Math 351
Solutions to review problems for Exam #1 October 8, 2007

Exam #1 will be given during the normal class period on Monday, October 15. It will
cover material through Section 4.4. This set of review problems is about twice as long as
the exam.

#1 Find the greatest common divisor of 561 and 1336 and write it in the form 561a+ 1336b
where a and b are integers.

Solution: First we note that
1336 = 2(561) + 214 so 214 = 1336 — 2(561),

561 = 2(214) + 133 so 133 = 561 — 2(214),

214 = 133 4+ 81 so 81 = 214 — 133,
133 =81 + 52 s0 52 = 133 — 81,

81 =524 29 so 29 =81 — 52,

52 =29 + 23 so0 23 = 52 — 29,

29 =23+6 so 6 =29 — 23,

23 =3(6) +5 so 5 =23 —3(6),

6=5+1s01=6-25,

and
1.5

Therefore (561,1336) = 1. Furthermore
1=6-5=6— (23— 3(6)) = —23 + 4(6) =

—23 4+ 4((29 — 23) = 4(29) — 5(23) =
4(29) — 5(52 — 29) = —5(52) + 9(29) =
—5(52) + 9(81 — 52) = 9(81) — 14(52) =
9(81) — 14(133 — 81) = —14(133) + 23(81) =
—14(133) + 23(214 — 133) = 23(214) — 37(133) =
23(214) — 37(561 — 2(214) = —37(561) + 97(214) =
—37(561) 4 97(1336 — 2(561)) = 97(1336) — 231(561).
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#2 Find the greatest common divisor of the polynomials f(z) = z° + 22* + 823 + 1622 +
11z +2 and g(x) = 2° + 1123 + 222 + 282 + 8 and write it in the form a(z) f(z) + b(z)g(z)
where a(z),b(x) € R[z].

Solution: First we note that

f(z) = g(x) + 22 — 32% + 142% — 172 — 6 so 2z* — 323 + 142 — 172 — 6 = f(x) — g(x),

2 1 2
g(x):(34—%)(2334—3:1:3—1—143:2—17x—6)+z5x3+%x+?5
25 , 175 25 T 34 s )
e 2 ) - (42 - 1422 — 17z —
s0 @ + 1 T+ ) g(x) (2—|—4)(2x 3x° + 14z Tr —6),
and 25 4 175 25
(a3 + —Za 4+ 55|22 — 32° + 1422 — 172 — 6).
4 4 2
Therefore
3 4 z 3 4 3 2
(f(x),9(x)) == +7$+2:2—5(g(x)—(§+1)(2x —32° 4 142° — 172 — 6) =
25g(:z:) ( % )(22% — 3x° + 142* — 172 — 6) =
4 2r + 3 2x +3 20+ 7
o)~ L2 (5@) — o) = -2 @)+ ().

#3 Let a,b, and n be integers. State the definition of a = b(mod n) and prove that if
a1 = by(mod n) and as = ba(mod n) then aias = biba(mod n).

Solution: The definition is that a = b(mod n) if and only if n|(a — b). Now if a3 =
bi1(mod n) and as = by(mod n) then nla; — by so a3 — by = kyn for some integer k; and
nlag — be s0 ag — by = kon for some integer ky. Then ay = by + kin and ag = be + kaon.
Thus

ai1ag = (bl + k1’n)(b2 + kgn) = b1by + (blkg + k1by + ]ﬁk‘gn)n

and so ajas — biby = (bike + k1bs + ki1kon)n which is a multiple of n, as required.

#4 Let n > 1 be an integer. State the definition of Z,,. Using the fact that Z is a ring,
prove that addition in Z,, is associative.

Solution: Z,, is defined to be the set of all congruence classes [a] where a € Z and
la] = {b € Z|b = a(mod n)}.
The ring structure is defined on this set by
2] + [yl = [z + 4]

2



and
[2][y] = [zy]

for all integers x and y. The definition of [z]|[y] makes sense (i.e., does not depend on the
choice of representatives for the congruence classes by the result of the previous problem).
A similar (though easier) argument shows that the definition of [z] + [y] also makes sense.
Now to show that addition in Z, is associative we must show that ([a] + [b]) + [¢] =
[a] + ([b] + []) for all a,b,c € Z. We begin with the left hand side and write

([a] + [b]) + [c] = [a 4+ b] + [¢] = [(a +b) + ]
where both equalities follow from the definition of addition in Z,,. Now
[(a+0)+c]=[a+ (b+ )]
by associativity of addition in Z and
[a+ (b+c)] = [a] + [b+ o = [a] + ([b] + [c])
where both equalities follow from the definition of addition in Z. This completes the proof.

