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e (- am ] 552)

Taking the natural logarithm of both sides we have

ot =i (1] 257 = i (I (270

We can interchange limit with In because In x is continuous. Using
In(gb)=1Ina+1In b we get

InL =1lim Y {in{m-1)-Inm]

B—D-m =2

= lim(in1 -1n2) + (In2 — In3) +...+ (In(n — 1) - In )

Ll

= lim(lnl-Inn)
A= o

= lim(-1lnn)

sincein1=0: .
=L=Hm = lim —=0.

b o bwm €

SoL=0.



(©)

All of the integer divisors of 2% are of the form 2805k <20.

1crcforc, the sum of these lelSOl’S is

22—

=24
ing the fact that the sum of the geomctric sequence

Zr

r-—l

D)

The determinantof Aisdet (A) = 14 - 23 =4 - 6 = -2. Now
t (A™") = [det (A)]" using the fact that the determinant of a product

the product of their determinants.

Sodet(A )y =(-2" = -% .

(B}
The polar form of a complex number a + ib = re® where
a*+b° and O =tan™’ (%) :
1

erefore [ + i = 21-.,;T and, taking the 4/3 power, one obtains

(1+ i)% = (2%;3‘)3

2
23- (cos——+ isin —)

o)

2

5. (A)
5log, 15x — log  x°= 5 [log 15 + log, x] — 5log ;s x
=5[1+log  x] —Slog x

=5+ 5log,;x —Slog, x

=3
using the properties of log:

log ,xy =log x+ log,y .,
log ,x" =nlog,x and log ,a =1

6. (A
By L'Hopital’s rule,
. | a+sinn'ar
tim & [ 1+ sing)'de = lim 2——
x=30 * (1] x=0

d [ o
— t
o _L (1+smr)_d

= b &x
dx
(1 + sinx)” -
= x=b 0 1.

using the fundamental theorem of calculus:



4 J;f(r) dr=f(x).

Let L=1lim (1 +snx)".

x50

Taking In of both sides, one gets

InL =In lim (1 + sinx)"

x=0

= In lim x In{1 + sinx)
x—0

=limx- limIn(l + sinx)

x>0 x—0

=0 -Inl

=0-0

=0

Therefore L = e°= 1.

7. (D)
Let f(x)= /X . The derivative of f at 3 is

f(3)——\1/—-=‘/_.

But

L VA T Rk V£ )

h=0 h

by the definition of derivative. Therefore,

ﬁm'\/3+h—\/;

k=0

=f(3) = S

M3

8. (E)

cosx=cosx or cos’x—cosx =0 orcosx(cosx—1)=0 which

implies cos x=0 or cosx—1=0. cosx=0 for x=%, %’i and

cos x=1 forx =0 and 2x.

9. (<)

LetB = { xt£ Rlxis anupperbound for§ } where S is a set of stricdy
negative real numbers. B is non-empty since 0 isin B and every xinS
is a lower bound of B. So B has an infimum in R; call it 8.1f y>p, then
y is not a lower bound of B, so y € §. It follows that 5 < p for every s
inS.ThusPe B.ifa<pthena € B since P is alowerbound of B. We
have shown that B € Bbut g B if & <B. In other words, B is an upper
bound of S, but o is not if & < B. This means that B = sup §.

10.  (©
o (i yunx 0_( ysinx
3_)7[_[]3 dx) =j 2 (e™) &
J sinx ¢ %% dx,
4]
using the chain rule.
11. (B of of
The gradient of f, Vf(x,y) , is equal to (3?‘-5)

Differentiating f(x,y) = % + 3xy withrespecttox and y, respec-
tively, we get * '



4 of 3x
%(x,y)=—?+3yand'$'(x,y)=3x_ 3f(x) __x=1 _ 3x __3x

For (D), Z2f(x)+1 _2x 2x+x-1 3x-1

o1 +1
Now 2 5 2 x
3x
=il = (a—(r s)) (ay (r,s)] , - 3x v
For (E), 1 = =+ 1
by the definition of the length of a vector E) 2f(x)~1 xz—xl -1 2x—x+1 X
2 . .
¥ So, (D) is the right answer.
=(—13-!'-3s) +(3n) @)
-
=l§——24—s-3—+ 9s% + 97
r r
iplyi i 13.  (A) -
ultipl both sides by ~* t _
Hpne e e The geometric sericsz (- x)t converges to N -!l-x for \x| <1.
P =16 -24r%s+ 9:%5% + 9,5, _ *:?
That s, Differentiating 1 vl % (- 1) x* one gets
16— 24r's + 9r5:2+ 8.5 = 0. _ _ Z - 1}_!
(1 +x3 &=l
2
Set x= 3 then
k-1
12. (D) - ) ‘Z] k("l)( )
2 1+ ?)
fBx)= 3T i gt
= im 3, k- (3)
3x or _
3 (x) x-1 3x 2 ) n=-i
For (A), = = 9 _ . 2\ _.(2 _"(— = lim §
ORI RS cim |-142(2)3(2) v 0n(3) |- pms.
x=-1
3x
3f (x) x-1 _ 3x
For®). -3~ 3z .- 3~
-3 14. (D)
x=-1 . . .
Since the domain of y = f(x) is 0 < x < 1,the domain of

