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Abstract: We prove that the empirical distribution of crossings of a “detector” surface
by scattered particles converges in appropriate limits to the scattering cross section com-
puted by stationary scattering theory. Our result, which is based on Bohmian mechanics
and the flux-across-surfaces theorem, is the first derivation of the cross section starting
from first microscopic principles.

1. Introduction

The central quantity in a scattering experiment is the empirical cross section, which
reflects the number of particles that are scattered in a given solid angle per unit time. In
this paper we shall derive the theoretical prediction for the cross section starting from
a microscopic model describing a realistic scattering situation. We confine ourselves to
the case of potential scattering of a nonrelativistic, (spinless) quantum particle and leave
the many-particle case for future research. This paper is in fact a technical elaboration
and continuation of our article “Scattering theory from microscopic first principles” [9].

The common approaches to the foundations of scattering theory take for granted
that “an experimentalist generally prepares a state ... at  — —oo, and then measures
what this state looks like at t — +00” (cf. [25], p. 113), meaning that the asymptotic
expressions are “all there is,” as if they are not the asymptotic expressions of some other
formula, however complicated, describing the scattering situation as it really is, namely
happening at finite distances and at finite times. Thus a truly microscopic derivation
starting from first principles must provide firstly a formula for the empirical cross sec-
tion, which by the law of large numbers approximates its expectation value, and which
is computed from the underlying theory. Secondly, that formula should apply to the real-
istic finite-times and finite-distances situation, from which eventually the usual Born
formula should emerge by taking appropriate limits.!

1 For a detailed discussion of the scattering regime see [8].
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We shall present a Bohmian analysis of the scattering cross section. With a particle
trajectory we can ask for example whether or not that trajectory eventually crosses a
distant spherical surface and if it does when and where it first crosses that surface. Sim-
ilarly, for a beam of particles we can ask for the number of particles in the beam that
first crosses the surface in a given solid angle . From a Bohmian perspective it appears
reasonable to identify this number with detection events in a scattering experiment. We
thus model in this paper the measured cross section using the number N*(X) of first
crossings of X. This will of course depend on many parameters encoding the experi-
mental setup, e.g. the distances R and L of the detector and the particle source from the
scattering center, the details of the beam including its profile A and the wave functions
of the particles in the beam, as well as on the length of the time interval t during which
the particles are emitted. We shall show in this paper that when these parameters are
suitably scaled, N *T(E) is well approximated by the usual Born formula for the scattering
cross section in terms of the 7-matrix, i.e.,

. N*(X)
lim

= 167" / T (kow, ko)|?d<2, (1)
>z

where 7k is the initial momentum of the particles.

The paper is organized as follows: We collect first some mathematical notions and
facts as well as recent results of scattering theory. In Sect. 3 we define the relevant
random variables associated with the surface-crossings of a single particle and relate
their distribution to the quantum probability current density. In Sect. 4 we model the
beam by a suitable point process and in Sect. 5 we define N*(X) in terms of this point
process. A precise description of the limit procedure will be presented in Sect. 6. Our
main results, Theorem 1 and 2, are stated in Sect. 7 and are proven in Sect. 8.

2. The Mathematical Framework of Potential Scattering

We list those results of scattering theory (e.g. [2, 7, 11, 14, 16, 18-20, 22]) which are
essential for the proof of Theorem 1 and Theorem 2 in Sect. 8.

We use the usual description of a nonrelativistic spinless one-particle system by the
Hamiltonian H (we use natural units h = m = 1),

1
H = —EA +V(x)=: Hy+ V(x),

with the real-valued potential V € (V),,, defined as follows:
Definition 1. V is in (V),, n=2,34,..., if
(i) V e L*(R?),

(ii) V is locally Holder continuous except, perhaps, at a finite number of singularities,
(iii) there exist positive numbers §, C, Ry such that

[V(x)| < C(x)™" for x > R,

where () := (1+ ()?)7.
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Under these conditions (see e.g. [16]) H is self-adjoint on the domain D(H) =
D(Hp) = {f € L2R?) : [k f(k)|*d*k < oo} (k = |kl|), where f := Ff is the
Fourier transform

Fk) = 2m)~2 / ek £y, )

LetU(r) = e~'H" Since H is self-adjoint on the domain D(H), U (¢) is a strongly contin-
uous one-parameter unitary group on L*(R3). Let ¢ €D(H). Then ¢, = U(t)¢ €D(H)
and satisfies the Schrodinger equation

9
io bi(x) = Héy.

In a typical scattering experiment the scattered particles move almost freely far away
from the scattering center. “Far away” in position space can also be phrased as “long
before” and “long after” the scattering event takes place. So for the “scattering states”
Y there are asymptotes Vi, Yoyt defined by

lim _fle™" ™" yin () — ey ()| = 0,

1——

lim ||e—"H0’1/fout(x) —e iy (x)| = 0.
11—

3)

From this it is natural to define the wave operators Q. : LZ(R3) — Ran(Q) by the
strong limits

Q4 = ts_—)liirglo e/ HigiHot 4)

These wave operators map the incoming and outgoing asymptotes to their corresponding
scattering states. Ikebe [14] proved that for a potential V € (V),, the wave operators exist
and have the range

Ran(Qi) = Hcont(H) = Hac(H)

(This property is called asymptotic completeness.) Hence, the scattering states consist of
states with absolutely continuous spectrum and the singular continuous spectrum of H is
empty. In addition Ikebe [14] showed that the Hamiltonian has no positive eigenvalues.
Then we have for every ¢ € H, .. (H) asymptotes Vin, Your € L?(R?) with

Q_Yin =¥ = Q¥ou- ®)
On D(H)y) the wave operators satisfy the so-called intertwining property
HQy = Q1 Hy,
while on H, .. (H)ND(H) we have that
HoQ:!' = Q7'H. (©6)
The scattering operator S : L?(R3) — L*(R?) is given by

s:=q7'a.,
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while using the identity 7, the T-operator is given by
T:=5S-1. (7)

If the system is asymptotically complete, the ranges of the wave operators are equal and
thus S is unitary. Since the wave operator maps a scattering state onto its asymptotic
state, the scattering operator maps the incoming asymptote i, onto the corresponding
out state ¥oy;. The formula for the 7-matrix, which holds in the L2-sense, is given by
(see e.g., Theorem XI1.42 in [19])

Tg(k) = —2mi / T(k, k3K K dS, (8)
k'=k

for g € S(R3) (Schwartz space) such that g has support in a spherical shell.2 T'(k, k')
is given by (see e.g., [19]):

Tk, k)= Q2n)3 / e Ry (0)o_ (x, K)dx, ©)

where ¢_ (as well as ¢,) are eigenfunctions of H defined by Lemma 1 below. Since
the eigenfunctions ¢4 are bounded and continuous (cf. Lemma 2), we can conclude that
T (k, k') is bounded and continuous on R3 x R3, if the potential is in (V)3. Then the
formula (8) can be proved for g € S (R3) without any restriction on the momentum
support by the same method as in [19].

We will need the time evolution of a state € H, . (H) with the Hamiltonian H. Its
diagonalization on H, . (H) is given by the eigenfunctions ¢4 :

1 k2
(—§A+VQD@ﬂ&kﬁ=3wﬂnkl (10

Inverting (—%A - %) one obtains the Lippmann-Schwinger equation. We recall the
main parts of a result on this due to Ikebe in [14] which is collected in the present form
in [22].

