Solutions to the practice final exam

Problem 3 Solve the following Laplace equation
2 2
ot + o =0,
u(0,y) = 10y,

Oz lzg=1
u(z,0) =0, u(z,1) =

0<zr<l,0<y<l,
-1,

0.

Solution:

(1) Let u(z,y) = F(x)G(y). Then we have

F// G//
—=-T =-A
F G

(2) Solve for G first. We have A\ = —n?7? and G(x) = sin(n7y) using the second
boundary value condition.

Then we solve for F(x). F(z) = 1™ + coe™ "™,
(3) The general solution is given by
o0

n=1

u(z,y) = Z (an€™™™ + bye ") sin(ny).

o

n=1

(4) We will use the first boundary value condition to determine a,, and b,,. First
we have u(0,y) = 10y = >

(an + by) sin(nmy) and so

1

ap + by = 2/ 10y sin(nmy)dy = 20(n7) "t (—1)" L.
0

Then wehave ug(1,y) = —1 = Y 7| (nma,e"™ — nwbpe™
so

’I’L7T)

sin(nmy) and
1
nme""a, —nmwe” " by, = 2/ (=1)sin(nmy)dy = 2(nm) " H((=1)" = 1)
0
Now we can solve for a,, and b,,.
an = ((1+ 627”1—)7127['2)71 (20(—1)" " + 2" ((—1)" — 1)),

1
by, = 2/ 10y sin(nmy)dy = 20(nm) " (—=1)" —a,
0
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Problem 4 Solve the following boundary value problem.

%:g%— U, O<x<m, t>0,
u(0,t) =0, u(m,t)=—-1, t>0,
u(z,0) =0, 0<z<m.

Solution:
(1) We first make the boundary value condition homogenous by letting

v(z,t) = u(z,t) + 7 '

Then
%:%—2v+277_193, O<z<m t>0,
v(0,t) =0, v(m,t) =0, t>0,
v(z,0) = 71z, O0<z<m.
(2) Now consider the homogeneous equation % = 8:02 — 2v. Let v(z,t) =
F(z)G(t). Then
F// G/
—=—=+4+2=A
F-o

Since F'(0,t) = F(m,t) = 0, the eigenfunctions are given by
F(z,t) = sin(nz), A = —n?

(3) We now consider the equation

W — FW oW +2n 'z, O<az<m t>0,
w(0,t) =0, W(m,t)=0, ¢>0,
W(z,0) =0, O<z<m.

The general solution is given by

o
E Gy (t) sin(nz)
1

n=

Plugging the expression W (z,t) into the equation, we have

o0

ZG’ ) sin(nz) Z( n?)G,(t) sin(nz) —2ZG )sin(nx) + 2nx.

n=1

On the other hand, the Fourier series of 27!z over [0, 7] is given by
n s
2(m) = Zan sin(nz), ap, = 4(r)~? / 7 tesin(nz)dr = 4(nm)"t(=1)" T
0

Therefore Gy, (t) satisfies
G = —(n*+2)Gn + an, Gn(0)=0.

Therefore
t
Gn(t) = / anef(n2+2)(t7‘r)d7_ _ (n2 + 2)71(1” <67(n2+2)(t,7.) B 67(n2+2)t> '
0

So

W(z,t) = Z(n2+2)_1an (e_("2+2)(t_7) - e_(”2+2)t) sin(nz), a, = 4(nw)H(=1)"TL



(4) We now consider the equation

o _ oY gy, O<z<m t>0,
Y(0,t) =0, Y(m,t)=0, t>0,
Y(2,0) = 7t O<z<m.

The general solution is given by

Y(x,t) = Z bpe(n*+2)1 sin(nx).
n=1

Using the initial value condition, we have

oo
Y(2,0) =71z = Z by, sin(nz).
n=1
So by, = ap/2 = 2(nm) "1 (=1)"+L
(5) Finally, we have

V(z,t) =Wz, t)+Y(x,t)
and
u(w,t) = W(z,t) + Y (x,t) — .
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Problem 5 Solve the following boundary value problem.

