Algorithms Homework - Day 2

Instructor: Pat Devlin — prd41@math.rutgers.edu

Summer, 2016

(1) Prove f(n) = O(g(n)) if and only if f(n) = O (g(n)) and g(n) = O (f(n)).
(2) Prove each of the following
(a) If f(n) =0O(g(n)) then kf(n) = O (g(n)) for all 0 < k € R.
(b) If f(n) = O (g(n)) and g(n) = O (h(n)), then f(n) = O (h(n)).
(c) If f(n) = ©(g(n)) and g(n) = O(h(n)), then f(n) = O(h(n)).
(3) Prove each of the following
(a) If fi(n) = O (91(n)) and fa(n) = O (g2
(b) If f1(n) = O(g1(n)) and f2(n) = O (g2
(c) If fi(n) = ©(g1(n)) and fo(n) = O(g2(n)
(d) If fi(n) = ©(g1(n)) and fa(n) = O(g2(n)

(4) Prove or disprove each of the following

(a) If f(n) = O(g(n)), then Ig(f(n)) = O (Ig(g(n)))-
(b) If f1(n) = ©(g1(n)) and fa(n) = O(ga(n)), then |f1(n) = fa(n)] = O(|g1(n) — g2(n)])-
(c) If f(n) = ©(g(n)), then 27" = ©(20(").

)

(5) Prove that lg(n!) = O(nlg(n)). (Hint: for the lower bound, use the fact that for all n,
n!>nx(n—1)x---x[n/2].) Try to improve your result as much as possible.

), then fi(n) + faf O (91( (
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(6) Suppose k is a fixed integer (like kK =2 or & = 100). Find a simple function g(n) such that
15428 438 o 40P = O(g(n)).
Try to generalize and improve this result.
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(7) Recall the Fibonacci numbers are given by F,, = .
F, 1+ F,_1, if n > 2.

(a) Prove by induction that F,, > 21/2 for all n > 6.
(b) Find a constant ¢ < 1 for which F,, < 2 for all n > 1, and prove your result.
(¢) Find a function g(n) so that lg(F,) = O(g(n)).
(d) Try to improve your results as much as you can.
(8) (Hint: for this problem, you can basically ignore the |x] [i.e, the ‘round down’] part.)
(a) Suppose Ti(n) is a function satisfying Ty (n) = T1(|n/2]) + 3 and T1(1) = 1. Find a
function g(n) such that T1(n) = O (g(n)).
(b) Suppose Ta(n) is a function satisfying T2(n) = Ta2(|n/2]) + n and T5(1) = 1. Find a
function g(n) such that To(n) = O (g(n)).
(c¢) Suppose T3(n) is a function satisfying Ts3(n) = 275(|n/2]) + 1 and T3(1) = 1. Find a
function g(n) such that Tz(n) = O (g(n)).
(d) Try to generalize and improve your results.



