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Motivation

Both of these problems have uses

Forward Problem
@ Predictive modeling of physical systems

@ Existence of solutions

Inverse Problem
e Corrosion detection/Safety analysis

@ Deeper understanding of the underlying processes
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Forward Problem

We know this region in entirety, and we want

to solve
of)

Au = fonQ
u = gondQ

We will solve this by finding u = uy + uy where

Au; = fon u; = 0on 00
Au, =0o0n up = g on 02
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Green's Function

The main method we will use to solve the forward problem is via
Green’s Functions.

Definition (Green's Function)

Let Q C R” be a domain, 9Q the boundary, and Q = QU 9Q. The
Green’s Function for A on Q is a function

G(x,y): QxQ—R

satisfying
o A}/G(X7y): y(X)VXa}/EQ
Q@ G(x,y)=0if x€Q, y € 0.
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Solving the Problem

The Green's Function exists for all Q smooth boundary (2.35 in
Folland).

It can also be proven that the Green's Function is symmetric, i.e.
G(x,y) = G(y,x) for all x,y. Therefore, G can be extended to a

function on Q x Q.

So, assuming we have the Green's Function, we can solve the full
Forward Problem!
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Solving the Problem

To solve
Au; = fon u; = 0on 00

Set

Ayui(x) = /QAXG(Xa)’)f()’)dy

= / ox(y)f(y)dy
Q

f(x)
u(x) = /QG(X,y)f(y)dy:O if x € 0Q2
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Solving the Problem

Similarly, if we want to solve
Aupy =0o0n Q up = g on 012

we can set

n(x) = /8 _£(1)0, G(x.y)do(y)

where 9, is the normal derivative on the boundary of 2 and &
denotes integrating over the surface of 09.
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Solving the Problem

Similarly, if we want to solve
Aupy =0o0n Q up = g on 012

we can set

n(x) = /8 _£(1)0, G(x.y)do(y)

where 9, is the normal derivative on the boundary of 2 and &
denotes integrating over the surface of 09.

However... finding G is hard.
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SETIES

For simple domains, however, G can be determined explicitly.

For the unit ball Q = {|x| < 1} in R", the Green's Function can be
calculated to be

- ([ ] e
L [loglx— vl —log |l "x — [xly[]  n=2

with

1—|x/?

Wn|X 7.)/‘”

O, G(x,y) =
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Example 3

Solve
2 u d%u
8x2 dy?

Using the integration formula gives

= xy on {2 u(x,y) = sin(my) on 0Q
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Example 3

Solve

2 2,
gxg g 5 =xy on Q u(x,y) = sin(my) on 0Q

Using the integration formula gives

08
06
0.4
02
028
0.4
06
08
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Our Problem
Inverse Problem Mathematical Approach

Inverse Problem

As stated before, the Inverse Problem is the case where you want
to solve for the properties of the domain from knowing part of the
solution.

So, you know the temperature on part of the boundary and want
to find out the thermal diffusivity in the domain.

This work was done with Andrew Rzeznik and Dr. Kurt Bryan at
the Rose-Hulman 2012 Summer REU.
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Our Problem

We want to be able to detect
corrosion in metal by applying heat
and taking temperature
measurements on the accessible face.
Possible applications include:

@ Detecting external hull
corrosion on a vessel from the
inside,

@ Finding possible corrosion in a
chemical pipe, or

@ Testing ceramic materials for
imperfections.
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Inverse Problem Mathematical Approach

Our Problem

This problem mathematically reduces to finding how the thermal
diffusivity of the metal changes as a function of position.