Proposition 1. Let V € (V),. Then for any k € R3\{0} there are unique solutions
¢+ (-, k) : R — C of the Lippmann-Schwinger equations

1 e:Fiklx—x’\

— [ —— V(& pr(x', k)d>x, (11)
2 lx — x/|

pr(x, k) = kX —

which satisfy the boundary conditions 1im|x|— oo (¢+(x, k) — kXY = 0, which are also
classical solutions of the stationary Schrodinger equation (10), and are such that:

(i) For any f € L*(R3) the generalized Fourier transforms>

1
(Fef)k) = - 1.i.m./¢;(x,k)f(x)d3x
(2m)2

exist in L(R3).
2 In[19] Equation (8) was proven outside an “exceptional set”. For our class of potentials the “exceptional

set” is empty. The additional factor % in [19] comes from the different definition of Hy.
3 1Lim. f is a shorthand notation for lg—lim f Br’ where s-lim denotes the limit in the Z2-norm and B Ra
—00

ball with radius R around the origin.
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(ii) Ran(Fy) = L?(R%). Moreover Fy : Hye (H) — L*(R3) are unitary and the
inverses of these unitaries are given by

(FilH) = 1.i.m. / o4 (x, k) f(k)dk.

(2m)?

(iii) For any f € L*(R>) the relations Qi f = f;lff hold, where F is the ordinary
Fourier transform given by (2).
(iv) Forany f € D(H) N 'Hgc. (H) we have:

k2
Hf(x) = (f;?ﬂf) (x),

and therefore for any f € Hqc (H),
. k2
e M f(x) = (f;le"‘szif) (x).

In order to apply stationary phase methods we will need estimates on the derivatives
of the generalized eigenfunctions:

Proposition 2. Let V € (V),, for some n > 3. Then:

(i) p+(x, ) € C"I(R3 \ {O}) forall x € R3 and the partial derivatives®
3;?§0i (x, k), |@| <n — 2, are continuous with respect to x and k.

If, in addition, zero is neither an eigenvalue nor a resonance of H, then

(ii)  sup |p+(x, k)| < oo,
xeR3 keR3

for any o with |a| < n — 2 there is a cq < 00 such that

(iii)  sup |K|°‘|*]8,‘;‘<pi(xsk)| < co (X)) withk = W
ke R3\{0}

and foranyl € {1, ...,n — 2} there is a c; < 00 such that

(iv)  sup ‘aa—;,goi(x, k)’ < ¢r(x)!, where ;—k is the radial partial derivative in k-
ke R3\{0}
space.

Remark 1. This proposition, except the assertion (iii), was proved in [22], Theorem 3.1.
Assertion (iii) repairs a false statement in Theorem 3.1 which did not include the nec-
essary «1®1=1 factor, which we have in (iii). For |a| = 1, which was the important case
in that paper, there is however no difference. We have commented on the proof of this
corrected version in [11].

Remark 2. Zero is a resonance of H if there exists a solution f of Hf = 0 such that
(xX)7V f € L*R3) for any y > % but not for y = 0.° The appearance of a zero
eigenvalue or resonance can be regarded as an exceptional event: For a Hamiltonian
H = Hy+cV, c € R, this can only happen for c in a discrete subset of R, see [1], p.
20 and [15], p. 589.

As a simple consequence of Proposition 2 we obtain

4 We use the usual multi-index notation: o = (o1, 00, 3), @ € Np, 3,‘: f(k) : B;:ll 8;‘22 8;:33 f(k) and
lo| == a1 + o + 3.
5 There are various definitions, see e.g. [26], p. 552, [1], p.20 and [15], p. 584.
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Corollary 1. Let V € (V)3 and let zero be neither an eigenvalue nor a resonance of
H. Then the T-matrix defined by (9) is a bounded and continuous function on R® x R3.
Moreover, if V. € (V),, for some n > 3 we have for all multi-indices @ with |a| <n —3
a constant ¢, > 0 such that

sup  kTNAET (K k)| < cq. (12)
k'eR3 keR3\ {0}

With the regularity of the generalized eigenfunctions one can prove the flux-across-
surfaces theorem. The quantum probability current density (=quantum flux density) is
given by

) i
JVx) = —E(W(X)Vlﬁz(x) — Y () VY (x)). 13)
For v, (x) a solution of the Schrodinger equation we have the identity

2
L gy e =0,

which has the form of a continuity equation. The flux-across-surfaces theorem can be
naturally proven for the following class of wave functions (in the following definition
we have the Fourier transform of ¥y, 1/fout(k) f o+ (x, k)l/f(x)d3x (cf. Proposition
1), in mind):

Definition 2. A function f : R3\ {0} — C is in G* if there is a constant C € Ry with:
|fB)] < Clhky~P
02 f (k)| < Ck)~°, |a| =1,
e B fUO] < Ck) 5, lal =2, « = 4,
|2 ro| = cu.
With this definition we have

Proposition 3. (Flux-across-surfaces theorem (FAST)). Suppose V€ (V)4 and that
zero is neither a resonance nor an eigenvalue of H. Suppose Vo(k) € G* and let
U = Qou. Then Y (x) = e Hly(x) is continuously differentiable except at the
singularities of V, for any measurable set ¥ C S and any T € R jV'(x) - dodt is
absolutely integrable on RY x [T, 0o) for R sufficiently large and

Jim / [ %) dodi=jim / [ 1% -do ar= / Grua ) Pk,

T R% T R%
14

where RE :={x e R®: x = Rw, w € £}, Cx :={k e R3: k¢ Y} is the cone given
by ¥ and dao is the outward-directed surface element on RSZ.

The proof can be found in [11].
The FAST plays a crucial role in the proof of our main results, Theorem 1 and
Theorem 2. Its importance for scattering theory was first pointed out in [6].
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3. The Quantum Flux, Crossing Statistics and Bohmian Mechanics

In Bohmian mechanics, see [5], the particle has a position @, that evolves via the
equations

Vi,
Vi),

d
—Q,=v"(Q,)=Im
dr = t Vi (15)

d
P97V (x) = Hy(x).

According to the quantum equilibrium hypothesis ([10], Born’s law), the positions of
particles in an ensemble of particles each having wave function 1 are always | |>-dis-
tributed. Note that if Q) is |o|?-distributed then 0, is [y, |2-distributed.

Under two assumptions we have the |1/o|> almost-sure existence and uniqueness of
the Bohmian dynamics:

A 1. The initial wave function v is normalized, ||Yo] = 1, and Y9 € C*°(H) =
o

D(H").
=1

n=
A 2. The potential V is in V, and C* except, perhaps, at a finite number of singularities.

(See Berndl et al. [4], Theorem 3.1 and Corollary 3.2 for the proof, as well as
Theorem 3 and Corollary 4 in [23]. The conditions in [4, 23] are much more gen-
eral. In our context, however, we have to restrict to the case where V € (V);.) Hence,
depending on the initial position g, € €2p, where 2 is the set of “good” points, the

particle has the trajectory Q;/f (g¢)- On the set of “good” points, ¥ (x) is different from
zero and is differentiable. The complement R3 \ Q9 of ¢ has measure 0 (with respect
t [¥ol?).

Given a trajectory Q;// (q0), 99 € S20, we can define the number of crossings in a
natural way. For the surface R¥X C R $2 with unit and normal vector n(x) = f X € RY

we define Nf(RE) on Qq by:

N (RE)(g0):=|[12010) (@0 < RE and 0} @) -n () @) = 0}|. (16)

the number of crossings of the trajectory Q;// (q,) through RX in the direction of the
orientation in the time interval [0, co) (“problematical crossings” where the velocity is
“orthogonal” to the orientation of RX have measure zero and need not concern us, see

[3], p. 28-34). If Nfr//(R ¥)(qy) = 1, we can define telfﬁ as the time when the particle

crosses the surface R¥ in the positive direction for the first time:

8% (o) := min {1 = 010/ (4) € RE and 0} (@) -n (@) @) = 0} (17
In the case that the particle does not cross the surface in the positive direction, we set

1R%(qp) == o0, if N} (R®)(q) = 0. (18)

exit

Analogously to (16) we have NY (RY), the number of crossings in the opposite direc-
tion. For convenience we define Nfr/’ (RX) and Nl_//(RE) on the whole of R? by setting
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Nf(RZ) = Nf(RE) = 0 forall g, € R3 \ €2¢. Then we can define the number of
signed crossings on R? by
(RY) := NV (RZ) — NV (RY). (19)

v
Nsig

The total number of crossings defined on R3 is then
Ntlgt(RE) = N/ (RE) + N (RY). (20)

These quantities are random variables on the space R of initial conditions, see [3],
Lemma 4.2. The expectation values of N;/{g(RE) and N;gt(RE) are given by flux inte-

grals and are finite, see Proposition 4 below. This means that N;é’g(RE) and Nt‘gt(RE)
are almost surely finite. Before we give a precise statement we argue heuristically for
the connection between the quantum flux and the expectation values. For a particle to
cross an infinitesimal surface do := ndo in a time interval [z,  + dt), it must be at time

t in the appropriate cylinder of size |v¥ (x) - dodt|. The probability is therefore
Y ()P 10% (x) - dodt| = | jV (x) - doldt.

