultat suivant, conjecturé en général, et démontré dans le cas résoluble,
Kashiwara—Vergne [5], Corollary 1.

THEOREME 1. —Pourp dansZ, I'opérateurD,, : S — S appartient & :

P Dy =exp* (n(P *g p) = 1(P) xa 1(p))-
Comme cela est expliqué dans [5], ce résultat a plusieurs conséquences importantes. D’abord, cor
les éléments d&® annulent les distributions dafis\ous obtenons::

THEOREME 2. —Pour toutp dansZ et P dansI, nous avons

n(P *gp) =n(P) *cn(p).

Rappelons ensuite qu'une distributiGhsur G est appelée distribution propre s'il existe un caractére
x: Z — Ctelque

Q*c z=x(2)Q pourtoutz dansZ.
On définit de méme les distributions propres sur I'algébre de Lie ; nous obtenons le :

THEOREME 3. —L'application , envoie les germes de distributions centrales sur 'algébre de Lie sur
ceux du groupe.

Ces résultats ont des conséquences importantes pour I'analyse des opérateurs différentiels bi-invar
surG (voir version en anglais ci-dessous).

Nous démontrons le théoreme 1 en nous appuyant sur le travail remarquable de M. Kontsevich su
formalité du complexe de Hochschild pour une variété différentiable [6]. Les étapes de la démonstrati
sont les suivantes. On démontre d’abord que, dans notre cas, on peut poesedans le produik, puis
que, pourp fixé dansS(g), I'applicationd; : v € S — r x p appartient &. Nous démontrons ensuite

116



Deformation quantization and invariant distributions

gu’une certaine série formelle considérée par Kontsevich [6] converge dans un voisiriadardsg vers
une fonctionr (), puis que poup € T l'opérateurT;, = 0,7 — 70;,, appartient R, oud, est I'opérateur
de convolution pap dansg. On compare enfiff, et D,, en démontrant la formul®, = T,,7 4.
Une version de cette Note avec des démonstrations compléetes est disponible électroniquement sot
référence math.QA/99101104.

1. Invariant distributions

Let G be a finite-dimensional real Lie group with Lie algelpraNe writel =U(g), S = S(g) for the
enveloping and symmetric algebrasgefand denote by = S¢, Z = U? the subalgebras gfinvariants.

Let U andS be the spaces afermsat 1 and 0 of distributions onG andg, and letZ andI be the
subspaces gf-invariant distributions. We identif§y andS with the convolution algebras of distributions
with point supportl € G and0 € g. Then we have the following inclusions:

uUu—-=0 S——=S
zZ—17 7—1

We denote byexp, : S — U andexp* : U — S, respectively, the pushforward and pullback of
distributions (germs) under the exponential map; and defire — U by

n(p) = exp,(qp),

whereg is the following analytic function og:

det ead(z)/2 _ g—ad(z)/2
q(x):=4/de 2d(2) .

Using the orbit method initiated by Kirillov, Duflo [1] proved that the restrictiomdb Z is analgebra
isomorphism front to Z, i.e.

n(p1 *g p2) =n(p1) *c n(p2) forpi, p2 €7,

wherex, andx*¢g denote convolution in the Lie algebra and Lie group respectively.
Let © be the algebra of germs atof analytic coefficient differential operators gnand let® be the
rightideal of® generated by the germs of the adjoint vector fields

d
ad] a(f)(‘r) = & f(Ad exp(—ta) ({E)) ‘t:O’ aeg.

By virtue of the pairing between functions and distributiofiss naturally aright ©-module, and to
emphazise this fact we shall write the action on distributions on the right.

We shall establish the following result which was conjectured by Kashiwara and Vergne, and proved |
them for solvable groups [5], Corollary 1.

THEOREM 1. —For pin Z, the following differential operatoD,, : S — S lies infA:

P - D, =exp* (n(P g p) — n(P) *xa n(p)).
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As is explained in [5], this result has several important consequences. First, since operatd? from
annihilate distributions frorl, we obtain the following extension of the Duflo isomorphism:

THEOREM 2. —For pinZ and P in I, we have

n(P *gp) =n(P) *cn(p).

