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Abstract

We define a new version of modified mean curvature flow (MMCEF) in hyperbolic
space H" !, which interestingly turns out to be the natural negative L?-gradient flow
of the energy functional defined by De Silva and Spruck in [DS09]. We show the exis-
tence, uniqueness and convergence of the MMCEF of complete embedded star-shaped
hypersurfaces with fixed prescribed asymptotic boundary at infinity. As an applica-
tion, we recover the existence and uniqueness of smooth complete hypersurfaces of
constant mean curvature in hyperbolic space with prescribed asymptotic boundary at
infinity, which was first shown by Guan and Spruck in [GS00], see also [DS09].

Keywords. Modified mean curvature flow, Hyperbolic space, Star-shaped hypersur-
faces

1 Introduction

Let F(z,t) : ST x [0,00) — H""! be the complete embedded star-shaped hypersur-
faces (as complete radial graphs over S'}) moving by the modified mean curvature flow
(MMCF) in hyperbolic space H" ', where S is the upper hemisphere of the unit sphere
S™ in R™*! and the half-space model of H"*! is used. That is, F(-,t) is a one-parameter
family of smooth immersions with images >, = F(S'}, ), satisfying the evolution equa-
tion

0

5 F@ ) =H=0)vi, (2t)€SLx[0,00),

F(Z,O):Eo, Zegi,
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where H denotes the hyperbolic mean curvature of 3;, 0 € (—1,1) is a constant, and
vy denotes the outward unit normal of >2; with respect to the hyperbolic metric. By the
half-space model of H"*!, we mean

H"™ = {(2/, 7,41) € R"™ : 2, > 0}

equipped with the hyperbolic metric

where ds? denotes the standard Euclidean metric on R™!. One identifies the hyperplane
{Zn11 =0} =R" x {0} C R"™! as the infinity of H"™!, denoted by 0, H" .

In this paper we consider the questions of the existence, uniqueness and convergence
of the MMCEF of complete embedded star-shaped hypersurfaces (as radial graphs) in the
hyperbolic space H"*! with a fixed prescribed asymptotic boundary at infinity, under
some natural geometric conditions on the initial hypersurfaces. Namely, we consider the
following Dirichlet problem of the MMCEF:

0

5 F(zt)=(H—o)vn, (21) €S} x[0,00),

F(z,0) =%y, zeS}, (1.2)
F(z,t) =I(z), (zt)¢cdS} x|[0,00),

where o € (—1,1) and T’ = 9% is the boundary of a star-shaped C'*! domain in {z,, 1, =
0} (the case of I" being only continuous will also be discussed). As an application, we shall
also show that we can use the MMCF to deform a complete regular hypersurface to get
one with constant hyperbolic mean curvature o in hyperbolic space H" 1.

Mean curvature flow (MCF) was first studied by Brakke [B78] in the context of ge-
ometric measure theory. Later, smooth compact surfaces evolved by MCF in Euclidean
space were investigated by Huisken in [H84] and [H90], and on arbitrary ambient man-
ifolds in [H86]. The study of the evolution of complete graphs by MCF in R"*! was
also studied in [EH89], the result being improved in [EH91]. See also [H89] for the non-
parametric MCF with Dirichlet boundary condition. In [UO3], Unterberger considered the
MCEF in hyperbolic space, namely, the case of o = 0 in equation (1.1). And he obtained
that if the initial surface Xy has bounded hyperbolic height over S7} then under the MCF,
>, converges in C*° to S} which has constant mean curvature 0. Note that no Dirichlet
boundary data was imposed in [U03]. We shall remark that a similar MMCF (which is
called the volume preserving MCF) was studied by Huisken in [H87] for closed, uni-
formly convex hypersurface in R"*!, where the constant o in (1.1) was replaced by the
average of the mean curvature of >;, see also [CMO7] for this volume preserving MCF in
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the hyperbolic space. With the average of the mean curvature of >, in the place of the con-
stant o, one cannot expect what the flow will converge to (if it converges), while we see
directly that if the MMCEF (1.1) converges then it converges to a hypersurface with con-
stant mean curvature o. Namely, we can actually prescribe the constant mean curvature
o € (—1,1) for the limiting hypersurface. This is the important feature and novelty of our
version of MMCEF defined in this work, which is also special for the hyperbolic setting.
Finally, we shall remark that it would be very interesting to see what the corresponding
MMCF is in the Euclidean setting.

The problem of finding smooth complete hypersurfaces of constant mean curvature
in hyperbolic space with prescribed asymptotic boundary at infinity has also been stud-
ied over the years, see [A82], [HL87], [Lin89], [T96] and [NS96]. In [GS00] Guan and
Spruck proved the existence and uniqueness of smooth complete hypersurfaces of con-
stant mean curvature o € (—1, 1) in hyperbolic space with prescribed asymptotic bound-
ary at infinity. In [DS09], among other, De Silva and Spruck recovered this result using
the method of calculus of variations and representation techniques. We remark that our
paper can be thought of as a flow version of their variational method, see Section 2. For
the existence of hypersurfaces of constant (general) curvature in hyperbolic space H"*!
which have a prescribed asymptotic boundary at infinity, see [GSZ09] and [GSO8] .

Due to the degeneracy of the MMCEF (1.2) for radial graphs at infinity (see equation
(2.10) below), we will begin with considering the approximate problem. For fixed ¢ > 0
sufficiently small, let I'. be the vertical translation of I" to the plane {z,,;; = €} and let
€2 be the subdomain of S7} such that I, is the radial graph over 0f), (see Figure 1). We
consider the following Dirichlet problem of the approximate modified mean curvature
flow (AMMCEF):

%F(z,t) =(H—-o0)vg, (z,t)€Qx][0,00),
F(z,0)=%f, ze€Q., (1.3)
F(z,t) =T.(z), forall(z,t) € 0, x[0,00),

where 3§ = F(£2,,0), 05§ =T'.ando € (—1,1).

For any ¢ > 0 sufficiently small and any point P € 9%§ = T'. (denoting 3 = ¥
and I'y = I'), the uniform star-shapedness and regularity of I'. implies there exist balls
Bg, (a, P) and Bg, (b, P) with radii R; > 0 and Ry > 0 and centered at a = (a’, —0 R;)
and b = (b, 0Ry), respectively (see also “equidistance spheres” in Section 3.2 below),
such that {z,,,1 = €} N Bg,(a, P) is internally tangent to I'. at P and {x,,1 = €} N
Bpg, (b, P) is externally tangent to I'. at P. Note that in a small neighborhood Bj;(P)
around P for some 0 > 0, both 0Bg, (a, P) N Bs(P) and 0Bg, (b, P) N Bs(P) can be
locally represented as radial graphs. To state our main results appropriately, we say that the
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{zn1 =0}

Figure 1: Approximate initial hypersurface

Bpg, (b, P)

Figure 2: Uniform interior and exterior local ball conditions

initial hypersurfaces 2§’s satisfy the uniform interior (resp. exterior) local ball condition
if for all € > 0 sufficiently small and all P € T, ¥§ N Bs(P) N Bg,(a, P) = {P} (resp.
Y6 N Bs(P) N Bg, (b, P) = {P}, see Figure 2), and the local radial graph 0Bg, (a, P) N
Bs(P) (resp. 0Bg, (b, P) N Bs(P)) has a uniform Lipschitz bound depending only on the
star-shapedness of I'. If X§’s satisfy both of the uniform interior and exterior local ball
conditions, then we say 3§’s satisfy the uniform local ball condition®.