Because the intervals are infinitesimal, we have for N;/i/g (dt,do) € {—1,0, 1},6 where

the sign will be the same as that of j - do. Therefore IE(N‘-” (dt,do)) = j‘/” (x)-dodt

sig
and integration over R and [0, oo) yields (21). The precise statement is:

Proposition 4. Let Al and A2 be satisfied. In addition suppose that the conditions
of Proposition 3 are satisfied. Then for sufficiently large R the expectation values of

N (RE) and N}y,(RY) are finite and
E(NY,(R)) = / / V() - dodr, @
0 R
E(N;/gfz(RE))Z// 1V (x) - doldt. (22)
0 RZ

The proof of Proposition 4 can be found in [3], pp. 34-37, and under slightly different
conditions in [24]. The results in the references hold under more general conditions on
the surfaces.

Consider now a scattering situation where we want to calculate the number of first
crossings. The detector corresponds to the surface RY := {x € R} : x = Rw, w €
Y C S2} C RSZ2. Then we define N&it([O, 00), R, X) to be equal to one if the parti-
cle with the wave function {9 = v is “detected” in [0, c0) and zero otherwise. More
precisely,

NY(R, £):R? — {0, 1},

sig (dt, do) is the number of signed crossings in the time interval [¢, t + dt) through the surface do .
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— b Pexit

NL(R, 2)(qq) = ‘ & 23)
0  otherwise.

1, ifgo < R i2 < ooand Q" ,(qo) € R,
13

The definition is motivated by the idea that particles are detected when they cross the
boundary RS> for the first time. Using the fact that RS? is closed we can estimate

V(R =) = NS R®)| = NY (RS

so that by the triangle inequality
[EWY,(R, 2) - EWY,
With (19), (20) and Proposition 4 we obtain for the right-hand side of (24),

(RE)| = BV (RS). 4)

E(NY (RS?)) = %E (N;Q(RS% - N;i”g(Rsz))

1 o0
E// (1j7" (x) -do| — jV" (x) - do) dt. (25)
0 RS2

If jw’ (x) -do > 0 for all do € RS? and ¢ > 0 then we have by (24) and (25) that
]E(Nslli’g(RZ)) = E(N(;/ét(RE)). In general j‘”’ (x) - do does not have to be positive, but
the flux-across-surfaces theorem (Proposition 3) ensures that the flux is asymptotically
outwards. Thus we can estimate the difference between E(N;’i’g(R %)) and E(N };(R )

for all ¥ which satisfy the flux-across-surfaces theorem using (24) and (25),

o
1
v v 0 "
E(Nj (RE)-E(N g, (R, 2))‘5E / / (177 (x) - do| — j¥ (x) - do) dt o0
0 RS2
(26)

In particular under the hypotheses of Proposition 3 and the general assumptions A1 and
A2 we obtain asymptotic equality between the expectation values E(Ncﬁt(R, ¥)) and
E(N;fg(Rz ).

4. A Model for the Beam

In a scattering situation a beam of particles is scattered off a target. We now wish to
focus on the beam. We take the beam to be produced by a particle source located in the
plane Y perpendicular to the x3-axis:

Y, :={—Les+alales}, L>0.

The particles are created with wave functions ¥ € H, . translated to the plane Y .
Calling ¥y the translation of i by y, the “centers” of the translated wave functions, with
which we are concerned, are located at

y=yiei +yrer — Lez €Y

and are uniformly distributed in a bounded region A C Yy, with area |A|. We call A the
beam profile. The momentum distribution of the wave function is concentrated around
the momentum kg ||e3.
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Remark 3. This model of a beam, in which the particles have random impact parameters
and are scattered off a single target “particle,” is equivalent to the more realistic descrip-
tion of the scattering situation, in which all the target particles are randomly distributed
(e.g.,in afoil) and the incoming particles have the very same impact parameter, provided
coherent and multiple-scattering effects are neglected (see e.g. [17], p. 214).

The translated wave function v/, of a wave function ¥ € H,. will not in general
be in H,¢., but can have a part in H,, ,.. This is problematical for the application of our
general results (see Sect. 9). To avoid this difficulty, we assume:

A 3. The Hamiltonian H = —%A + V has no bound states, i.e. Hp . = {0}.

Then ¢y € Hac, Vy € R3.

We specify now more precisely the model for the beam, which has been already men-
tioned in [9]. The particles are created with wave functions ¥ at random times ¢ € Ry
and where the wave function of a particle is shifted randomly by the uniformly distrib-
uted “impact parameter” y € A, the “center” of the wave function at the moment of
emission. In Bohmian mechanics the initial position g € R? of the particle determines
its trajectory. The initial position s [y |>-distributed. We shall not need many stochastic
details about the beam. The reader may think of a Poisson point process with points in

A=R"x AxR,
with a point A = (¢, y, g) € A representing a particle with wave function
Uy(x)=vy(x—y), yeA 27)

emitted at the time € R* and with initial position ¢ € R®. We shall consider a general
point process (A*, §, P) built on (A, B(A), i), where A* € A* represents a configura-
tion of countably many points in A, i.e.

A*={A}, A € A, 1 countable.

For the number of points

XEON =D x4

reAr
in aset B € B(A), where xp is the indicator function of the set B, we have that
E (x}) = w(B), (28)
where the intensity measure p on B(A) is given by
dp =y (x = »)Pxadid®ydx. (29)

Remark 4. For a Poisson process we would have, in addition to (28), that

(B
!

P (xj = k) = exp(—u(B)) (30)

as well as the independence of x} and xj,for AN B =0, A, B € B(A).
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We shall assume that the point process is ergodic in the following sense: For any
B €B(A) let

B(t) :={(t,y.q) € Blt € [0, 7)}. (€29

Xp be:
lim IP’( B —E( B“)) > e) =0, (32)
T—>00 T T

with E (Xl*a(r)) given by (28).
Remark 5. Because of the independence property (cf. Remark 4), (32) holds for the case
of a Poisson process.

Then for any € > 0,

Remark 6. The point process has unit density in the following sense: Let C C A, 7 > 0
and B :=1[0,7) x C x R3 be given. Then with (32) for any € > 0,

lim P([ 22— X )| >¢) =0, (33)
T—00 |Clt |C|t
and
XE(T) 1
E = —u(B)=1. 34
(w) B (34)

5. The Definition of the Scattering Cross Section

We shall now start to define N*(z, R, A, L, ¥, ), the number of detected particles.
To simplify the notation we do not always indicate the dependence of N* on A, L
and ¥. Sometimes we will also suppress the dependence on R and X. We define first
Nget(t, R, X) for a single particle corresponding to A = (¢, y, q) by

Ndet(f, R7 w’ E) A — {07 1}5

Naet(T, R, ¥, £)(0) = x10.0) ()N (R, T)(q). (35)

where N;/je{ (R, £)(q) is defined by (23). The characteristic function ensures that no

particle is counted which is emitted after the time 7. Note that vy must satisfy condition

A1 (Sect. 3) to ensure that N(ﬁ{ (R, ¥)(q) is well defined. Then

N*(t,R,A, L, ¥, %) : A* - Ny,

N*(t,R, A, L, ¥, 2)(A") = Z Naet(t, R, ¥, L)(A). (36)
rEA*
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The empirical scattering cross section oemp(X) for the solid angle ¥ is the random
variable’

N*(T9 R’ A1L7 ’E)
O'emp(z) = . L4 s (37)

which by the law of large numbers (for the Poisson case and by the ergodicity assumption
(32) for the general case) should approximate for large 7 in P-probability its correspond-
ing P-expectation value. The expected value of (37) is then the theoretically predicted
cross section. This theoretically predicted cross section involves a very complicated
formula which is not very explicit, cf. (47) and Remark 7. It depends of course on the
detection directions X, the potential V and the approximate momentum kg of the parti-
cles in the beam, but depends also on the other details of the experimental setup such as
R, A, L and the detailed specification of v. By taking the scaling limit described in the
next section, we shall arrive at (1), which does not depend on these additional details.