Next, recall that a distributiod) on G is called an eigendistribution if there is a charagterZ — C
such that

Qx*xgz=x(2)Q forallzin2Z.
Eigendistributions on the Lie algebra are defined similarly, and we obtain the following:

THEOREM 3. —The map,; takes germs of invariant eigendistributions on the Lie algebra to those on the
Lie group.

Another consequence is the following important result, which was conjectured by L. Schwartz and prov
by Duflo in [1] by different methodssgealso [4,7,2] for various special cases):

COROLLARY. —Every nonzero bi-invariant differential operator @nis locally solvable.

This follows immediately from Theorem 2 and Rais’ lemma from [7] on the existendevafiant
fundamental solutions on the Lie algelyga

2. Deformation quantization

We will deduce Theorem 1 from careful analysis of M. Kontsevich’s remarkable result on the formalit
of the Hochschild complex of a smooth manifold [6].

Kontsevich’s main result leads to the construction of an expligitoduct on the algebra of functions
on an arbitrary smooth Poisson manifdld,v). This x-product is given by a formal power series of
bidifferential operators (depending on a paraméjer

In the special situation whel = g* is the dual of a finite-dimensional Lie algelyyaand~ is the usual
Poisson bracket (dual to the Lie bracket), we carisetl and Kontsevich's-product descends to an actual
product on the algebra of polynomial functionsgn which can be naturally identified with = S(g).

If, as before, we conside$ as the algebra of distributions with point support (&t g), then thex-
product can be viewed as a new convolution®iThe advantage of the distributional point of view is the
following key result:

THEOREM 4. —Givenp € S there is a unique elemenf; in © such that for al- €
rxp=1-0,.

(As explained in the previous section, we are writing differential operators on the right.)
Without going into details, let us briefly explain the main ideas involved in the proof of the result. Firs
of all, we remark that the Kontseviehproduct of two polynomial functions is given as follows:

Frg=>_ > %Br(ﬁg%
n=0 I'eG, ’

whereG,, is a certain collection of graphs.
The main ideas are as follows:
(1) the weightaur satisfywr < o™ for some (universal) constant
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(2) switching to the distribution point of view implies th&-(—, p) is a differential operator of order at
most the degree qf, with coefficients of degree at most
(3) while |G,,| is of the ordem?", the number of graphs witBr(—,p) # 0 in the present case is only of
the order(8n)™.
The linearity ofy enters crucially into the consideration of (2) and (3) above.
Next, in [6], 8.3.3, Kontsevich introduces a certain formal power series

S1(z) =exp <Z Coptr (adx)%),

k=1

where the constants (denotedcéi) in [6]) are expressed as integrals of certain smooth differential
forms (“angle forms”) over certain compact manifolds with corners (compactified configuration space
introduced in [3]). It can be checked that
cp ~a'
for some positive constant Hence, in a neighborhood 6tthe power serie§; (x) converges to an analytic
function which we shall denote by(x).
THEOREM 5. —For p € Z, the operatofT, = 9,7 — 70, belongs tdR.

Hered;, is the differential operator defined in Theorem 4 and), :=r 4 p.
To establish this result, we study the expression

(r*gp)T — (r7) * (p7)

for r € S andp € Z, as in Section 8.2 of [6]. This enables us to obtain an explicit expressi@p as an
infinite sum of differential operators each belongingipand Theorem 5 now follows from Theorem 4.
Theorem 1 is now a consequence of the following lemma:

LEMMA 1.-Forpe S, we have
D, =T, 'q,

To prove this lemma it is enough to show thatD,, = r - (T, 7~ '¢) for r in S. In turn, this follows from
the fact that there is a canonical isomorphismS — U/ (denoted[;; in [6]) which satisfies the relations
([e], 8.3.1):

K(r*p) = kK(r) ¢ K(p)
and ([6], 8.3.4):

k(rT) =n(r) =exp,(rq) forres.

A version of this Note with complete proofs is available on the e-print server under the referenc
math.QA/99101104.
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