The main results in this paper are the following.

Main Theorem 1.1. Let T be the boundary of a star-shaped C**' domain in {x, 1 =
0} = 0, H"™ and T, be its vertical lift to {x, ., = €} for ¢ > 0 sufficiently small.
Let Xy = lim,_,q 3§ be the limiting hypersurface of radial graphs 5 € CY*1(Q,) with
0% = I'e. Suppose X§’s have a uniform Lipschitz bound and satisfy the uniform local
ball condition. Then

3Such initial hypersurfaces exist and can be constructed explicitly since the balls Bg, (a, P) and
Bg, (b, P) can be constructed with uniform radii (see equation (8.5)) and the tangent plane to them at
P can be computed explicitly as well (see equation (6.2)).
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(i) there exists a unique solution F(z,t) € C™(S7 x (0, 00)NCH 1373 (§7 x (0, 00))N
CO(S x [0,00)) to the MMCF (1.2);

(ii) there exist t; /' oo such that ¥,, = F(S",t;) converges to a unique stationary
smooth complete hypersurface ¥o. € C*(Sh)NC 41(S") (as a radial graph over
S™ ) which has constant hyperbolic mean curvature o and 0¥, = I' asymptotically.

Also, each Y, is a complete radial graph over S”.;

(iii) if additionally X5 has mean curvature H® > o for all € > 0 sufficiently small, then
Y1 converges uniformly to Y., for all t.

In fact, if 335 has hyperbolic mean curvature H© > o for all € > 0 sufficiently small, then
the uniform interior local ball condition on Xj’s can be relaxed.

Main Theorem 1.2. Let I' and I'. be as in Theorem 1.1 and ¥y = lim._,( X be the
limiting hypersurface of radial graphs X5 € C*(Q.) N CH(Q,) with 0X§ = T'.. Suppose
2§ has mean curvature H > o for all € > 0 sufficiently small and X§’s have a uniform
Lipschitz bound and satisfy the uniform exterior local ball condition. Then there exists a
unique solution F(z,t) € C(S7 x (0, 00) N COHH02 (ST x (0, 00)) N CO(ST x [0, 0))
to the MMCF (1.2). Moreover, ¥y = F(S",t) converges uniformly for all t to a unique
stationary smooth complete hypersurface Yo, € C*(S}) N C 1+1(S") (as a radial graph
over S} ) which has constant hyperbolic mean curvature o and 0%, = 1" asymptotically.

Also, each 33, is a complete radial graph over S'}.

Remark 1.3. We expect that the same results would hold for general star-shaped initial
hypersurfaces.

We will give an example of “good” initial hypersurfaces in Theorem 1.2 in Section 8.
As an immediately corollary of Theorem 1.1 or Theorem 1.2, we recover the following
existence and uniqueness results due to Guan and Spruck.

Corollary 1.4. [GS00] Suppose T is the boundary of a star-shaped C'*' domain in
{xn41 = 0} and let |o| < 1. Then there exists a unique smooth complete hypersurface X
of constant hyperbolic mean curvature o in H" ™! with asymptotic boundary I'. Moreover;
3> may be represented as a radial graph over S of a function in C>=(S") N C*+1(St).

With the aid of an a priori interior gradient estimate (see Section 9) and via an approx-
imation argument, the regularity of the boundary data I' in Theorem 1.1 and Theorem 1.2
could be further relaxed to be only continuous and a similar result still holds (see Theorem
9.2 below). As an application, we have

Corollary 1.5. [GS00], [DS09] Suppose 1 is the boundary of a continuous star-shaped
domain in {x,.1 = 0} and let |oc| < 1. Then there exists a unique smooth complete
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hypersurface Y of constant hyperbolic mean curvature o in H"*! with asymptotic bound-
ary I. Moreover, 3 may be represented as a radial graph over ST of a function in

0=(81) N CO(ST).

The paper is organized as follows. In Section 2 we set up the problems, namely, the
Dirichlet problems for the MMCF and AMMCEF for radial graphs in hyperbolic space.
In Section 3 we state the short-time existence result for the AMMCEF and discuss the
equidistance spheres in H™™! which will serve as good barriers in many situations. We
will prove Theorem 1.1 in sections 4—7. In Section 4 we prove a global gradient estimate
for the solution to the AMMCEF and therefore the long-time existence of the AMMCEF.
In Section 5 we prove the uniform gradient estimate for the solutions to the AMMCEF’s,
which leads to the long-time existence of the MMCEF, while in Section 7 we show the
uniform convergence of the MMCEF in the case of /¢ > o initially for all e > 0. We show
the boundary regularity of the MMCEF in Section 6. In Section 8 we will prove Theorem
1.2 and give an example of “good” initial hypersurfaces in Theorem 1.2. In Section 9 we
prove a version of a priori interior gradient estimate and therefore the existence result of
the MMCF with only continuous boundary data.

2 MMCF and AMMCEF for radial graphs in hyperbolic
space

Let Q C S'}, and suppose that ¥ is a radial graph over Q with position vector X in R™*!.
Then we can write
X =@z, zeQ,

for a function v defined over 2. We call such function v the radial height of . One
observes that > remains a radial graph as long as

X -vg >0, (2.1)
where vy is the Euclidean outward unit normal vector of .

2.1 Gradient flow

As in [DS09], one can define the energy functional Z(X2) associated to X :

Z(X) = Zo(v) = Ag(v) + noVo(v)

= / 1+ |Vou]2y "dz + na/ v(z)y " dz (2.2)
0 0
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where y = z,,1 and V denotes the covariant derivative on the standard unit sphere. Note
that in this energy functional Z(X), the term Ag, corresponds to the area of X (under the
hyperbolic metric) and the term V{, corresponds to the radial volume of the cone region
between . and the origin (up to a constant), see [DS09] for details .

Then for a smooth solution F(z, t) to the MMCEF (1.1), which can be represented as a
complete radial graph over 2 = S'}, namely,

F(z,t) = X(z,t) = @Yz, (z,1) € ST x (0,00),

we have
d

—I(%) = —n /(H—0)2 1+ |Vu2y "dz
dt 0

= —n/ (OF /0t , (H — o)vg)y dA = —n /(H—a)QdA <0, (23
Q Q

where in the first equality we used the Stokes’ theorem, equation (2.10) (see below) and
the fact that (see equation (1.2) of [DS09])

div, [ 2V ) oy o) g )
V14| Vol?

and the second equality is just the first variation formula for 7 .
From this point of view, one sees that the MMCEF is the natural negative L?-gradient
flow of the energy functional Z(X) . We have:

Lemma 2.1. Let F(z,t) = €**Yz be a smooth radial graph solution to the AMMCF
(1.3) in Q x [0, T). Then for all t € [0,T) we have

t
I(59) + n / / (H — 0)2dAdt = I(X) . (2.4)
0 Q

Remark 2.2. We point out that equation (2.3) is a natural analog of the well-known
formula for the classic MCF:

%Area(Et) = —/HQdA < 0.