6. The Scaling of the Parameters

According to the usual asymptotic picture of scattering theory where the particles are
prepared long before and are detected long after the scattering event has occurred, the
preparation and detection should be far away from the scattering center. That means
the limits R — oo and L — oo have to be taken. However, increasing L has the
(undesirable) effect of an increased spreading of the beam, which reduces the beam
intensity in the scattering region. To maintain the beam intensity in the scattering region
we must widen the beam profile A as L — oo. The idealization of an incoming plane
wave corresponds to particles with a narrow distribution in momentum space, i.e., to
a limit in which the Fourier transform of the initial wave function becomes more and
more concentrated around a fixed initial wave vector kq. For a detailed discussion of the
scattering regime see [8].

The limits for the parameters L, A, and ¥ will be combined by simultaneously
scaling them using a small parameter € : We introduce L€, A€ and ¥¢, whose precise
dependence on € will be given below, and consider the cross section corresponding to
(37), depending on €, R, 7,

N*(t, R, A€, L€, ¥, %)

Oemp(X) = . , (38)

to which the limit € — 0 is to be applied.

Howeyver, the limit R — o0 is taken before we take ¢ — 0; this is because we must
have that the diameter of the beam profile A is much smaller than R, since otherwise un-
scattered particles will often contribute to what should be the cross section for scattered
particles. For convenience, we first take the limit T — o0, required for the stabilization
of the empirical cross section produced by the law of large numbers. We are thus led to
consider a limit for the cross section of the form

o(X) = 611_r)no RILmOO lim oemp(Z) 39)
7 We shall ignore the dimension factor [unit area - unit time] which comes from the normalization of (37)

by the unit density m of the underlying point process, cf. Remark 6. One can also normalize

by the beam density, i.e. with the number of detected particles (by a detector in the beam with a surface
perpendicular to the beam axis) per unit time and unit area, in front of the target. In the scattering regime, i.e.
if the parameters are suitably scaled (cf. Section 6), the beam will have unit density in front of the target. We
shall not elaborate on this further in this paper, see however [8].
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The precise definition of L€, A€ and /¢, used in our main results, is the following:

Y = e2 ey (ex), (40)
with the Fourier transform
~(k—k
Velk) = 31,,( 0) @1)
€

The particle source is located on Yz, with

c L
L=—, [>2 42)

€

For the beam profile A€ C Y we take the circular region

€

D
={x eR’| xf+x§<7andx3=Lf} (43)
with the beam diameter D€ given by

D
Df ==, d>2-3 (44)
€
(One might be inclined to consider a scattering experiment in which the diameter of the
beam is much smaller than the distance of the particle source from the scattering center.
Indeed, if 2 < I < 3, d < [ is consistent with (44). Hence, such a scenario is covered
by our results.)

7. The Scattering Cross Section Theorem

We can now formulate our main results. Our basic assumptions are that V € (V)5 (Defi-
nition 1), A2 (Sect. 3), A3 (no bound states, Sect. 4) and hat for all ¢ small enough
1//; is “good” for all y € A€ in the sense that it satisfies Al (Sect. 3) as well as the
condition for the FAST (Prop. 3). Moreover, we need to assume that the potential has
no zero energy resonances. However, instead of invoking the implicit condition on
that the lﬁ; are “good,” we impose stronger but more explicit conditions on ¥, namely
that ¢ € Cgo (R3) (Theorem 2) or ¥ € S (Theorem 1), with corresponding additional
conditions on the potential (Definitions 4 and 3, respectively).

Definition 3. V is in V if

(i) the Hamiltonian H = —1 5A +V has no bound states, i.e. H,p, = {0},
(ii) the Hamiltonian H = ——A + V has no zero energy resonances,
(iii) V is a C*°-function on R3,
(iv) V and its derivatives of all orders are uniformly bounded in x : For all multi-indices
o there exist an My < 00 such that |03V (x)| < My forall x € R3,
(v) there exist positive numbers § and C such that

V(x)| < Cx)7° forall x € R>.
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Theorem 1. Let  be a normalized vector in S(R3) and suppose that V is in V. Fur-
thermore, suppose that the point process (A*, §, P) satisfies (28), (29) and the ergodic
assumption (32). Let kgl||e3z with ko > 0 and suppose that ko ¢ Cyx. Then o(fmp is well
defined and (recalling (1))

N*(t, R, A¢, L€, ¥, %) P
—

T €e—0,R—00,T—>00

Oop(E) = o(%) = / ocll(w)d2, (45)

)

where o9 (@) = 167'[4|T(k0w, ko)l2 and i) denotes convergence in probability.

Definition 4. V is in V' if

(i) the Hamiltonian H = —%A + V has no bound states, i.e. Hp p = {0},

(ii) the Hamiltonian H = —%A + V has no zero energy resonances,
(iii) V is in (V)s,
(iv) V is C*° except, perhaps, at a finite number of singularities.

Under these conditions we obtain

Theorem 2. Let r be a normalized vector in Cgo (R3) and let V be in V'. Furthermore,
suppose that the point process (A*, §, P) satisfies (28), (29) and the ergodic assumption
(32). Let kolles with ko > 0 and suppose that ko ¢ Cx. Then affm[, is well defined and
(45) of Theorem 1 holds.

8. Proof of Theorem 1 and Theorem 2

During the proof in this section and in the appendix 0 < ¢ < oo will denote a con-
stant whose value can change during a calculation—even within the same equation or
inequality.

Ifeither V e Vand ¢y € SR> orV € Vandy € Cg°, then (if ¥ is normalized) the
¥ are “good” for all y € A€ for all € small enough. That the v/} satisfy the conditions
for the FAST follows from Lemma 1 below, and that they satisfy Al is easily seen: For
the case V € V and ¢ € S(R?) the conclusion follows from a simple computation, and
if V.e V' and ¢ e C° it suffices to observe that by choosing € small enough the wave
function 1//‘; has, for all y € A€, no overlap with the singularities of the potential.

N* is thus well defined by (36), and we can take the first limit in (45) using the
following

Proposition 5. Suppose that w; satisfies Al for all y € A€ and that the potential satis-
fies A2. Furthermore, suppose that the point process (A*, §, P) satisfies (28), (29) and
the ergodic assumption (32). Then the number of detected particles N*(t) obeys the law
of large numbers, i.e. for all § > 0,

N*(1. S
ump(‘&—y za)zo, (46)
T—00 T
where
we
y = /E (Nd;(z)) d2y. @7

AE
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Remark 7. y = y (%) is in fact the cross section which would be measured in an exper-
iment. The remaining limits in (45) applied to y yield the cross section o (X). If the
basic point process is a Poisson process with [0, ) = R™ the times of detection in X
form a Poisson process with intensity y. Moreover, in the scattering regime, the detailed
detection events, involving times and directions, form a Poisson process on R* x §2
with intensity odiff(w).

Proof. By the definition (36) of N* we have that

N*D)OM = xjoy W) = D xBoy (M), (48)
rerr
with B(t) given by
B(t) ={(1, y,9) € AlNget(7, 2)(t, y,q) = 1}. (49)
It thus follows from (28) and (29) that
* vy
E(N*(1)) = M(B(f))=/X[o,r>(t)Nde{(E)(q)dM
- f/ (Ndet(E)) d*y=1y. (50)
A€
The proposition follows from the ergodicity assumption (32). O

It is not easy to calculate the expectation value y (cf. (47)) directly. However, as we
shall show below, using the FAST we can approximate (47) by

%/f 2
/ (Vg (D)) dy, (51)
AE
where the integrand of (51) is given by an integral over the flux (cf. (21)), an expression
that we can more easily handle. We will show in Lemma 2 below that £ ( ;/:gy (RZ))

absolutely integrable over A€.
We introduce now a class of scattering states G for which we can show that the
corresponding asymptotes are in the set G*, i.e. that they satisfy the FAST.