_ _3x x~x+1_2x-1 1
For (C), 3f(x,)—-1-}—_-_—1-—1 * — 1 = *—1 0<x+ 451

oe)esle=2) # oo dan,



_l,e3
. 4$xSZ
Sh B 5
szSZ
[+ 2]
44
So, the domain is
15.  (C) x+iy=z=re® where r= ch+y2

Using the polar form
- =

tan (—‘ =0, wcgctl-;._-\/—e 5 So

a8

Vza-n" =lvi. vz. %]

L]

2 -l I2x

48
=2 (cos(—-12m) + isin( - 12w))

=

16. (@A

ydx+ V3t + 1dy =0

dx dy
= G —
*+1 4 0

=In(x+ /2 +1)+ly=InC
=2 yx+/P2+1)=C.

7. B
The fength of the arc is

J\/driy—dt

Now differentiating x(f) = ¢’ coszone ol:otainsidi =¢cost — e sins

dr
using the product rule. Similarly %— = ¢ sint — e‘cos 1.

So

2

[ &)+ (%) a

1
R L2 '
=J .\/;‘(cosr—-smt) + &'(cost + sint) dt
0

I
= J .\/e"(coszr —2sint cos {-+sin’t+cos’1+2sint cos t+sin’t) dt
°

1

=J -\/5 ¢ dr , after simplifying
0

=/2(-1).

18. (B)
Differentiating 32 + 4x%y + xy* = 8 with respect 10 x we get

6x+ 8 +4"dy+ 2+ 2 Yy

So evaluating at (1, 1) % =— }35_ =— % Thus the equation of the

normal line at (1, 1)is y- 1= (x - 1) (Slopcoftl‘nenonnalline
is the negative reciprocal of the slope of tangent line). To find where
this line intersects the x—axis we set y =0. So

—1=%(x-1)=>-5=2x-—2=>2x=—-3=9x'=—%.



19.  (E)
% (1) = %— (£) v(t) + u(t) %(f) v

by the product rule. So
D=2 0 v+ un 2

=2-2+1.1
= 4.

20. {®)
The function
(x+ 2 fx<0
1 iff<xs2

=
f(x x-6 if2<x<5

| 6-x) ifS<x

is continuous everywhere cxcept at the three points x =0, 2 and 5. So
the number of discontinuities of fis3.

2. (B)
‘-—1—-< 1 or 1 - <0, byaddin 1
xX—-2 " x+3 x-2 x+43 » 0¥ g_.r+3
to both sides or X+3-x+42 < 0 that is, > <0
(x-2)(x+3) (x=2){x+3)
Whichimp]iics

either x-2>0andx+3 <0 (1)
or X-2<0andx+3>0 (2)

From relation (1) we have x> 2 and x < — 3 which is impossible, From

r?‘l“n-n-tw.-ﬁ__..'l..... [ — N L

2. (B a2 .
Given that g(ﬁ“):l—x.—m<x<w.f‘m y.:é.i“_-i
"—

4y -3
which implies X = — - S0

gy)=1-x
—1—(4)’*3)
- 2
2—-4y+3
- 2
—_5-4—\l
-2
-8 1 T- -8 by letti 7z -8
'rhus, g(——-z——)..—.:? 5-4('T ’ y letting y= 4
1
= — 5—72+8]
2[
=-é-—[13—'?z]
B 1
=3 7 -
23. (E)

Let & =u,then f (u)=1+Inu.

Sof(u)=_f (1+Inu)du

zulnu+C .
Therefore, f(x) =xinx + C.



24. (A
Let D be the region of the integration. Then

D= {(x.y):OSySl. %SxSl}

Yy 1}
2l &

&

14

Fi

11
So the iterated integral j _L e dx dy can be written as
0 -

1 2x
U e dy dx=jlj: e dx dy .