2.2 The hyperbolic mean curvature

We will begin with fixing some notations, and collecting some relevant facts about the
hyperbolic space H""!. Where necessary, expressions in the Euclidean and hyperbolic
spaces will, be denoted by the subscript or superscript £ and H, respectively. Let V
denote the covariant derivative on the standard unit sphere S™ in R"*! and

y=e-z forzecS"CR",
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where, throughout this paper, e is the unit vector in the positive x,,,; direction in R***,
and ‘-’ denotes the Euclidean inner product in R"*!. Let 74, ..., 7,, be a local frame of
smooth vector fields on the upper hemisphere S . We denote by ~;; = 7; - 7; the standard
metric of S} and v*/ its inverse. For a function v on S}, we denote v; = Vv = Vv, v;; =
V;V,v, etc.

Suppose that locally ¥ is a radial graph over €2 C S%. Then the Euclidean outward
unit normal vector and mean curvature of X are respectively

z — Vv
Vg =
W
and y
a’vi; —n
Hp = Y B
new
where @
. - v,
ai =4 = T ) < <nand w = (14 |Vo[)V2,
w
Note that
6’[]
X - Vp = —, (25)
w

and therefore as long as w is bounded from above > remains a radial graph by (2.1).

We also have the hyperbolic outward unit normal vector
Vg = ulg,
where
u=e-X=e-e'z=ye"

is called the height function. Moreover, using the relation between the hyperbolic and
Euclidean principle curvatures

H E -
k;, =e-vg +ukK;, t1=1..,n,

we have (see equation (2.1) of [GS00], cf. equation (1.8) of [GS08])
H=e vg+uHg, (2.6)

which gives the hyperbolic mean curvature of X :

—e-V o, v
H=ye'Hy+ 7S Y0 907 % € V8 2.7)
w nw w

and therefore
alvy = —(Hw+e- V). (2.8)
Y
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2.3 Degenerate parabolic equation

The first equation of the MMCEF (1.2) implies

0 0, ., e’ Jv 1 Ov
<§F,VH>H = <a(€ Z),VH>H = uwa = y—wa =H-o. (29)

Therefore by equation (2.7) we have

0v(z,t)
ot

Y.
007 Vij

=yw(H—-0) =y —ye - Vv —oyw. (2.10)

Suppose I is the radial graph of a function e? over 9S", i.e., I" can be represented by
X =@z ze oS .

Then one observes that the Dirichlet problem for the MMCEF (1.2) is equivalent to the
following (degenerate parabolic) Dirichlet problem (the MMCEF for radial graphs):
Ov(z,t) Ny

at :y - _ye.vv—(j’yw7 (Z,t)eSiX«)?OO)?

v(2,0) =wvy(z), zeS,
v(z,t) = ¢(z), (z,t) € OS} x[0,00),

@2.11)

where we represent XJg as the radial graph of the function e over S} and vy | osn = 0.

2.4 Approximate problem

Due to the degeneracy of equation (2.11) at infinity (i.e., y = 0), we consider the cor-
responding approximate problem for a fixed e > 0 sufficiently small. Namely, equiva-
lently to (1.3), we solve the following (non-degenerate parabolic) Dirichlet problem (the
AMMCEF for radial graphs):

0v(z,t) 50y

o :yT—ye~V1j—0yw, (z,t) € Qc x (0,00),

v(z,0) = v5(z), z €, (2.12)
v(z,t) = ¢(z), (z,t) €0 x[0,00),

where we represent Y5 as the radial graph of the function % over €. and v ‘ oa. = o5,
and ¢¢ is a function defined on 92, C S} such that I'. can be represented as a radial graph
of e® over 02, i.e.,

X =@z z€09,. (2.13)

We denote the regular solution to (2.12) by v°.
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3 The short-time existence and equidistance spheres

3.1 Short-time existence

In the rest of the paper, we will focus on the case of ¢ € [0,1) and the case of ¢ €
(—1,0) can be dealt with in the same way after using the hyperbolic reflection over S';.
The standard parabolic PDE theory with Schauder estimates guarantees the short-time
existence of a regular solution (up to the parabolic boundary) to the AMMCEF (2.12) with
a C'™° initial hypersurface and compatible boundary data (i.e., H = o on 0%). And for
a C* initial hypersurface with incompatible boundary data, a solution exists at least for
short time and becomes regular immediately after ¢ = 0 (cf. [Ha75]) . This is the statement
of the next lemma.

Lemma 3.1. There exists T > 0 such that the AMMCF (2.12) with initial data v§ €
C*>(Q.) has a solution v¢ € C=(Q, x [0, T*)) except on the corner 9, x {t = 0}.

For less regular (e.g. C'™!) initial and boundary data, the short-time existence lemma
will remain true (see e.g. [LL96, theorem 8.2] and [LSU68, theorem 4.2, P.559]) .

Lemma 3.2. There exists T > 0 such that the AMMCEF (2.12) with initial data v €
C™Y(Q,) has a solution v¢ € C= (2, x (0,T%)) N C°(Q, x [0,T¥)).

Moreover, as we shall see, the passage to the limit of {v°} as e — 0 to get the long-time
existence of the MMCEF (2.11) is based on a series of estimates uniform in e.

3.2 Equidistance spheres

In the following, let 7 (possibly co) be the maximal time up to which the AMMCEF (1.3)
for radial graphs or equivalently the solution to (2.12) exists, and let V. = Up<i<7. 2§
denote the flow region in H"™! where ¥.¢ = F (), ) is the hypersurface moving by the
AMMCEF (1.3) at time ¢.

Our estimates in the proof of the main theorems are all based on the following fact:
let By = Bpg(a) be a ball of radius R centered at a = (a/, —oR) € R""! where ' € R"
and o € (—1,1). Then S; = 9B; N H"™! has constant hyperbolic mean curvature o with
respect to its outward normal. Similarly, let B, = Br(b) be a ball of radius R centered at
b= (b,0R) € R", then S, = dBy N H"™! has constant hyperbolic mean curvature o
with respect to its inward normal. These so called equidistance spheres will serve as good
barriers in many situations (see Lemma 3.3 below). Let D C {z,,; = 0} be the domain
enclosed by I" and D, C {z,,41 = €} be the domain enclosed by T'..