Definition 5. A function f : R3 — Cis in G° if®
f € Hae(H)NCY(H),
(x)2H" f(x) € LR, ne{0,1,2,..,8},
(xX)*H" f(x) € L*(R%), ne{0,1,2,3)}.

Then G := |J e~ G0.
teR

We state now the important lemma that ensures that the w; satisfy the FAST.

8
8 c8(H):= (N DH")

n=
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Lemma 1. Suppose V € (V)4 and that zero is neither a resonance nor an eigenvalue
of H. Then

V) € G = Toulh) = F (2'v) (k) € G*.
The proof is adapted from [12] and can be found in the appendix.

Remark 8. For other mapping properties between 1 and oy, Which are not applicable
in our case, see [26].

Fory e SandV € Vory € C8°(R3) and V € V' we have that 1//; € C®(H)
for all y € A€ and € small enough. By (i) in the definition of V or V' (Definition 3 or
4) there are no bound states. Hence w; € Hac.(H) N C8(H), and one easily sees that

¥y € G. Thus by Lemma 1 and Proposition 3 the /] satisfy the FAST for all y € A®
and € small enough.

‘We now show that [E (

v . .
mév (RE)) is absolutely integrable over A€.

Lemma 2. Suppose that y € S and V € V or that y € C§° R3) and V € V'. Then
there exist M and Ry > 0 such that for € small enough

o0
// |j‘”;»'(x)-da|dt<M, Vy € A°,VR > Ry. (52)
0 RS2

For the proof see the Appendix. From now on we assume that R > Ry.
By Lemma 1, Proposition 3, Proposition 4 and Lemma 2 we see that (51) is a

well defined expression. Moreover, by (26) the difference between E (Nd (R, E))

and E ( :/:g (RZ)) vanishes in the limit R — oo, and using Lemma 2 we easily see

by the dominated convergence theorem that the same conclusion holds for the integrals
themselves. Thus, by Proposition 5, the limit ¢ (¥) in Theorem 1 is given by

v 2
o(¥) = lim lim y = lim lim [E (Nde{(R, E)) dy
AE

W 2
Nit (RE)) %y

lim [ lim E(
e—0 R—o00
AG

111% l1m / iV (x) - dodtd?y. (53)
€—>
A€ RXY

Using Lemma 1 and Proposition 3 we get instead of (53),

o(%) = hm//lQ Yy Pd?yd k = hm//|ssz LS Pd?yd k. (54)
Cy A€ Cy A€

The formula for § = T + I is given by (8) and (9). To exploit this formula we write
instead of (54):

U(E):eli_%//|]—'(S(Q:11/f;—w;)+Tw;+w;) K Pd2yd k. (55)

Csx A€
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By the triangle equality we see that (55) yields

o (%) = lil%//|]-"(T1p;)(k)|2d2yd3k, (56)
€—>
Cy A€
provided
. —1 292 _
tim [ 197!y = w5 Py =0 57)
AE
and
lim / / W5 (k)| 2d*yd*k = 0. (58)
€—>
Cy A€

Remark 9. In [9] the “sufficient condition” for proceeding from (54) to (56) was insuffi-
cient.

We will establish now (57) and (58). We start with (58). Suppose that X is such that
ko ¢ Cx. With (41) we have then that

_ (k= ko\|?
//Iw;<k>|2d2yd3k=e—3//‘w( - °)
Cy A€ Cy A€

= / / ¥ (k) Pd*yd’k. (59)

L(Ccs—ko) A°

d*yd’k

Since ko ¢ Cyx there exists a § > 0 such that
|k —ko| > 8 forallk € Cyx. (60)

Using that {[7 € S(R3) (we will use that |$ | < ck=@*2), the last integral in (59) can be
estimated by

[ [wwresees [ [darddis5 k24+4d3’<
LCcs—ko) A k8 A
(61)
from which (58) follows.
Since Q2_ is a partial isometry, (57) is equivalent to
: € _ €22y —
lim / 12y — wilPd?y =0, (62)
AE

which is the content of the following
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Lemma 3. Let zero be neither an eigenvalue nor a resonance of H and suppose that
V € (V)s. Let ¢ € S(R3) and let ko > 0. Then

: € _ €242y —
elg)%/llﬁ—wy Yyll*d®y = 0. (63)
AE

Remark 10. Under the additional condition that supp I/ﬂ\ C Pg, for some a € (0, 7)s

where Pg, = {k € R3:k-e3>kcosa},0 <o < 5 (thls is a convenient condition,
seee.g. [2], Lemma7.17), one can prove in a manner similar to the way we prove Lemma
3 that the following holds:

li Q_vry — ¥y ||2d?y = 0. 64
Jim [ 12wy = vy iPdy (64
YL

It is well known that the integrand in (64) tends to zero for large y (see e.g. [2], Corollary
8.17, [19], Theorem XI1.33, and [21], Theorem 2.20).

Proof of Lemma 3. We have that
2 _
IQ-ws — wil? = 1 — (Y5 Qv +c.c. (65)

Since Q_y = .7-"__11}\ (k) for any ¢ € L*(R3) (Proposition 1, (iii)) we obtain for the
r.h.s. of (65):

1-— /(w;)*(x)(Zn)_3/2 / VS (k)p—(x, k)d*kd’x + c.c. (66)
Writing
o_(x. k) = ** —n_(x, k), (67)
and since ||1ﬁ; > = 1, we then find that
IQ-yy —v5l° = / O NENCZ I / U5 on-(x. k)d kd’x +c.c.  (68)

We shall divide the k-integration into two parts with the help of smooth (C°°) mol-
lifiers 0 < f1(k) < 1and 0 < f(k) < 1 satisfying

)1, for |k —ko| < ?0
fille) = [0, for |k — kol > &2,
falk) =1 — fi(k). (69)

Using (69) we obtain for (68)
19 ws -yl = / W) (1) @m) 2 / Fefi+ ) E (x, )dkdx + c.c.
= / W) (x)2m) /2 / U5 (k) fi()n—(x., k)d*kd®x

+ / (W) * (x)(2m) /2 / V5 (k) fr(kon—(x, K)d*kdx

+cc.=: 11+ +c.c.
< 2|Ii| +2|L2]. (70)
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Observing that ¥ € S(R?) we estimate || by using that for any n > 0 |9 (k)| < vl
and that [n_(x, k)| < 1+ |p_(x, k)| < ¢ (Proposition 2 (ii)) as well as (40), (41) and

(69):
c _ ~(k — kg
|| < 6—3/ [ (x — y)|2m) 2 / ‘w (T)‘cﬁkd%
lk—ko|="2
~(k 1
< % / ‘w (—)‘d3k <ce"3 / k—nd3k = ce" 3, (71)
€- €
Ik|> 9 Ik|> "0
ifn > 4.
Lemma 3 concerns the integration of I; and I, over A€. With (71) we obtain that
/ |Lld%y < ce" 37, (72)
AE

which tends to zero if we choose n large enough. We are left with showing that
lim / |11|d%y =0, (73)
e—0
AG
and for this it suffices to prove that
lim [ |L|d%y =0. (74)
e—0
Yie

Recalling the Lippmann-Schwinger equation (11), i.e. that

1 eik\xfx’l
(k) = —— / Ve (xR,
2 |x — x/|

we find that
1 g ik|x—x'|
h=—— / (W) () / V(o) f1 (k) / V(e (' X Pkdx. (75)
m)2 lx — x|

Since the integrand in (75) is absolutely integrable over x, x’, k (because ¢ € S (R3),
V € (V)s; cf. Lemma 2, (ii)) we are free to interchange these integrations and more
generally change integration variables as convenient. Using (¢5)*(x) = (y)*(x —

y), I/ﬂ\f;(k) = Y€ (k)e %Y we obtain that

1 _
n=—". / W) (x — ) / ) i)
(2m)2
R3 R3
eiklx—x'|=ik-y
x / V(e &, k)d X P kdx. (76)
lx —x'|

R3
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Making the change of variables x — x — y and using y = (y;, y2, —L€) we obtain

lk|y+x X' |—ikyy1—ikyyo+ik3 L€
/ W) () / T (k) f1 (k) / : V)
y +Xx —Xx | (77)

(27T)2

x o_(x', k)d*x'd*kd’x.