0

¢T
25. (D)
L= lim ! n3':'1 (""2)“1
'_hmlx 213( +1)
=3[x- 2]

By the ratio test, the series converges for
3]x-2]<1 < l.x- 2!<-3L

c:-—-%—<x-—2<%—

1 1
2 — = -
<> 2 3<1<2+3
5 7
373
5 % 3 TS (-
When x=7, 2; ):Z n

=
—

which converges by the altemaring senies test . When

xz%'-f nka 2) = -3 7

m=] ax]

\/jl

which is a divergent harmonic series. So the series

> 3 x-2

r=1
converges for x in the interval [g- , —g— ).

26.  (B)

The equation of the tangent plane is

Vi(-32,-6)- (x+3,y-22+6)=

where V£ is the gradient of f and f(x, y, z) =xz — y7° ~yz*— 378. Now
differendaning f with respect to x, y and z respectively, we get

Evaluating these derivatves at (- 3,2, —6) one sees that V(- 3,2,-6)
= {— 6, 180, ~ 195). Therefore, the eguation of the tangent plane 1s
(—6,180,-193) {x+ 3,y—2,z+6)=0£hatis,-—6.x-—18+‘180y-360
~1952—1170 =0 or—6x + 180y— 1952 —1548 =0. Dividing throughout
by -~ 3, we have 2x — 60y + 65z + 516 =0.



27. (B
Notice that
I T

1
=
aet T am @n=1  aa @2n)

(“odd terms” + “even terms”™). So

Therefore,

28. (D) B

The area of triangle AABC is 1/2 of the area of the paralielogram
ABDC, which i L' AB c

» which is equal to 3 |AB x AC| | ie., 172 (the magnitude of
the cross product of the vectors 4@ and A?). Now

AB=B—A=(4,0.2)— (2,15)
=(2,-1,—-3)

AC=C—-A=(-10,-1)-(2,L5

So
T 77
IBxA?=detl 2 -1 -3
-3 -1 =6
—_
=3T;‘-(-21)?+(-—5)k
Therefore,

4B x AC]= V3 +21°+ 5
= 9+441+25
=~/475 .

/475
R

Hence the area of the triangle is

2. D

The order of a permutation G is the least positive integer n such that

" = identity. Now
12345 1 2345 1
¢ = -
4 25 31 4 2 531 3
Similarly

1234 531
(il
42531 /\3

and
1 2 3 45 1 2 345 /1
0“=[ ={
4 25 31 5 4 1 3, 1

Thcreforc the order of G is 4.

[ 36 T
— LS )
L T
5 Lh
S
[}
TN
h —

[

2
p:

345)
15 4



30. (A)
If ?and 3 are orthogonal vectors, then their dot product is zero,
thatis 7@ - §” = Oand therfore 78 - V= (rs) (@ -7 =0 for all

real r and s.

31, (D}
XEANBtenxeAand xe B.

32. (E)
~ Firstobserve that R is an abelian group under the * operation with
identity element 0 and inverse of every a # — 1 in R given by

— —— Therefore
l+a
7T =5%x%3
=x*5*3 by using the abelian property
=x*(5+3+15) by usingthe definition of * .
=x *(23).
Thus (23)

233 23
7*(' 24)‘”23*(‘ 24)

I 23 .
=x*0 as 23,,(_£)=23_£3_*:_3_21=0

24 24 24
=x,

2 2 2
Hence x=7*(—-2-23—)=7-523-._7.%
_ 168 — 23 - 161

- 24

L -_ 16 __ 2

by simplifying == o473

33, (O

L _ 2
x—1+x+x o+ 2 for |x|< 1.

Differentiating both sides we get
1

{1-x)

=1+ 22+ 3%+ T Dt for x| < 1.

Differentiating two more times we obtain

T=2+3- 2+ ...+ (k+ DI + (b + 2)(k + D + ..

(1-x)
and
6 +—=3-2+4.3. 2x+...+(k+3)(k+2)(k+I)xk+...
(1-x)
or
1 4=362+4'2'2x+...
(1-x)

kD + 2)k+ D)
6

x* +

by dividing by 6. Now

(I+ 224325 .+ (n+ Dx"+ .. )

=|' 1 z

L _fo

- 1
1-x

i (k+ 3k +2)(k+ 1)
= X

kwi 6

[ 4

Therefore
_ (k+3)(k+2)k+ 1)

b, z .




3)
ontinuous since g“(x) exists for ali real x. By the mean value
there exist x andx, ,a < x,< b< x, < ¢ such that

. gb) -z
g (x))= b-a

= g(b) = g{¢) = 0, therefore g"(x ) = 0 = g’(x,) and hence the
y possible zeros for g°(x) 1s 2.