Lemma 3.3. Let By and By be balls in R"™ of radius R centered at a = (a/, —oR) and
b= (V/,0R), respectively.
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Figure 3: Bounded by equidistance spheres

(i) If 2§ C By, then V. C B, (see Figure 3);
(ii) If BN {xp 1 =€} C Dcand By NY§ =0, then BNV, =0;

(iii) If BN D, = 0 and B, N'X§ = (), then Bo NV, = ().

Proof. This lemma follows from the maximum principle by performing homothetic di-
lations (hyperbolic isometries) from (a’,0) and (¥, 0), respectively. For (i), we expand
By continuously until it contains X.§; for (i1) and (ii1) we shrink B; and B, until they are
respectively inside and outside Xf. We note that Y5 satisfies equation (2.10) as a radial
graph and its mean curvature is calculated with respect to its outward normal direction.
Also 57, S5 have constant mean curvature o with respect to the outward and inward nor-
mal respectively, and locally as radial graphs they both satisfy equation (2.10) (statically)
too. Then from the maximum principle we see that X5 cannot touch B; or By when we
reverse this process. [

Similarly, for the stationary case we have

Lemma 3.4. [GS00, lemma 3.1] Let B, and Bs be balls in R"*! of radius R centered at
a = (a/,—0oR) and b = (V',0R), respectively. Suppose ¥ has constant hyperbolic mean
curvature o. Then

(i) If 0¥ C By, then ¥ C By
(ii) If BiN{xpy1 =€} C D, then BiNY =0;

(iii) If ByN D, =0, then By NS = 0).
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4 Global gradient bounds and long time existence of the
AMMCF

Before we begin our proof, we would like to collect some important formulas that were
first derived in [GS00]. From now on, we assume the local vector fields 7, ..., 73, to be

%% . The covariant derivatives

orthonormal on S} so that ;; = d,; and thus a”/ = §;; —

w?

of y are
yi=Vy=(e-z);=e-T, 4.1)
yij = V@ij =€ ViVjZ =e- Vﬂ'j = —yéij.
Therefore
e-Vy:Z(e-Ti)zzl—QQ,
Vv-Vy=e-Vv and Vw-Vy=e-Vuw.

Note that we also have the identities
gy, — _J Woymy., — 1 — wo__ oy
avz—wQ, a’viv; =1 o2 g a’=n 1—|—w2.
Moreover,

Uk Uk Uk Ukij Ly ij 2 i
w; = . wy = ——+ —a"vv; and  (Via")v; = ——awug . (4.2)
w w w w

Straight forward calculations also show that

(e-Vv); = (e TkU); = €+ TUk — YV; = YUk — YU;,

(e Vv)i; = e Tukij — 2yvij — € Tjv; = YkUpij — 2YVij — Y;i

and
Vu-V(e- Vo) = v(e - mpop — yv;) = we - Vw — y(w® — 1) . (4.3)

We also have the formula for commuting the covariant derivatives
Vijk = Ukij + V;0ik — UkOij - (4.4)
Now we are ready to state our first main technical lemma.

Lemma 4.1. Let v € C32 (Q x (0,T)) be a function satisfying equation (2.10) for some
T >0and ) C S . Then
9,

(== —1L) <—(eV)—|—M—H2 < 2w in Qx(0,7T) 4.5)
5 w < —o v " w < 2w in 1), .

where L is the linear elliptic operator
2

L=_ (a”vij — —a’w;V, — ﬁ(UVU + we) - V) .
w

n wy
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Proof. By equation (2.10) we have

2w = lVU -V(v) =
w

ot w
_ % (Vyw(H — o) + yVw(H — o) + ywVH)
y(H

VY S yu(H - o))

=e-Vuo(H—0)+ )Vv Vw +yVv-VH

Differentiating both sides of the equation (2.8) with respect to 75 gives (using also the
equation (4.2))

) ) ) )
(Vkaj)vij -+ ajvijk :ajvijk — Eajwivkj

n n
= Z(ka + Hwg + (e - Vu)i) — ﬁ(Hw +e-Vu)y
Therefore

. n n 2 .
a vy :Z(ka + Hwy + (e - Vv)g) — E(Hw +e-Vo)y + Ea”wivkj

—E -1+ =) (4.6)

and

ne - Vv
y?

. 2 ..
a”vkvijk—aa”wivkvkj = ng-(VHw—i—HVw—l—V(er)) (Hw+e-Vv).

Note that we also have

1kl

VU
(M + ECL Ukivlj)

a”wm =a

1 . 1
= —(vga" (Vijk — Vj0ik + V0i5)) + Ea aklvklvl]

w
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Now by the definition of the operator L, we have

0
(a— Jw
H—
—e Vol — o)+ =Dy vt yvu.vH
w
y? - 2
—E azjwz]__a w’bw]__(o-vv—i_we) VU))
H—
—e VU(H—J)—FMVU'VUH‘?JVU'VH
2
-V
_y_{ivv-(VHw+HVw+V(e-W))—ne s (Hw+e- Vo)
n wy wy
20iin0; 2 (w? — 1 1 : i
yarviv; Yy (w >(n— 1+ _2) — y—a”akl’uki’vlj
nw nw w nw
2 2 2
a w_gn“”wwkvkj T w_yﬁa”wiwj + %(U Vo +we) - Vu
- V)2
:evv(QH_J)_g(VUV(er)—weVUJ)-i-u
w
) 2
y 1 ) 1 1 1 Y~ ikl
Yoy A1t 2y Y i Ry
+nw< wz) y(w w)( n+nw2) nw R
Yy 2 (e-Vv)? v 1
<e VU(QH—J)—E(_y(w —-1))+ w +@(1_E)
1 1
Pl D=5 o) - (Hu e V)
2
1

Here we used the equations (4.3), (2.8) and (by Cauchy-Schwarz inequality)
. 1 ..
a”aklvkivlj > E(a”vij)z = %(Hw +e-Vov)i

Hence we conclude that

(%—L)wﬁZw. O

For any ¢ > 0 and at any point z, € JS). corresponding to Py = e¢?(#)z, ¢ T, let
Bf = By, (a’,—0R,) and B; = Bf (b, 0 R;y) be the (Euclidean) balls with radii R; > 0
and Ry > 0, respectively, such that Bf and BS are tangent at Py, and B N {x,11 = €}
is internally tangent to I'. at Py, and BS N {x,11 = €} is externally tangent to I'. at Fy.
Recall that 5S¢ = 9B{ N H"™! has constant (hyperbolic) mean curvature o with respect to
its outward normal while S§ = 9BS N H"™! has constant mean curvature o with respect
to its inward normal. Moreover, we can represent S| and S5 near F, as radial graphs
X; = e¥iz,i =1,2forz € Q. N B, (zy) where ¢; depends only on the radii of Bf’s and
the uniformly star-shapedness of I'. Then the uniform local ball condition implies

0i(z) < vy < ¢5(z), z€ Q.N Be,(zo) . 4.7)
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From this point of view, one sees that S§ and S5 serve as good local barriers of ¥ around
Py and |Vv§|(Fy) < C, where C'is independent of € and P, € I'. . Moreover, note that S
and S5 have constant hyperbolic mean curvature o and they are static under the MMCF
(2.10) as local radial graphs. Therefore by the maximum principle, they also serve as good
local barriers of ¢ around (P, t) for all ¢ € [0, T,) and we have

[Vu|(Fo,t) < C (4.8)
forall t € [0,7,), where C'is independent of ¢ and P, by the uniform local ball condition.
Lemma 4.2. Locally SY is interior to V. and S5 is exterior to V.