In our case, we have assumed that we know the thermal diffusivity
of both the corroded and uncorroded material, and just need to
find the point where it switches.
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Our Problem
Inverse Problem Mathematical Approach

Problem Setup

Uy, Ky, oy

uy, ks, @y

So, we know all of the thermal properties of ; and €5, and now
just need to find the curve C(x) that divides them.
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Inverse Problem Mathematical Approach

Corrosion Example

Let's take a look at the value of the solution in the corroded vs.

uncorroded case. Below is an example of a corrosion profile.
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Inverse Problem Mathematical Approach

Assumptions

@ There is a defined heat flux at the
top of the metal

@ All other sides are insulated (no flux

o Bl @y in or out)
e © We can measure the temperature
N on the top side of the metal
B2
Q . e
‘ . @ The heat equation is satisfied in
Y'Cﬁ';zﬂ\ both regions with their respective
Vo thermal quantities
(0,0) B3 (1,0

Goal: Find out where the corrosion is on
the reverse face of the plate.

Matt Charnley Exploration of Differential Equations 20



Our Problem
Inverse Problem Mathematical Approach

Mathematical Approach

We want to use what we know about the interior and boundaries
to approximate the curve C(x).

In order to do this, we generate a set of test functions ¢, that
satisfy

Otk + algy =0

And use that to start with

)
/ /u(6t¢k+aA¢k) dA dt = 0
0 Q
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Mathematical Approach

Using integration by parts and using a linearization assumption
gives that

/ / ul— ds dt
e[ (08 % 4

where the entire left hand side is known from collected temperature
data and the determined test function. The w, functions are also
known completely, since ug is the uncorroded temperature profile.

(kz az) ug Ok
+ - =
y=0 kq a1/ ao 8t

wi(x)
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Our Problem
Inverse Problem Mathematical Approach

Mathematical Approach

With one more assumption, we can approximate C(x) by
x) =Y Aw;(x)
J
and we can solve for \ because

K ds dt = Z)\ dx_Z)\Bjk
we ] [ I

can be recast in a linear algebra problem.

— BX
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Results

Results

So, by taking the inverse of B, we can solve for A and get an
approximation to C(x).

However, the problem is ill-posed, so a regularization method is
needed to create meaningful solutions.

Corrosion Profile on a 10x1 Plate

) |

. |

o e
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Results

Results

The coming slides show the major results from our work. For all of
the results shown,

kk =1

061:].

The thermal parameters for the corroded region will be shown on
each graph.
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Results: Single Corrosion Profile

Average Corrosion Profile from the three trials Data from flux 1

Actual
— = w COrrosion I " .
Profile . :

Estimated Data from flux 2 Data from flux 3
— COTOSION
Profile

Figure : ko = 0.1 and ap = 0.1
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Results: Multiple Corrosion Profiles

Average Corrosion Profile from the three trials Data from flux 1

Actual
m— = wm  COrrosion

Profile ! .

Estimated Data from flux 2 Data from flux 3
— COrTOSiON

Profile

Figure : k, = 0.1 and ap, = 0.1
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Results: Changing Parameters

Average Corrosion Profile from the three trials Data from flux 1

Actual
== == == COrrosion
Profile

Estimated Data from flux 2 Data from flux 3
e ——— CorrOSion
Profile

Figure : k, = 0.1 and a, = 0.05
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Results

Results: Changing Parameters

Average Corrosion Profile from the three trials

Data from flux 1

Data from flux 2

Data from flux 3

Figure

Matt Charnley Expl

ky =1and ap =0.1

of Differential Equations




Discussion

Fut
Results !

Results: Discussion

@ We can find corrosion!!
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@ We can find corrosion!!

@ We can definitely see where it is, and can estimate the area of
the corrosion within an acceptable error.

@ Even for large corrosion, which is well outside the range of
linearization, we can see where the majority of the corrosion is.
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Results: Discussion

@ We can find corrosion!!

@ We can definitely see where it is, and can estimate the area of
the corrosion within an acceptable error.

@ Even for large corrosion, which is well outside the range of
linearization, we can see where the majority of the corrosion is.

@ Reconstruction only takes about a minute after the test
functions have been computed.
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Results
Discussion

Results Future Work

Future Work

© Use parameters from actual metals and equipment.

@ Other ways of utilizing the time dependence of the heat
equation.

© Time-Dependent Fluxes
@ Full 3-Dimensional problem
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