$5 Let R, S, T be rings, let f be a homomorphism from R to S and g be a homomorphism
from S to T'. Prove that the composition g o f is a homomorphism from R to T

Solution: Let a,b € R. Then (go f)(a+b) = g(f(a+ b)) = g(f(a) + f(b)) since f is a
homomorphism and g(f(a) + f(b)) = g(f(a)) + g(f(b)) since g is a homomorphism. Thus

(gof)la+b) =(go f)(a)+(go f)(b). Similarly, (go f)(ab) = g(f(ab)) = g(f(a)f(b)) since
f is a homomorphism and g(f(a)f(b)) = g(f(a))g(f(b)) since g is a homomorphism. Thus

(go f)(ab) = (go f)(a)(go f)(b). Thus g o f is a homomorphism.

#6 Let R be a ring, with addition + and multiplication X g. Define a new multiplication
Xop O R by a X, b=0xpgaforall a,b € R. Then R with addition + and multiplication
Xop 18 a ring. (You don’t have to verify this.) Show that M (R) is isomorphic to M (R)°P.
(Hint: Use the transpose map.)

Solution: Define a map f : M(R) — M(R),p by f(A) = A" (the transpose of A) for all
A € M(R). Since (A")" = A we see that f is one-to-one and onto. Thus we only need to

show that f is a homomorphism. Let A, B € M(R). Recall two properties of the transpose
(from linear algebra: (A + B)! = A" + B* and (AB)" = B*A’. Then

f(A+B)=(A+B)' = A"+ B' = f(A) + f(B)

and (using the symbol X /gy to denote multiplication in M(R) and the symbol x,, to
denote multiplication in M (R),,) we have f(A X r) B) = (AB)" = B'A" = A" x,, B* =
f(A) Xop f(B). Thus f is an isomorphism.

#7 Let I be an ideal in a ring R and a € R.
(a) State the definition of the coset a + I and of the quotient ring R/I
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(b) PI“OVG that ifa1+I:b1 —|—I and a2+I=b2—|—I, then (a1 +a2)—|—]: (b1+b2)+I

Solution:
(a) The coset a+ I is defined to be {a+ x|z € I} and the quotient ring R/I is defined
to be the set of all cosets of I in R (that is {a + I|a € R}.) with addition

(@+D)+(b+1)=(a+b)+I

and multiplication
(a+I1)(b+1)=ab+ 1.

(b) This part shows that the definition of addition in R/I given in the previous part
actually makes senes, i.e., the result does not depend on the choice of representative for
the coset. (There is a corresponding result showing that the definition of multiplication
in R/I makes sense.) Let a1 +1 = by + 1 and ap +1 = by + I. Then a; € by + I and
so a1 = by + z1 for some z; € I. Similarly, as € by + I and so as = by + 25 for some
zo € I. Now suppose y € a1 +as + I. Then y = a7 + as + = for some x € I and hence
y= (b1 +21)+ (ba + 22) + & = by + by + (21 + 22 + x). Since 21, 29,z € I and I is closed
under addition (since it is an ideal) we have z; + 2o+ € [ and so y € (by +b2) + I. Thus
(a1 +a2)+1 C (by +b2)+ I. The reversed inclusion follows by symmetry and so the proof
is complete.

#8 (a) Is {3n|n € Z} a subring of Z? Why or why not?
(b) Is {3n + 1|n € Z} a subring of Z7 Why or why not.

Solution:

(a) {3n|n € Z} is a subring of Z since it is nonempty (for example, it contains 0), is
closed under subtraction (as 3ny + 3ng = 3(n1 + n2)) and multiplication (as (3n1)(3n2) =
3(3ning).

(b) {3n + 1ln € Z} is not a subring as it is not closed under addition (for 1 €
{3n+1ne€Z}and 1 +1=2but 2 ¢ {3n+ 1jn € Z}. (An even quicker observation is
that 0 € {3n + 1|n € Z}.

#9 Let U denote the set of upper triangular matrices in M (R)), D denote the set of diagonal
matrices in M (R), and N denote the set of strictly upper triangular matrices in M (R).
(a) Verify that U and D are subrings of M (R).
(b) Verify that N is an ideal in U.