A)
e that

ifDSxS%, then sinx —cosx £ 0,

K%st%,thcn sinx —cosx e 0,

r ®
2

|

ry
|sin x — cosx| dx=_[ {cosx — sin x) dx +
0

®
2

L | {sinx ~ cosx) dx

=2+/2-2.

E)

he set of integers under subtraction is not a group because
~ (b —¢) # (@ — b) — ¢, that is associativity fails, )
'he set of non-zero real numbers under division is not a group.
Che set of even integers under addition is a group.

The set of all integer multiples of 13 is group under addtion.

37.  (©)

I
ik
2 V=l 2 -3 5 |=-6i+8k=5j~3k-20i-4
-1 4 2
- = -
——26i-9j+ 5k
8. (D)

Matrix multiplication is defined whenever the number of columns
of the first is equal to the number of rows of the second. Thus onty 7S
and ST are defined.

39. (B
The systemn of equations
px+Yy =1
x+ py =2
y+pz=3

has no solutions if and only if the determinant of the coefficient matrix
is zero. Thus

p 10
det| 1 p O =p(p*—-0)-1(p-0)+ 001 -0)
01 p
=p(p* -1
=p(p+ (-1

which is zero when p =0, 1 or —1.




}. (E}

The deterninant of the given matrix is always zero for any value
' x, because the determinant of 2lower triangular matrix isthe product
1ts diagonal elements, whichin thiscaseis1- 2. 3. 4. 0=0.

. (B
By partial fractions decomposition

f{x)= 12=;—[1 e ]

l-x l-x 1+ x

| n!
ls n
X (-x)

1 . (= 1)ll n!
is . Thersfore
1+x 1+ z)"“

<la-x0"" (+x

e nth derivative of and the nth derivative

+!

S (&)

Thenumber of different partial derivatives of orderk is equal 1o the
nber of distinct nonnegative integer-valued vectors (ec,, o<,y 0vnyoe )
isfying ec +ec + ... + o=k There are

/k+n=1}

L

h vectors. Thus the number of different partial derivatives of order

)

43, (A)
T(4e>* + Te** — 5)= 4T (¢**) + 7T (") ~ 5T (1) by lineariry

= 4sinx+ 7cosdx — 5¢°* .

44. (<

8 6
First school has (,, i choices, second schoo! has (9] choices.

4 ~
third school has (,}) choices and last school has to accep: the re-

maining 2. Therefore 8 teachers can be divided into 4 schools in

o))

ways if each school must receive 2 teachers,

45. (E)
The Cauchy integral formula states that

dz

c ceo

1 fz}
flzg)= 2% J :

where z_ is an interior point of C. In the ¢ase at hand f(z) = 27— z-2
which is analytc and - = 2 which lies inside the circle |z 1= 3. Observe
that f{2) = 4. Therefore
{z)
6 - | L5 i manip2=wi,
< - e

. A 2 2 2 2
Factoringout—Zin_-—Z-‘rI—-——.;-é-‘Z—g'-!-g...onegcts



2,2_2.2 . @O
“24 1T T~ i i i i f '
2 3 2 57 6 Since T is onto, the dimension of the range space 6f T is equal to
y 11 11 the dimension of W, which is 7. By the rank-nullity theorem we have
=-2(1 -*"2"!' ‘37‘“2'*' g"‘g""---) dim V = dim of the null space + dim of range space. Therefore the
nip2 dimension of the null space of T is equal to 11 -7 =4.

49, (A)
sension of the cigenspace corresponding to the eigenvalue 7 = (xy) - (x,y")
aumber of linearly independemnt solutions of the homoge- ’ ’
tions (A =) X = 0. This is equal t0 =xx’'+w.
0 0 O 0 x 0
-2 0 0 0 y 0
3 -2 0 oz | |0} 50. (@®)
4 -3 =2 { w Lo Differentiating
ing mMaix multiplication this reduces to Z _r e i dt, x>0
F(x) =1 VT
0=0 :
0 , x=£0
-2x=0 with respect to x we get the density function
—ax_2y=0 f() F’() 2 —xl
x)= x)= €
—4x-3y=-2:+w=0. '\/;
for x > 0 and 0 for x < 0. The mean 1s
=0implicsx=0and-—3x—2y=0andx:Oimplicsy:O. — - ‘
ng x=0and y=0, in the fourth equation we have w= 2. Thus E(X)= .['_ x f{x) dx
ly one solution L )
=—= | 2xe™* dx
¢ T Jo e
0 - . b \
J 2xe”* dx = lm [ 2xe* dx
2 1] D —r - '0
: —lim 1-et =
= —¢ =1
b—srom

> the dimension of the eigenspace is 1.