Proof. This follows from the maximum principle . O]

Let PQ(T*) = Q. x {0} U Q. x [0, T*) be the parabolic boundary of 2, x [0, T}*).
Then Lemma 4.1, equation (4.8) and the Lipschitz bound on the initial radial graph X
immediately yield (see e.g. [L96, thoerem 9.5])

“(z,t) < &3¢ “(z,t) < C(e), 1) € Q. x[0,T%). 4.9

wmt) < T max wiad) <00, @HELXDT). (39

With this gradient estimate (and therefore the Holder gradient estimate, see e.g. [L96, the-

orem 12.10]), for any fixed € > 0 the AMMCEF with the approximate initial hypersurface

satisfying the conditions in Theorem 1.1 exists uniquely by the parabolic comparison

principle and v € C™(€, x (0,00)) N CO*L0+2(Q, x (0,00)) N CO(Q% x [0,00)) by
Schauder estimates. Therefore we have proved

Theorem 4.3. Let I', I'. and Xi’s be as in Theorem 1.1. Then there exists a unique solution
F(z,t) € C®(Q, x (0,00)) N COTH0+3(0, x (0, 00)) N COQ, x [0,00)) to the AMMCF
(1.3).

S Sharp gradient estimates

Since the earlier gradient estimate is too crude to prove the uniform convergence of the
AMMCEF’s to the MMCF as ¢ — 0, we need a uniform sharp gradient estimate. To do
this, we will need the next main technical result.

Theorem 5.1. Letv € C%3 (Q x (0,T)) be a function satisfying equation (2.10) for some
T >0and ) C S . Then

(% —L)(e"(w+o(y+e-Vv)) <0 inQx(0,T), (5.1)

where L is the linear elliptic operator from Lemma 4.1 .
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Proof. From the proof of Lemma 4.1 we know that

) y?

1
(E — Lyw < —o(e- Vo) + g(w - E) — H*w. (5.2)
We also have
0
Y _Ly=-L
(875 )y (y)
y2 i 2 @ V V
= —g(a Yij = 5@ wiy; — —(oVv +we) - Vy)
2
Y i 2 4 n
= Ly Y d - Sy, — - : 5.3
n( Y a a”w;y; (cVv 4 we) - Vy) (5.3)
2
vy, 2, Yy
== Latwiy; — - (oe - Vutw)+y— %)
2y° vy

= =a"wy; + Loe - Vo+w) — L+ —,
w w n nw

and

(% —L)(e-Vv)=e-Vu, — L(e- Vo)

=e-V(yw(H —0)) — % [a” (e Vv);; — %aijwi(e -V);
— wﬁy(aVv + we) - V(e - Vv)]

=e- (Vyw(H — o) +yVw(H — o) + ywVH)
2
- 2 .
- [a”(ykvkij — 2yvij — Yv;) — Ea”wi(ykvkj — yv;)

n
——Vv-V(e-Vv)—-—e-V(e-Vv
270Vl V1) — Lo Vle V)

=1 -y )w(H — o) +Vw-Vyy(H — o) + ywe - VH

2
- ‘% [yk(g(ka + Huwi + (e - Vo))

Vg 1 Vv - Vy
—E—I—(n—l—f—ﬁ)vk)— o —2n(Hw +e - Vo)

n 2 .
— E(Hw +e-Vo)y, + Ea”wwkj

— —awypvk; + —ya”wivj LA VIR V(e Vv) — De. V(e Vv)]
w w wy Yy

2 2
=2wH — ow(l - ) — oyVw - Vy + (1+ L +
n nw

23
—LVU-VU)—I—%VU'V(G'VU),

nw3

Je- Vv
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where we used equations (2.8), (4.1)-(4.3) and (4.6) . Moreover,

0 1> i 2 i n
(a —Lyv=yw(H —0)— g(a vij = A wivj — w—y(aVv + we) - V)
2
2
= yw(H—O')—y—(EHw——SVU.Vw_M_f_n_J)
Y v yooowy (5.4)
29/ yo
= yw(H—U)—wa+—3VU-Vw+yaw——
nw w
2 2
= %VU'VU)—%.
nw w

Next, we note that for a function 7 defined on Q2 x (0,7,

—v a v y2 ¥ 2y2 1]
e (5 — L)(e"n) = n(v, — Lv) + (m — Ln) — —a"vu;n — —a"vm; . (5.5
ot n n
In particular,
0 2y 2 1
e (= —L)(e'w) <w L v v + |—o(e-Vv) + y—(w — =) — H*w
ot nw3 w n w
v i v i
— —a"vv;w — —a"vw,
n n
22 2
= Vv Vu — yo — o(e - Vo) + (w - =) (5.6)
nw n w
2 1 2 2
— H?w y(w——)—%Vu-Vw
n w' nw

and

0 . 212 yo 2u% .
e (= —L)(e"y) =y (%Vv -Vw — " + @ajwiyj

3 3 3 2
+ g(ae Vv 4 w) — L y_2 — y—a”v,-vj - ia”viyj
n o nw: n n
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and also
67”(2 — L)(e(e-Vv))
ot
2 2
:(e-Vv)(ing-Vw— £)—|-2wH
nw w
2 v,y
— 1-— — . . 102 4+ 7
ow(l —y*) —oyVw - Vy + (e- Vou)(1 + —+ nw2)
2y° 2 1. 22Vu- Ve
_ 2 vy ovwas Ly V(e Vv) — y—(e Vo)1= —) — 2y* Vo -V(e- V)
nw3 w n w? n w2
2y yo )
== 5(Vu-Vw)(e: Vo) = “=(e- Vo) + 2wl — ow(l —y?) — oyVuw - Vy
2y 2y3 yo  2y? )
+ (e Vo)(1+ —5) = =2Vu- Vo + (= =) (we - Vw — y(w’ — 1)),.

Therefore, combining the above two equations gives

= D)y + e V)

ot
2 2 3
y'o  2y° oy 2 2y 1
=-"—4 (= - —= -1 -—1-—= 5.7
w +(nw2 w)y(w )ty n ( w2) (5.7)
+2wH — ow(l —y*) +e- Vv
=y+2wH —ow+e-Vuv.
Finally, combining equations (5.6) and (5.7) implies
0 v v 2
(E—L)(e (w+o(y+e-Vv))) < —e'(H—0)w < 0. O

Combing the uniform local ball condition (see equation (4.8)) and Theorem 5.1 and
appealing to the maximum principle, we conclude

Corollary 5.2. Let v be the regular solution to the AMMCEF (2.12) with initial hypersur-
face X, as in Theorem 1.1. Then we have

|Vvi(z,t)| < C, forall (z,t) € Q. x [0,00), (5.8)
where C' is a constant independent of .