(¢) Show that the map f : U — D defined by f(

of U onto D.
(d) Show that D = U/N.

a b

a O
o -

0 d

is a homomorphism

Solution:
(a) Let a,b,d,a’t'd’ € R. Note that both U and D are nonempty. Also

a—a b-1V

0 d—d

a b

0 d

ab_
0 d




and
a v
0 d

a b
0 d

0 dd’

aa’  ab + b’d‘

These formulas show that U is closed under subtraction and multiplication and so is a
subring. The same formulas wit b = 0 show that D is closed under subtraction and
multiplication and so is a subring.

(b) Note that N is nonempty. Also the first formula in (a) shows that NV is closed
under addition, the second forumla in (a) with a = d = 0 shows that NU C N, and the
second formula in (a) with @’ = d’ = 0 shows that UN C N. Thus N is an ideal in U.

(c) Let A€ D. Then A = ‘g 2’ for some a,d € R. But then A € U and f(A) = A.
Thus f is onto. Using the formulas from (a) we see that

a b a b\ ,lat+d b+V |
1o d‘+ o )= 0 dta
a+a 0] |a O ad 0| ,la b a v
od+d |~ |0 d'+ o |~ o d’)+f< 0 a)
Also
a blla V|, _ ,lad ab +bd|
aa’ 0 a O0l|a 0O a b a v
o aa|=|o allo a0 d‘)f( 0o )

Thus f is an isomorphism.

(d) All the work for this has already been done. By the 1st Isomorphism Theorem
(applied to the surjective homomorphism f we have N/(ker(f) = D. Since it is clear that
ker(f) = N, we are done.

#10 (a) Is the map A — tr(A) (where tr(A) is the trace of the matrix A, i.e., the sum of
its diagonal elememts) a homomorphism from M (R) to R? Why or why not?
(b) Is the map A — det(A) a homomorphsim from M (R) to R? Why or why not?

Solution:

(a) Let I denote the (2 by 2) identity matrix. Then ¢r(/) = 2 and so 2 = tr(I) =
tr(IT) # tr(I)tr(I) = 4. Thus this map is not a homomorphism.

(b) Let e;; denote the matrix with a 1 in the (7,j) position and 0 in all other po-
sitions. Then ey; + ego = I, the identity matrix, so det(e1; + ea2 = detl = 1 but
det(e11) = det(ezz) = 0 so det(e11 + eaz) # det(er1) + det(ea2) and hence the map is
not a homomorphsim.

#11 Let S; and S5 be subrings of a ring R.
(a) Is S1 + S2 (which, by definition, is {a + bla € S1,b € S2}) necessarily a subring of
R? Why or why not?



(b) Is S152 (which, by definition, is {abla € S1,b € S2} necessaily a subring of R?
Why or why not?

(c) Suppose S, is an ideal of R. Is S + Sy necessarily a subring of R? Why or why
not?

(d) Show that Sy N Ss is a subring of R.

Solution

(a) No. For example consider N = {‘8 3‘|b eR}C M(R)and L = {‘(c) 8' b €

R} C M(R). Each of these is a subring, but N + L = {‘ 2 8 ’ |b,c € R} is not a subring

since it does not contain the producd ej2e21 = e11.

(b) Again, no. For example let S; = { Z 8 la,b € R} and Sy = { (C) g‘ le,d € R}.

Then any matrix in 5759 has rank one. Now e;; = é 8 is in both S; and S5 so
9 0 0[]0 1 D

e1;] = ej; € 515;. Also egy = 1 ollo o € 515;. However, e11 + eso, which is the

identity matrix, has rank 2 and so is not in 57 55.

(c) Yes. Let 1,29 € S1 + S3. Then 1 = a; + by,x2 = ag + by for some aj,as €
Sl,bl,bQ S SQ and so r1 — X = (a1 —+ bl) — (CLQ + bg) = (a1 - CLQ) + (bl - bg) Since Sl
and Sy are subrings, a; — ag € S7 and by — by € So. Also x122 = (a1 + b1)(az + b2) =
a1as + a1bs + bras + b1by. Since S7 is a subring ajas € S7 and since Sy is an ideal and
b1,bs € Sy we have ajby, byag,bibs € Sy. Thus x1xo € S1 + S. Since S1 + So # 0 (as, for
example, it contains 0) we have that S; 4+ S5 is a subring of R.