Introducing as shorthand notation (no change of variables) y = y+x —x’,a := x — x/,
b3 := —L€ + a3 and letting (r, 0) be the polar coordinates for (yq, y»), with e, the
corresponding radial unit vector (_Le3), this becomes

L =

/ W () / T fih)
am)} )

eik, / ﬁl +i2 +(—L¢+a3)2—iky y1—iky Yp+ik3 L€
X/

|y1

eik1a1+ik2a2 . V(x/)(p_(x/, k)d3x/d3kd3x

R3

U (k) fi (k)

eik r2+b2—ik sin ¥ r cos f+ik cos L

</ —
e r2+b§

eiklal+ik2a2 . V(x/)<p_ (x/’ k)d3x/d3kd3x,

(78)

with ksind = |k,| = ,/k%+k§, k3 = kcos?, where ¢ (0 < ¥ < m) is the angle
between k and e3 and f is the angle between k,, = (ki, k2, 0) and e,. Moreover, there
is an angle 0 < a < 7% such that

T
¥ < a, i.e. cosafcosﬁfl,05sinz9§sinoz,0<a<§ (79)

for all k’s in the support of f; (cf. (69)).
We introduce now spherical coordinates (k, w) for k as integration variables and do
first the 1ntegrat10n over k (note that 8 is not k-dependent). Since wf es (]R3 ), f11s

smooth and -2 EP— (x’, k) is uniformly bounded in k (Proposition 2 (iv)), we can do two
integration by parts with respect to k and obtain that

L =— V(x")

7 92 , ) ) ik
X / / 8ﬁ(wf(k)fl(k)so—(x’,k)e”ﬂ‘”*”‘z”kz) e dkdQd*x'dx,
20 1/I’z-i-b%)\.z

(80)
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where

2

b
Ai=r 1+—§—sinﬁcos,3 +cosPLE. 81)
r

To estimate the derivatives of the functions f; (k)g_ (x’, k) we use Proposition 2, (iv)
and the smoothness of f](k). We introduce a multi-index notation

i = (i1, 02,13, 14), im € No, |i| :=1i1+i2+i3+i4, j:= (j1, ja, j3) analogously.
With k; = kik, «; € [—1, 1], [ = 1,2 we obtain that

82 ’ Te 2 ikjai+ikoa
7(f1(k)<p_(x )Y (k)k?ethiatikaay

aku ok (7edor ) ‘aaki; (eimkm)' ‘aak_; (emkaz)
< cllzz(ux’)"l ;C—zz (@E(k)kz) ‘K1a1|i3|lc2a2 .
il=
<c Zz(l +x/)i 88k_ll22 (@?(k)]&) a3ai
lil=
< C||Z2(1 +x)it ;k_ljz (?(k)kz) x _x/|i3+i4
i|=
=t i (770 [Jx =" (52)
=

With (79) we may assume that A in (81) is bounded below,
A>r(l —sina) + L cosa > Apin := n(r + L), (83)
with 7 := min((l — sin«), cosa) > 0. Using (83) and (82) in (80) we obtain that

M /|11|d2y<c2//|w )|

ljl= ZRZ R3

/|V(x)|// b2,\2 ‘a]gz ({ﬁ(k)kz)‘|x—x’|i3(1+x/)j1

min

x ddeZd3x/d3xd2y. (84)

Since the integrand of the right-hand side of (84) is positive, we may perform the change
of integration variables (y;, y2) — (J1, y2) — (r, 8), as well as freely interchange the
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order of integrations. With (83) we then obtain that

M<CZ/|I/I (x)|/|V(x>|

|]‘ 2R3

0000 21
/ / / / = o (Iﬁ(k>k2)‘ lx —x' |2 (14x") 1 rd0drdkdQd’x'd* x
s200 r2+b )‘mln

<c Z/W(x)l/lV(x/)l

1i1=253 e

o0 o0

1 e . .
S— PR RV 2 _ /|3 i 3.7 3

X/// P2+ L) ‘81( (W (k)k )‘ lx —x" |31 +x)"drdkdQd’x"d” x

e =25 e
//(8” wf(k)kz)]pc—x 12 (1 +x") 1 dkddPx'dx. (85)

S2

Using that |x — x'|/3 < 2(x/3 + x'/3) for j3 = 1,2 we obtain that

3 J ¢ 2
ve LS [wewiasor [lof (7 awr)
171=2p3 R3
x / VDA +x) 7 Bd3x dkdQdx. (86)

R3
Since V € (V)5 (sothat V € L*>(R3) and |V (x)| < Cx>7%, § > 0, for x > R) and

J1 + Jj3 < 2 the x’ integration is finite and we obtain (by dividing the integration region
for x” into two parts, x’ > Ry and x’ < Ry)

M

IA

> /|wf(x)|(1+x)f3/’3,{2 (IF(k)kz)‘dded%. (87)

j2+j352R3 R3

c
L€
Using (40), (41) and that ¢ € S (R3) one finds by simple calculation that

€3

/ @B < ii (88)

and
1

o (89)

/‘a,{z (17/\6(k)k2)‘dkd9 < ce3
R?
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Since j» + j3 < 2 we see with (88), (89) and (42) that for M in (87) we have for small
€ the bound

= cel 72 (90)

<
~ L¢e?

Since [ > 2, this completes the proof of (63). O

We can now proceed with the evaluation of (56). With (8) we obtain for (56)

U(E)zeli_r)rb//|T1p§,(k)|2d2yd3k
CxA¢
2

=lim 47 / / / e KYT (e, KKK Ak | d2ydk
C):Ae k=
2

—hm4n/ / / —ikyko =KL (e |ygE (KK dQU(K)|dy dy,d°k,

e—0
Csy, <D k=
oD
where y, := (y1, y2). We insert again the identity f; + f> = 1 and obtain for o (%)

2

L 4”/ / / SRR KLV (kKGR LK) + fok DK AQUE)

Cy yp<Z° D€
xdydy,d>k. (92)
Multiplying out we get four terms. The main term is

2

lim 47 / / / RSO T (e K E (K f (KK dUK) | dyrdysdk.
Cy ¥ < b
(93)
Before we evaluate (93) we show that the three other terms are zero. Noting that
T (k, k') is bounded (Corollary 1) and that ¢ € S(R?) we obtain that

[ i T T W £ a2k
k'=k

IA

e IR TREOT (e K P (k) SR K dQUK)
k'=k k'=k
X fr(k)dQ(K'). 94)

IA
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Using (94), the difference between (93) and (92) is no greater than

i/ / / '@(k :ko)‘fz(k’)k’2d§2(k/)d2yd3k
c ~(k —k
= —/ 7
R3
< / 1;('c/—ko)
— €3+2d €

Using that |$ k)| < ki,, for any 6 < n € N, we see that the right-hand side in (95) is
bounded by ce” 3724, which tends to zero for sufficiently large n. Thus the three other
terms are zero.