Py louy 10w _g 0<6<2m, 0<a<r<b,
u(a,0) = f(0), u(b,0) =g(0), 0<0<2m.

Solution:
(1) Write u(r,8) = F(r)G(#). Then we have
G// T,QF// + TF/
G
(2) Solve for G(#) first. Since G is periodic in 27, we have A = —n? and

=\

G(0) = ay, cos(nb) + by, sin(nd).
F satisfies
r?F" +rF' = —\F = n?F.
So
F(ry=r", r"", or Inr.

(3) The general solution is given by

oo
u(r,0) = Ko+K;pln r—l—z (Ay, cos(nB)+ By, sin(nh))+ Z r~"(Cy, cos(nf)+D,, sin(nh)).
n=1

n=1
(4)
u(a,d) = Ko+K; lna+2a Ay, cos(nb)+ By, sin(nh) + a”"(Cy, cos(nx)+Dy, sin(nd))
n=1 n=1

u(b,0) = Ko+ K, lnb—l—z b" (A, cos(nf)+ By, sin(nh)) —}—Zb (Cy, cos(nb)+D,, sin(nh))
n=1 n=1

Now suppose the Fourier series of f and g are given by

ap
=3 Z_: an cos(n) + by sin(nd)), g(0) = z_: cn cos(nb) + dy, sin(nf))

ﬁ
2
with

s 2m
an = 77_1/ f(6) cos(nb)db, c, = 7r_1/ g(0) cos(nh)df, n=0,1,...
0 0

2 2
[ f(0)sin(nd)dd, d, = 7r1/ g(0)sin(nh)do, =1,2,...
0 0
Then we have

Ko+ Kilna =ap/2, Ko+ KiInb=c¢y/2
a"A, +a "C,, =apn,a"B,+a "D, =b,, n=1,2, ...
b"Ap, +b"Cp =y, "By + b "D,y =dy, n=1,2, ...
Then solve for A, B,, Cy, D,. For example,
A, = (bcp, — a"ay) /(0% — a®™).



Problem 6 Solve the following boundary value problem.

Ut = Ugy, 0<z<m,
w(0,t) = et u(mt)=t, t>0,
u(z,0) =z, 0<z<m.

Solution:
(1) First we let
v(z,t) =u(z,t) — (1 —z)e " +at).
Then v(x,t) satisfies

V=V +et—(1+e e, 0<z<m,

v(0,t) = v(m,t) =0, t>0,

v(z,0) =2z — 1, 0<z<m.
(2) We first solve

Wy=We+et—(1+e o, 0<z<m,

W(0,1) = W(r,1) =0, 10,

W(x,0) =0, 0<zxz<m.

The eigenfunctions for the homogenous equation are given by sin(nz). There-

fore we write
E G (t) sin(nz)

Then

n

Z G, (t) sin(nz) Z(an)Gn(t) sin(nz) + et — (1+e )z
n=1

The Fourier series of e=! — (1 + e~!)x is given by

(I+e x—g an(t) sin(nx)

an(t) =201 /Ow(et — (14 e Yz)sin(nz)dz = 2(nm) "1 (1 +e7b).

Gl (t) = —n*Gp(t) + an(t), Gn(0) = 0.

Solving G,,, we have

t
Gn(t):/o an(7)67"2(t77)d7'.

When n > 2,
n2
Galt) = 2 (0™ — 1) 4 (2 = 1) eV 1)),
nm
When n =1,
Gi(t) = 2¢ (n_2(e"2t 1) +t)
Wy



(3) We now solve

Y: = Yio, O<x<m,
Y(0,t) =Y (m,t) =0, t>0,
Y(z,0) =2z —1, O<z<m.

The general solution is given by
oo
Y(z,t) = Z bpe ™t sin(nz).
n=1

So -
Y(z,0) =2z —-1= Z by, sin(nx)

n=1
by =2m 1 /W(Zx — 1)sin(nz)dz = 2(nm) "1 (1 + (=1)"" (27 — 1)).
0

(4) Finally, we have

u(z,t) =v(z,t)+ (1 —z)e " +at) + W(z,t) + Y(2,t) + (1 —2)e " +at) .