(d) Since 0 € S; and 0 € Sy we have 0 € S; N S2 and so S; N Se # 0. Now let
x,y € Sy NSy Then z,y € S1 and x,y € S3. Since S; and S are subrings, we have
r—y € Sy, r—y € Sy, xy € S1,xy € S3. Then x —y € S1 NSy and zy € S; N S3. Hence
S1 NSy is a subring of R.

#12 Prove that if f(x),g(x),h(x) € F[z] (where F is a field), (f(x),g(x)) = 1, and f(x)
divides g(z)h(z), then f(z) divides h(z).

Solution:  We know 1 = a(z)f(z) + b(z)g(z) for some a(x),b(x) € F[z]. Then
h(z) = h(z)(a(z) f(x) +b(z)g(z)) = h(x)a(z) f(x) + b(z)g(x)h(x). Since f(z) divides both
summands in this expression, it divides h(z).

#13 Prove that if f(x) € F[z| where F is a field, a € F and f(a) = 0 then 2 — a divides
f(=).

Isolution: Since x — a divides f(z) we have f(z) = (x — a)f(z). Now the evaluation
eq : Flx] — F defined by e,(g(z) = g(a) is a homomorphism and so

fla) = ea(f(2) = eal(x — a)q(z)) = ea(z — a)ea(q(x)) = (a — a)gq(a) = 0g(a) = 0.

$14 (a) Find all the irreducible polynomials of degree 3 over Zs.
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(b) Find all the irreducible polynomials of degree 3 over Zs.
(c) Find all the irreducible polynomials of degree 4 over Zs.

Solution: In each part we will list all the polynomials which are not reducible.

(a) A polynomial of degree 3 over Zs has the form f(z) = 23 + asx? + a1x + ag where
each of as, a1, agp is either 0 or 1. Note that we are writing 0 instead of [0] and 1 instead of
[1]. Now f(z) reducible if and only if it has a root. (Be aware that this statement applies
only to polynomials of degree 2 or 3.) Now f(0) = ap and so f(x) is reducible if ag = 0. If
ap = 1then f(1) =1+as+a;+1=as+a;. Thus f(x) is reducible if a; = 1 and ay = a;.
Thus the only irrecudible polynomials are 23 + x2 4+ 1 and z® 4+ + 1.

(b) A polynomial of degree 3 over Zs has the form f(z) = azx® + a2 + ayx + ag
where a3 = 1 or 2 (since ag # 0 as the polynomial has degree 3).

Assume first that a3 = 1. Then f(0) = ag, f(1) = 1 4+ a2 + a1 + ap, f(2) = 2 +
as + 2a; + ag. Thus f(z) is irreducible if and only if ag # 0,1+ as + a1 + ag # 0 and
2+ as + 2a7 + ag # 0. The first inequality says ap = 1 or 2. Once ag is chosen we
may take any value for a; and then take one of two values for as in order to satisfy the
second inequality. Thus there are 12 possible choices of ag, a1, as that satisfy the first two
inequalities. We check whether or not each of these 12 choices satisfies the third inequality
and find that only 8 of them do. The complete list of corresponding polynomials (the
monic irreducible polynomials of degree 3 over Zg is:

x>+ 22 + 1,

m3—|-x2—|—2x—|—1,
2+ 222 + 1,
x3+2:1:2+:z:+1,
2+ 2z + 2,
:1;3—|—x2+2,
x3+m2+x+2,
x> 4 222 4 2z + 2.

If ag = 2, then 2f(x) is a monic irreducible polynomial and so is on the above list.
Then f(x) = 2(2f(x) is twice one of the polynomials on the above list.

(¢) A polynomial of degree 4 is reducible if and only if it has or a root or it is the
product of two irreducible polynomials of degree 2. Now a polynomial of degree 2 over Zs
has the form 22 + a1z + ag and f(0) = ag, f(1) = 1 + a1 + ap. Thus this polynomial is
irreducible if and only if ag = 1 and a; = 1. Hence there is only one irrecucible polynomial,
22 4+ 2 + 1, of degree 2 over Z,. Its square is z* + 22 + 1.

A polynomial of degree 4 over Zs has the form f(z) = 2% + azx® + as2? + a7 + ag
where each of as, as, a1, aq is either 0 or 1. Now f(0) = ag, f(1) =1+ a3 + az + a1 + ap.
Thus f(z) has no root if and only if ag = 1 and a3 + a3 + a3 = 1. Since the polynomial
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x*+22+1 is reducible (by the result of the previous paragraph) we have that the irreducible
polynomials are:
sttt 41

ot +a2® 1
41