With the aid of Corollary 5.2 and the Arzela-Ascoli theorem, letting ¢ — 0, we can
extract a subsequence of the regular solutions {>;'} to the AMMCEF (1.3), converging
uniformly to 3y € C°(S7 x (0, 00)) N COTH0+3 (§7 x (0, 00)) NCO(ST x [0, 00)) which
solves the MMCEF (1.2) with initial hypersurface >y = lim,, o 3¢’
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6 The boundary regularity

In this section we show the boundary regularity of the MMCEF (1.2) in Theorem 1.1. The
proof closely follows the idea in section 4.3 of [GSO00], cf. [NS96]. Using the uniform
local ball condition, we let Py € T" and set ¢ = 0 in equation (4.7) and denote ¢; = ¢?
and s = Y. For some ¢, > 0 we have

01(z) <v(z,t) < pa(z), (2,1) € (S N Bey(20)) x [0,00). (6.1)

Note that the tangent plane 7" to S; at P is a radial graph 7" = €"z in S, N {z - 1, > 0}
with

n(z) = log % (6.2)
where A = \/%7 and 1y = oe + /1 — o2e, is the unit normal vector to S; at Py. We
also have

©01(z) <n(z) < po(z), ze€S)NDB,(z). (6.3)

We will need the following more precise estimate on v .
Lemma 6.1. v(z,t) = n(z) + O(|z — z|?) in (S": N B, (2)) % [0, 00).

Proof. This follows immediately from equation (6.1) and the estimates |p; — n|(z) =
O(|z — zo]?),i = 1,2 from [GS00, lemma 4.5 ]. O

Now let p € S”! and ¢ be the geodesic distance of p to IS} with 6 < €,. Let ¢ € OST}
be the closest point to p. Introduce normal coordinates = (z1,...,x,) in T;S" with
z(p) = (0,...,0,0). We observe that equation (2.10) may be written as

o 2 i
—U—wvi(vv)+yVy-Vv+ayw =0
ot n w

or in local coordinates (cf. equation (4.33) of [GS00]):

o yrw 0 [V v w Oy Ov
ot n\/ﬁcf)xz< w  Ox, Y ek ©4

where v = det(7;;) and w? = 14 472222 One sees easily that both v and 7 satisfy
i OTj

equation (6.4) (note that the hyperplane 7" has constant hyperbolic mean curvature o as

well).

Set o(z) = sv(0x) and 7j(z) = $n(0x). Then (6.4) transforms to

o0 Pw 0 [(VFFI Ov w0y oy
NG ( o o, Our 0z, TV =0, 6.5
~ij 00 00

where j(z) = sv(6x), Yi;(x) = vi;(6x), 7 = det(7;;) and @0 = 1+ 7 drr 3y
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Under this transformation we can move point p to the “interior” point p = (0, ..., 0, 1).
For any T > 0 and in By = B; (p) x (0,T), one observes that § = O(1). Also since
sup | V| = sup |[Vo| < C and by [L96, theorem 12.10], ¥ is uniformly C'*+* 5% . More-
over, since 7] satisfies the same equation (6.4), v — 7 satisfies a linear uniformly parabolic
equation L(¥ — 7j) = 0 with uniformly Holder continuous coefficients. Then by the stan-
dard parabolic Schauder-type estimates and Lemma 6.1 we get

sup (|V(5 — )| + [V3(@ - 7)]) < casgpw—m < 09,

Br

Returning to the original variable we obtain
|Vo| + |V?0| < C, where C isindependent of J. (6.6)

Now by equation (2.3) and Lemma 2.1, the energy functional Z is non-increasing as
time ¢ increases and the MMCF subconverges to a smooth complete hypersurface >, €
C>(S") N C1(S%) with constant hyperbolic mean curvature ¢ and 0%, = I' C
OsH™ 1 . Thus we have proved

Theorem 6.2. Let v € C®(S" x (0,00)) N COH10%3 (ST x (0,00)) N COST x [0, 00))
be a solution to the MMCF (2.11) and ¢ € C**1(9S%). Then v € C=(ST x (0, 00)) N
C’HL%JF%(@ x (0,00)) N CO(S™ x [0,00)). Moreover; there exist t; /' oo such that
¥y, = F(S7%,t;) converges to a unique stationary smooth complete hypersurface Y., €
C=(St) N C*(Sh) (as a radial graph over S:) which has constant hyperbolic mean

curvature o and 0%, = " asymptotically.

So now all that is left to prove of Theorem 1.1 is the uniform convergence of the
MMCEF in the case that X35 has mean curvature H* > o for all € > 0 sufficiently small.

7 Uniform convergence

In this section we will show the uniform convergence of the regular solution to the MMCF
(1.2) as t — oo in the case of H¢ > o initially for all ¢ > 0. To do this, we first show that
for any fixed € sufficiently small and for any zq € ., v*(zo, ) is non-decreasing along
the flow, where v° is the regular solution to the AMMCEF (2.12) for radial graphs. This is
an immediate corollary of the following lemma.

Lemma 7.1. Let v € C32 (Q x (0,7)) be a function satisfying equation (2.10) for some
T >0and ) C S . Then
0

(a—z)(yw(H—a)) =0 inQx(0,7), (7.1)
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where L is the linear elliptic operator
~ oy 2y? 2y*V
L= y—a”Vij + %(Vw -Vv)Vu — v YU g, ye| - V.
n nw nw w
Proof. Let g = H — 0 and h = ywg, we have
0
@ yw(H — o) = ywg = h, (7.2)
ot
ow 1 1
L VYy-V = _Vuv-Vh 7.3
o~ g vV Viwg) = Vv Vh, (7.3)
da¥ 2v,0;Vv-Vh  hyv; + hjv;
= — 7.4
ot w? w? ’ 74)
and
OH Y g ij yalvgw, (e Vo), (e Vv)uy
E = @( tjl)ij + CL](Ut>ij) — nw2 — w + w2 . (75)
Therefore by equations (7.3)-(7.5) and (2.8), we have
oh n
— = yw w
ot Yywrg + ywgye
Dy Wh,, . v v
g 4y |V 9 v (e T0) (e ;)wt]
nw nw w w
2055 (2v0;Vv-Vh v + hjv; z
:wat—aywt—i-yvj ( Uit Z — vj—l; ]v)—i-y—a”hij
n w w
H -V
_ylHwte U)wt—y(e'VU)t—i-g(&Vv)wt
w w
21 2y°Vw - Vh
— yHuw, — IV Vh+ L (Vw - Vo) (Vo - Vh) — L2220
w nw nw
2
+ %aijhij —yHw, —y(e- Vo),
2 212 2y°Vw - Vh
=L aiihy + (V- Vo) (Vo - Vh) - L2202, v - y(e - V).
n nw nw w
This completes the proof of the lemma using the definition of the operator L. [

Corollary 7.2. Suppose ¥ has mean curvature H* > o. Then % =yw(H —0o) > 0

for all (z,t) € Q. x [0,00).