Since, as we shall show,

0) ‘ fg(k/)k/2d3k/

K2d3k . (95)

2
lim 4° / / / T IR LOT (kK E (K f1 (KK A (K')
€—>
Cx ¥ >D6 k'=

xdyidy>d*k = 0, (96)

we may extend the y-integration in (93) to all of R?, so that

2
o(%) = lim 4> / / / eI KL (e kY (') £y (KK A2 (K)
Cy R2 k=
xdydy,d’k. 97)
Before establishing (96) we compute (97) with the help of the following
Lemmad. Let 0 < a < 5 and § > 0 be given. Suppose that ¢ : R} - Cisa
function with support in the sector Py, = {k € R? : k-e3 > kcosa} such that
[ 1¢k)1>dQ (k) < 0o. Then
k=34
2
1 _ir 1
/ 5= / "V p(lydQk)| d?y = / ¢ (o) |* —dQ (k). 98)
2 kk3
R2 k=38 k=34

Remark 11. This lemma is proved in [2], Lemma 7.17. The integration over the impact
parameter is crucial for the derivation and is a standard ingredient in the derivation of
the scattering cross section.
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Because of Corollary 1, T (k, k') is bounded on R? x R? and continuous on R? x R3\
{0}. Moreover, ¢ (k) € S(R?) and ¢ (k) f) (k) has support in ng with0 < % < %
Hence, by Lemma 4, (97) becomes

U(E)_hm 167 //|T(k k)| |1p6(k/)| |f(k)| dsz(k)d3
Cy k'=k
—hm 167 //|T(k/w k)| |we(k)| |f(k)| d3kds2 (99)
Y R3

where k3 = k cos 9. Because supp f1 (k) C Pei with 0 < 9, < 7, there existsa§ > 0

such that § < cos®’. Hence the integral in (99) is finite (itis < clly||?). Thus, since
clearly € (k)|?> — 8(k — ko) (in the sense that hm f |w5(k)|2g(k)d3k = g(ko) for

any bounded continuous function g), and since T(k’w k"), fi(k') and ——
and continuous as functions of k’, we may conclude that

o 19, are bounded

o(2) = 167r4/ T (kow, ko)|>dSQ. (100)

The proof of Theorem 1 and Theorem 2 will thus be complete once we establish (96).
Changing variables, (96) follows from

2
lim / / L / TGO G kYK fi (KK AU | dyrdysd k=0,
€

e—0)
k=
R V];> D

(101)
Equation (101) is the content of

Lemma 5. Let V € (V)s, ¥ € S(R) and suppose that kg > 0. Let] > 2, d > 2] —3
and let M be given by (to simplify the notation we interchange k and k')

M =M@,y kK e = / AR GO @ 1y () fi (kA2 ().

k=k’
(102)
Then for any D > 0,
lim L IM|? dy\dy,d’*k’ =0 103
2d yiday2 = V. ( )
e—>0 €
R3 yp=D

Proof. We will establish the following inequality (104) giving a bound on M: There
exists a ¢ < oo such that

5 , E4d+574l 1
M| <c k . 104
| | X(TO %ko)( ) y;;) (1 R |k’—k0\)2 ( )
€



D. Diirr, S. Goldstein, T. Moser, N. Zanghi

Assuming (104) we show now that (103) follows. Using (104), the integral in (103) is
dominated by

oo
e2d+5—41 /
1 dk
/ / 5 d2yd3k/ < C62d+574l / 5
Ik’—kol) (1 + Ik/—kol)
€ €

ko <k'< 3k0 Yp= —00

o0

/
— ce2d+6—4l / dk
(1+[k'])?
—00

c62d+674l‘ (105)

Since d > 21 — 3 there is a 8 > 0 such that d = 21 — 3 + 8. Then (105) is of order €2
and (103) follows.

It thus remains to establish (104). Changing variables in (102) from @ to ki, ko we
obtain, with the Jacobian determinant k'k3 with k3 = k3 (k1, ko) = \/k2 — k} — k3 and
ki = (ki, k2, k3 (k1, k2)),

i € , — , 1
M = // (k1 +k2 —k3L )T(k kD) YE (k) fi(k)k o

k3 +k3 <k’
_ ki —k e fi(k
_ L // ik 2ty ? d)(T(k’ k+)1ﬁ( + 0) iksre S1( +))dk1dk2
€2 € k3
k33 <k'?
1 il 2L 4k, 22
=~ / / D g lky ko, K )drds. (106)
k3 +k3 <k’

Performing two integration by parts with respect to k, := (k1, k2), we obtain (using the
fact that fj(k;) and its derivatives vanish on the boundary of the region of integration)
that

1 il 2k, 22
M| = —éed // (Vkpe i (ki €d+k2€d)) . i_gf] (ks)g(ki, ko, K, €)dkidka

€2 kpfk’ )4
1 _

= _§6d // l(kl +k2 d)yp Vkpg(kl, kz, k/7 f)dk]dkz
€2 kp<k’ yp
1

= _362d // (Vk l(kl +k2 )) i y_gy_g . Vkpg(kl, ky, k/7 e)dk,dky
€2 Yp Yp

kp<k'
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— 2d // —l(kl +k2 )yp . Vk y_g . Vkpg(k],k2, k/, E)dk]dkz

v Py
1 e 2
<< — [ [ D |8tk ko, K, €)| dkydks. (107)
€2 p ij=1
kp<k' =

We estimate now the derivatives of g on the support of f. Note first that on supp fi
k3 > ko/2. Using Corollary 1 we have fori, j = 1, 2 that

sup IT (K, ks)| < c, sup |0 T k)| <c,  (108)
k' eR3 k., esupp fi k' eR3 k. esupp fi
sup |0k, 0k, T (K, k)| < c.

k'€R3 .k, esupp f

To estimate the wave function ¢ (k+ k") and its derivatives we introduce the following

notation:
P, = ;, P = ; (109)
1+ kol 1+ kol
Clearly
P < Py. (110)

Since ¥ € S(R?), 1]7 and its derivatives decay faster than the reciprocal of any polyno-
mial, we can find for k. € supp f| and for n € N suitable constants such that

~ (ki —k ki —k ki —k
‘w(* °)<cPk, aw(* O)sfp,': aww(* 0) <SP
€ € € € +
(111)
The derivatives of the third factor e /*3L of g can be estimated on supp f as follows:
et < fage | < L0t < 1l (112)
k3

Since |k;| P, < €, we obtain using (111) withn = j + 1 and (42) that
aore\ ~ (ki — k
’(Bk,-elk3L ) 14 (—+ O)
€

With a similar calculation we find that

. , c .
< cLf|ki| P, P} < cL eP] = EZ__IP,§+, j arbitrary.

(113)

o~ (ks —k .
'(3k,-3kj€_lk3L )w( + O)‘ < P, jaitrary, (114)
€ € +
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and analogous estimates for terms which contains derivatives of 1]7 (@) . Clearly
we have that

3k,- fl (k+)
k3

<c, sup c, i,j=1,2.

k.€supp fi

O, B,

c,

k.€supp fi

=cC,

‘fl(k+)

fl( +)
k3

k+esupp fi
(115)

Combining (108), (111)—(115) and using that 2/ — 2 > 2 since [ > 2 we obtain for all
k' € R} and any n € N that

|0k, 0k g (k1. ko k', €)| < Pk+ (116)

212

for all (ky, kp) such that k, € supp fi.
Reintroducing the original integration variable @ we then have that

C
M| < S22 / X0 Pk ksd 2 ()

yp
k=k’
< £ - 2l+2X( )(k/) / PldQ (k). (117)
N ko

k=K', |k—ko| <2
Choosing n = 4 in (117) and splitting P,f into
Pl =rlP} <PlP, (118)
we obtain that

M| < — 2d+§_2lx(k70’%ko)(k/)Pkl’ / P,fdsz(k). (119)
P
k=K', |k—ko| <2

Moreover, it is easy to see that

1
/ PRdQ(k) < c/ ———dkidk < c€’. (120)
jad A
k=K', |k—ko| <2 R? (1+ €
Thus
M < 2d+7—21 k/ Pl/ ]21
M= 5 X(9.310) ®O P (121)

and (104) follows. This completes the proof of Lemma 5. O
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9. Summary and Outlook

The purpose of this paper has been to rigorously derive the standard formula for the
scattering cross section starting from a microscopic model of a scattering experiment.
While the use of Bohmian mechanics is crucial for our result, we would like to stress
that major parts of our proof are vital even from an orthodox point of view. These parts
concern in particular the replacement of the incoming asymptote by its scattering state
(cf. Lemma 3 and Remark 10) and the flux-across-surfaces theorem in a formulation
which depends only on the smoothness of the scattering state (cf. Proposition 3, Lemma
1 and [11]).