Therefore the mean is ‘\/1&_ )



51. (D)
The characteristic polynomial of 4 is given by

I ~x 1
PA(x)z det(A — x/)= dct[
1 2-x
=(1-~x) (2-x)-1
=2-3x+x¥-1
=x’-3x+1. _
By the Cayley-Hamilton theoram P [A)=0; thatis A2 - 34 + 7 =,

2. (B)
Wh?vt-z,x=23-—4=4,y=2- 22+1=9.'1heslopeofthctangcm
ne is —— -
l
D _bH a4
&~ dr dx " 31
ay 2 i ion i = 2
OE,=2=§ this equation is y--9=§'(x-4)

F2x-3y+19=0.

. (C)
! 1
,fo (2x) dx "—:_1; xd[)"'(Zx)J
1 ’ ! i ¢
=§[xf @0 - | fex cir]
¢ 0

s-tres]
Ry

[s-Lry+ 370)]

N N o

It

4. (D)
Let four consecutive integers be n, n + 1, # + 2, and n + 3, then

nn+D(n+2)(n+3)+1 =r+6m% 4+ L1 +6n + ]
=n'+ 2 3n+ 1)+ (92 + 6n+ 1)
=r‘+2m GBn+ 1)+ Bn+ 1)

={n’+3n+ 1),

55. (B)

The auxiliary equation is 7* + 57 + 6 = 0 whose solutions are
r = -2 and - 3. Thus the solution of the differential equation is
¥(x)=c¢, e*+c,e Using the initial conditions we get ¢, +¢,=0and
-2 30 =1 whose solutionisc, =1 and ¢, =-1. chce the sohmon
of thc dﬂercnual equation sausfymg the initial conditions is given by
¥(x) = e F- g

56. (<)
Z + 8in z and ze are analytic functions.

57 (©

We know that if p is a prime number, then 7 = {mod p) for any
positive integern. 1e., # —n =0 (mod p) . In this problem, 7 is prime,
so the answer is (C).



58 {(A)
1
7 =(1478) (265) (39) =(

y (123456789)
=
Ls 5916 2473
= (1874) (256) (39) .

5. (B)
If f is a probabiliry density function then

_[:-f(x)dx--l.

CJ-. xe¥dx=1.Now j- xeXdx= %J 2xedx.
0 ) ()

Let u = x* then du = 2x dx and
- 1 1 -a 1
xefdy == et duy==.
'[o 2'[0 yi

Therefore -;-— = 1 which implies ¢ = 2.

60. (O
~ [V 23 yP(xy) A Gx,¥)]
=3xV y(=P(xy) vO(xy)
=3xV y(P(x,y) = Q(x,¥)) .

2 3456 789
46 97 252813

)

61. (B)

The Lebesque measure of a countable set is always zero.

62. (D)
The ratio test gives

I I(S-x)(ﬁx—-?)":l‘
e | B2 (6x=T)" |

=I6x—7[.

So the series converges for | 6x— 71 < 1 thatis—1< 6x—7 < 1. Then
_ 4 .
dividing by 6 we have 1< x< 3. Now we check the end pomnts.

When x = | the sernies

S 3-1D6-7"=2 2A-1

rwi} A=l

diverges by the rmth term test. When x = % , the series

Soe-hef-v=2 FW

n=0

which diverges again by the nth term test. Thus, the interval of

convergence is (1.7 -

63. (B)

Since the coefficient matrix A has non-zero determinant, the
system has 2 unique solution,



o oS 1ogeq s |
Flxy=f(x) + fx(x) where fi(x)=7 f(x)+ f(=x)]

and f(x) = % [F(x) -f(-x)] .

Thus for the given function f(x) = ¥ + x* + sin () + ¢ . We have

b—

. T4 6, i 2 2 4 6 . .2, .3
flxi=5lx"+x +smx7)+ ¢ =x" =x"=sm{{ -x} )—e’]

= % e - e"“:) .
&5, (C)
The sum of the geometric sequence 1 +w+w’ + ., . +w™ =
}i;ﬂ and hence using the fact that w is nth root of unity, w"= 1, we '
— w B
have 1+ w+wi+ ... +w =0 Therefore w+w? + ... + w*~ ! =~1,
66. B)
P(AUB=1-P{{AVUB])
=1-0.1
={.9

Now P(AWUB) =P(A)+ P(BY-P(AnB) andhence
P(ANB) =P(A)+ P(B)-P(AUB)

=07+ 0.5-0.9
=0.3.
P(ANRB)
Therefore P(AIB) = B - gg =%_