Proof. Since for any €, v°(z,t) = ¢°(z), z € 0, we have v; = 0 on 0, x (0, 00).
Then the condition H¢ > o att = 0, Lemma 7.1 and the maximum principle imply that

W = yw(H — o) >0.

O
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Theorem 7.3. Let I, I'. and X’s be as in Theorem 1.1 and suppose X has mean cur-
vature H® > o for all € > 0 sufficiently small. Then Y, converge uniformly for all t to
a unique smooth complete star-shaped hypersurface S, € C®(S7) N C*1(Sh) with
constant hyperbolic mean curvature o and boundary T'.

Proof. The subconvergence of the flow follows from Theorem 6.2. Corollary 7.2 then
yields % > 0, where v is the regular solution to the MMCEF (2.11) for radial graphs.
This monotonicity of v implies that the regular solution 3, to the MMCEF (1.2) with initial

hypersurface >y converges uniformly for all ¢ to >, . [

This completes the proof of Theorem 1.1 .

8 Proof of Theorem 1.2 and ‘““‘good” initial hypersurfaces

In this section we will prove Theorem 1.2 and give an example of “good” initial hyper-
surfaces for the Dirichlet problems (2.12) and (2.11).

Proof. (of Theorem 1.2) Note that since for any € > 0 we have H® > o, X (as a radial
graph of the function €% over €),) is a subsolution to the AMMCEF (2.12). Therefore
25 serves as a natural lower barrier for the AMMCE. Combining this with the uniform
exterior local ball condition yields the same proof as the one of Theorem 1.1 given in the
previous sections, except the C'*! boundary regularity of the flow. The C'**! boundary
regularity of the limiting hypersurface Y., follows from an elliptic version of the argument
given in Section 6, see also section 4.3 of [GS00] . O

To find an example of “good” initial hypersurfaces in Theorem 1.2, namely, for any
¢ > 0 we will restrict ourselves to looking for an initial smooth (C?-) hypersurface 3§ =
F(Q.,0) that can be represented as a radial graph of the function ¢ over Q. C S,
having hyperbolic mean curvature /¢ > o and I, as its boundary. Moreover, >.5’s satisfy
the uniform exterior local ball condition and |Vv§|(z) < C for all z € Q., where C
is a constant independent of €. For any € > 0 sufficiently small, we will simply apply
the implicit function theorem to construct a smooth hypersurface in H"*! of constant
hyperbolic mean curvature close to 1 with boundary I', to serve as such “good” initial
hypersurface >.

From equations (2.7) and (2.13), one observes that if a smooth radial graph of the
function e’ over (). has constant mean curvature ¢ with prescribed boundary I',, then v

satisfies

av; = E(Uw +e-Vu) in Q,,
Yy (8.1)
v=¢° on 0f),

where ¢¢ € C'T1(99),) is assumed.
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It is clear that for 0 = 1, the flat domain D, C {z,,,1 = €} enclosed by I'. (known as
“horosphere”) is the corresponding smooth radial graph satisfying (8.1). Therefore, there
exists op € [0,1) N[0, 1) with o being sufficiently close to 1 so that the implicit function
theorem applies to (8.1). In this way, we can obtain a hypersurface ¥§ = {c¢%z : z € Q.},
where v§ € C>(Q,.) N C*1(Q,). Moreover 3§ has hyperbolic mean curvature oy and
0% = I'.. By continuity, X is close to the flat domain D, and for all € > 0 the uniform
exterior local ball condition is satisfied by >§’s.

With this specific construction of the initial hypersurface, we next give a preliminary
C"Y estimate for the solution to the AMMCEF (1.3).

Lemma 8.1. On X§ there holds the height estimate

dD) [1—o0
2 1+0

u(z,t) < +e, (z,t) € Qe x[0,T,), (8.2)

where d(D) is the Euclidean diameter of D (the flat domain enclosed by T).

Proof. Let B be a ball of radius R with center on the plane {z,,;1 = —c R} such that the
n-ball B N {x,4+1 = €} has radius r = d(D)/2 and contains D,. By continuity, we can
choose o so small that B contains X as well. By (i) of Lemma 3.3, >J{ is contained in
BNH"* forany ¢ € [0,7,), and therefore

u(z,t) < (1—0)R, (z,t) € Qe x[0,T¢).

Moreover, R? = (¢ + o R)? 4 r?, which implies

r o T 1+o

< R < ) 8.3
e T =S e 1o (8:3)

This completes the proof. []

Remark 8.2. In particular, on X there holds the height estimate
d(D) 1-— (o)y)
0 < —=——— . 8.4
WS Ty T 84

The only thing left to show is |[Vu§|(z) < C for all € and z € €. The first step
is to obtain a good barrier for Vo©(-, t) at any point zg € OS2 corresponding to Py =

See lemma 3.2 of [GS00] .

e?(20)z, € T'.. For convenience, we choose a coordinate system around Fj so that the
exterior normal to I'. at I is e]. Let 6; > 0O (respectively d2) be such that for each point
P € T, aball of radius d; (respectively d5) is internally (respectively externally) tangent
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to I'c at P. Let Bf = B{(0y), i = 1,2 be the (Euclidean) balls of radius R; centered at
Ci = Py+ (—1)'6;€5 + (a; — €)e, where

—(=1)'eoy + /e + 67 (1 — )

2
1—o0;

Ri = and a; = (—1)ZRZO'0 . (85)

Recall that S¢(oq) = 9B N H""! has constant (hyperbolic) mean curvature oy with
respect to its outward normal while S5(0) = 0BS N H"™! has constant mean curvature
oo with respect to its inward normal. Moreover, by our construction, 3§ and 55 are tangent
at Py, BN {x,+1 = €} is internally tangent to I at P, and BSN{x, 1 = €} is externally
tangent to ', at F.

Lemma 8.3. Locally S5(0y) is interior to 3§(0) and S5 is exterior to ¥ .

Proof. This follows from the maximum principle for the equation (2.7) . [

Similar to equation (4.7), we see that S{(o) and S5(0p) serve as good local barriers
of X around F) and we obtain that

Vgl (Fy) < C, (8.6)

where C'is independent of e and P, € I'..
The next step is to obtain the uniform interior gradient bound for v§; and one observes

that we only need to bound

€
evo

V14| Vu§|?

from below uniformly in €. This can be done as follows. Firstly note that since D, is a

€ €
Xo'yE—

vertical graph over D and by continuity (induced from the implicit function theorem used
in the construction of X§), X4 is a vertical graph of the function ug over D as well. And
similar to Lemma 8.1, we have another height estimate for vertical graphs.

Lemma 8.4. [GS00, lemma 3.5] On X there holds

1 _
w(z) > d(a:'),/HZZ + 110600, 2 €D 8.7)

where d(z') is the distance from x' to 0D .