Several problems have been left for future work, which we shall mention here.

e Bound states: Our assumption A3 arises from the problem that in general the transla-
tion of the initial wave function by the impact parameter y—which is needed for the
averaging over the beam profile—will produce wave functions which have a com-
ponent in the bound states. One would then have to show that asymptotically the
crossing statistics are induced by the “relevant part” v’ of the wave function, namely

Y’ = Py,

where P is the projection onto the absolutely continuous subspace H, . (H) and is
given by

P:=Q_Q".

Note that by using Lemma 3 one can also show that

lim / IPyry — Yyl2d*y = 0, (122)
L—o0o
YL

i.e., that the bound state component is small in an L2-sense. This is however not
directly applicable.

e It would of course be desirable to derive the crossing statistics for many particles
guided in general by an entangled wave function both for the noninteracting case and
eventually even for interacting particles [13].

e We are currently working [8] on a detailed formulation of the conditions character-
izing the scattering regime, which turns out to be surprisingly intricate. What we
have shown here is that the simplest limiting procedure that brings the experimen-
tal arrangement into the scattering regime yields the standard formula of formal
scattering theory. This formula should of course hold much more generally—more
or less for all limits corresponding to the scattering regime—but establishing that this
is so remains a formidable challenge.

Acknowledgements. The work of S. Goldstein was supported in part by NSF Grant DMS-0504504. The work
of T. Moser was supported by the DFG (DU 120/10). The work of N. Zanghi was supported by INFN.
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10. Appendix
Proof of Lemma 1. Let € G. Then thereisa x € G° and a ¢ € R such that
vo= e Hy
Using the intertwining property (6) we obtain
You = Q7Y = Qe My = e THIQT = e 0y (123)

Since G7 is invariant under time shifts it suffices to show that ¥ou (k) is in G*. Since
(x)2H"x(x) € Lo(R?), 0 <n <8, and (x)*H" x(x) € Lo(R?), 0 <n < 3, we have

H"x(x) € Li(R*) N Ly(R?), 0 <n <S8,

() H"x(x) € LIR) NLaRD, 0<n <3, j={12). (1
Using Proposition 1 (ii), (iii) we have for f € L2(R3):
Fi& f =Ff, (125)
and hence for x = Q4 xout We have that
Touk) = Fux (k) = 2m)73 /ﬂ(x, k) x (x)d’x. (126)

Using the intertwining property (6) we thus have:

K2 —
7X0ut(k) = Hoxou(k) = F(HoQ " x) (k) = F(Q7 Hy) (k) = Fu(H x) (k)

- (2n)—%/¢i(x, k) (H x)(x)d3x. (127)

Similarly, applying Hj to Xout(k) (0 < n < 8) we obtain

kK2 3
o Ko (k) = (27) ™2 [ @i, k) (H" x)(x)d3x. (128)

Since the generalized eigenfunctions are bounded (Proposition 2 (ii)) and H"x €
Li(R%), 0 <n <8, we obtain

[Rout (k)| < c(1+k)710 < c(1+k)~0. (129)

Because of Proposition 2 (iii) and (124) we can differentiate (126) with respect to k;
and get

| 8k; Yout (k) i =

r)"3 / (3,97 (x, 0)) x(x)d>x| < ¢, Yk eR>\{0}. (130)
Differentiating (128) with n = 3 with respect to k; we obtain

- _3 N - ki
KO8k, Xout (k) = 8(27) 2 / (9 9 (x, k) <H3x><x>d3x—6k5xom<k>;. (131)
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Again the right-hand side is bounded because of Lemma 2 (iii), (124) and (129). Hence,
we obtain with (130):

|0 Xou(R)| < c(1+1)7°, Vk e R\ {0}. (132)
Using Proposition 2 (iii) and (126) we may control « times a second derivative of Yoy (k),
obtaining

—~ _3
e 05, Kout (k)| = ‘(h) 7 / (k ok, b, @ (0. K) X (0)d>x| < e, VK € B3\ {0},
(133)

For the last inequality we have also used (124) with j = 2 and n = 0. Similarly, using
(131) we obtain

Kok O O Fout (k) = 8(27) 3 *(x. k) (H? 3
I Ok; Xout (k) = 8(27) (Kakjaki%(x, )) (H?x)(x)d"x

kiki ki ~
—~ 30k47’;’xxom(k) = Ok 1Ok Xour (k)
kj

N kéiik — kik; R
—~ 6k5Xout(k)K% - 6k5;xak,. Xout(k),  (134)

with right-hand side that is bounded because of Proposition 2 (iii), (124), (129) and
(132). Hence, using (133),

[k Xout(®)| < cA+K) 0 <c(1+k)7°, ol =2, VkeR\{0}. (135
Equation (132) implies also that
|9k Xou(K)| < c(1+k)7°, Vk € R3\ {0}. (136)

Similarly, twice differentiating (126) with respect to k we obtain that
|02 7outho)| < e Yk € R\ (0), (137)
and then twice differentiating (128) for n = 2 with respect to k we obtain
7o) = 1+ k)™ < c+b)7, Vke R\ (0), (138)

using Proposition 2 (iv), (124), (129), (136) and (137).
With (129), (132), (135) and (138) we see that xou (k) € G*. O

Proof of Lemma 2. In the proof of Proposition 3 in [11] the absolute value of the flux
integrated over time and the surface RS> with R > Rg (with some Ry > 0 depending
on the potential) is shown to be bounded (uniformly in R) by linear combinations of
integrals involving o, (k) and its derivatives, namely integrals over expressions corre-
sponding to the left hand side of the inequalities in Definition 2. Thus these bounds are
finite if Yoy (k) € G*. To bound the integrated flux uniformly for all ¥y, y € A (and €

small enough and fixed), F (w;,out) (k) =F (QI] 1/f;) (k) (note that y§; € Hac.(H),
for all y € A€, cf. (i) in Definition 3 or 4) must be bounded as in Definition 2 with
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constants uniform in y € A€. These constants depend, according to the proof of Lemma
1, on the norms of

IH" S, 0<n<8and (X H" Y5l 0<n<3, je{l.2). (139
We will show that for € small enough there exists a constant C > 0 such that
|H"y5(x)| <C(1+x)° 0<n<8, Vye A" (140)

Thus the norms in (139) are bounded uniformly in y € A€ and Lemma 2 follows.
It remains to establish (140). We start with n = 0. Since ¥ € S(R?) and y € A€, A€
compact, we obtain

W5)] = €2 [y e — y)l < c(l+]x —y) ™0 < c(1+0)7° ¥y e A% (141)

For n = 1 we have with w; = Ty € (Ty is the translation operator) and [Ty, Hy]- =0,

[HY5(0)| = [(Ho + V)Ty ¢ (x)| = |Ty Hoy“ (x)] FE V@Y — )l (142)

Using now |[V(x)] < M < ooforV € Vor sup |V(x)] < M < oo fory e
xesupp ¥y
Cy° (R3), V € V', y € A€ and € small enough, we obtain together with (141),

|HY5 ()| < | Ty Hoyr ()| +c(1+x)7°. (143)

Since ¢ € S(R?) we have that also Hyy¢ € S(R?) so that analogously to (141), there
is the bound

| Ty Hoy (x)| < c(1 +x)7% VyeA“ (144)

Equations (143) and (144) yield (140) for n = 1. Analogously, we obtain (140) for

2 < n < 8 by using the fact that ¥y € S(R?) and [0gV(x)] < M < o0, V |a| < 14,

ifVeVor sup [0¢V(x) <M <oo, V]| <14, forall y € A€ and € small
Xesupp ¥y

enough if ¢ € CSO(R3) andV €¢V'. O
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