Moreover, there exists €; > 0 such that, for any oy € [1—eq, 1), there exists 6; = d;(e;)
so that in the d;-neighborhood of T in D, one has |[Vu§| < <, where C is the uniform
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gradient bound of v§ on I'. as in equation (8.6). Away from the ¢;-neighborhood, by
Lemma 8.4

X5 vy =X5-e—X( - (e —vg)

/1 — e 2
>0 1 00—6% 2 -
o VU [V

where V is the Levi-Civita connection on R"*! and we used that
. —Vu§ 1
Vg = ( — ) —
\/1 + |Vug|? \/1 + |Vug)?

. ‘- .
since Y is a vertical graph.

)

Now using the fact that /1, is subharmonic on the constant mean curvature hypersur-
face X (see Theorem 2.2 of [GS00]), we have

Lemma 8.5. [GSO00, corollary 2.3] For any A € (0,1),

/ ~ 1 .
1+ ‘VUOP < m mn Q)\, (88)

where 2\ = {xED:u8< Agg }

— supp, H%

To make use of Lemma 8.5, we also need the following estimate on the Euclidean
mean curvature H§, of ¥§ on 93§ = I'.. For x € 9D = T, denote by ri(z) and ro(z)
the radius of the largest exterior and interior spheres to 0D at x, respectively, and let

r1 = Mingesp 71 (T), 79 = mingeop r2(x). Then we have
Lemma 8.6. [GS00, lemma 3.3] For € > O sufficiently small,

JI—o2 (1 e VI—o2 1+
o5 € 00)<00 VE:HE< 0'0+6( 00)

D) T% u ™ T%

on I'..

In particular, € - v, — ¢ on T as € — 0, provided that 0D is C1*1.

Combing the estimates in Remark 8.2 and Lemmas 8.5, 8.6, we can choose o suffi-
ciently close to 1 (for fixed €;) such that
C 51 1-— 0o

XB]}EZIHIH{E,E 1+0_0

} uniformly in €.

Now we can conclude
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Theorem 8.7. There exist constants €5 > 0 and oy € (0,1) N [0, 1) that is sufficiently
close to 1 such that for all 0 < e < ¢, there exists a smooth hypersurface X with
0¥§ = I'c C {zn41 = €} and whose hyperbolic mean curvature is oy. Additionally,
can be represented as a radial graph of a function % over §), C STt and

[Vugl(z) <O,z €9, (8.9)

where C'is a constant independent of €. Moreover, the ¥’s satisfy the uniform exterior

local ball condition.

9 Interior gradient bounds and continuous boundary data

9.1 Interior gradient bounds

We will next provide a version of a priori interior gradient estimate for the regular solution
to the MMCEF (2.11), which is essential for the existence result of the MMCF with less
regular (e.g. continuous) boundary data.

Lemma 9.1. Let v be a C33 function satisfying equation (2.11) in B,(P) x (0,2T) for
some T > 0, where B,(P) C {y > €}. Then

S

C.
P

V1+|Vu2(P,T) = w(P,T) < Cies* ,

where Cy, Cy are non-negative constants depending only onn, o, e, T and ||v|| g .

Proof. Define

5
L= L.

where L is the linear elliptic operator from Lemma 4.1 . Without loss of generality we may
assume (by adding a constant to v) 1 < v < (. We will derive a maximum principle
for the function h = n(z,t,v(z,t))w by computing Lh in B,(P) x (0,27, where n
is non-negative, vanishes on the set {¢(p> — (dp(z)?) = 0}, and is smooth where it is
positive. Here dp(z) is the distance function (on the sphere) from P, the center of the
geodesic ball B,(P). Then h is non-negative and vanishes on the parabolic boundary of
B,(P) x (0,27T).
Choose
n=g(e(z,t,0(z,1); glp) =e"%—1,

with the constant & > 0 to be determined and

et (- )

o(z,t,v(z,t)) =
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By Lemma 4.1 we have

23/2 ij
Lh = nLw +wln — —a"“nw,
n

2 2
= nlw +w (m - %Mn) <w (277+77t_ %Mn) ; 9.1

where v
M = aijVij — E <O'—U+e) V
Y w
We will choose K so that 21 + 7, — yn—2M77 < 0 on the set where h > 0 and w is large.
A straightforward computation gives that on the set where ~ > 0 (using equation
(2.10))

3 v 3
Mn =g'(p) (amvijSO - g (0?0 + e) -Vgo) + ¢"(p)a" VoV 0

_nvt no 2t i 1]
K ) gua(PT) T ¢V Vade e de)
2nt Vv
2yT (07 * e) v

V; (]

) 21 2t
K2eK%qi dpV,d dpVdp | .
e (QU(P,T) Vi P) (2v(P,T) TtV P)

Using the definition of @/ we find

i V; 2t ' (] 2t _
¢ <2v(P,T) T tVile )\ gupy T opr Yot

|Vo|? 2tdp 4242, Vo ?
pr— 1 - —
P T T To(P Ty Y Vi) w Vi)

where (, ) denotes the inner product with respect to the induced Euclidean metric on %;.
Therefore we have

y? « —v, 1— (‘%3)2 y?
2 — =Mn = 2n+ Ke*? -2 M
(e A T D R no
Kele g2 KeKey,
<2 — = - —
S At T T M T BT
2 2 2
S_y_efﬂp K? L_i g_f_& _C_K_C
n WEPD?  w\2  spED?))

IN

32 p?

n

2 2
y_eKSﬂ [£ CK (j]7
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1

32C0\ _ 32C Vo2 1 32
whenever w > max{ V2, == } = == s0 that =5~ > 5 and —3>5 < 30T

p
Thus, the choice of K = 32CC), (1 + %) gives

2

Lh < w {2n+m - %Mn <0 9.2)

on the set where i > 0 and w > % . Then by the maximum principle, (9.2) gives
32C
h(P,T) = <e% - 1) w(P,T) < maxh < (2K —1) 2220 9.3)
p
and hence
CCqy
w(P,T) < Cie 7?

for a slightly larger constant C'. This completes the proof. [

9.2 Continuous boundary data

By the standard modulus of continuity estimates (see e.g. [L96, theorem 10.18]) and with
the aid of the a priori interior gradient estimate (see Lemma 9.1) proved in the previous
section, one can further relax the regularity of the boundary data to be only continuous
via an approximation argument. We have

Theorem 9.2. Let I" be the boundary of a continuous star-shaped domain in {x, 1 = 0}
and ¥y = lim._,o X be as in Theorem 1.1 or Theorem 1.2. Then there exists a unique
solution F(z,t) € C=(S™ x (0,00) N C°(ST x [0,00)) to the MMCF (1.2). Moreover,
there exist t; /* oo such that ¥, = F(S",t;) converges to a unique stationary smooth
complete hypersurface X, € C*(S") N C°(SY) (as a radial graph over S™ ) which has
constant hyperbolic mean curvature o and 0%, = " asymptotically.
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