2. (E)

GHE MATH EMATICS We have

p0)=0+0+2=2 = 2 (mod 6)

TEST I" pll)=1+3+2=¢ = (} (tnod 6)
p2)=4+6+2=12 =0 (mod 6)

p3)=9+9+2=20 =2 (mod 6)

DETAILED EXPLANATIONS P4 =16 +12+2=30=0 (mod 6)

p(5)=25+15+2=42 =0 (mod 6)

0 F A N SWE RS so that there are four elements of Z, satisfying p(x)=0.

3. (D)
A complex matrix M is said to be normal if M M* = M* M, where

M* 1s the conjugate transpose of M. If M is real then M* = M7 wherc"?'_'

- M7 is the transpose of M. We have for 4

1 (B)
Letaja,a, ... a, ... beasequence. The generating function for

this sequence is given by
i 17 ~-f =1
f(x)=au+alx+azxz+a,x3+...+anx"+.... Mz[ o ,M*:[ . 0:,

Singce the Fibonacci sequence satisfies g_= a,_,+a _,forn=273 4, $0 that

..., we have MM*—[ i1 [ -i —1 2 -
~10)] 1 o P

2 3
fl)=ag+ax+(ag+a)x*+(a, + a)x’ +...

and
+ (aﬂ_1

+a )x"+...
n~2 : ) -i -1 i1 2 ~i]
.—.a0+x(ai+alx+a2x2+...)+x2(a0+a]x+...) M M" 1 0 ~1 0 = ; us
8¢ M is normal.

=1+ xf(x)+ x2f(x)

where use was made of the fact that a,=a,=1. Hence

(I-x-x) fx)=1 4. (D)
We have

- e 1
fo) =1 —x—xy e+ -0+ Ja-171 720

MR+ -1 =2~/ (x-1) 4y

50 that




4 (x -1V +y =4 -2x+ 2y

32+ 2xy + 3y* —4x—4y =0

5. (A)
Let k}';” = ] be asequence of non-zero numbers and form
the sequence {pn}:" = | of partial products p, = u - u, ... ¥ =

H uk forn=1,2,....(actually, this sequence does not have to start
k=l
atn=1). If p_converges to p, we say that the infinite product

1
H i, convergesto p. For u, =1~ =5 we have

k=l

3 241
P2= 7 (22-2)
_38_2 _3+1
P3=%4 973 ( 2-3)
_ 215 _5 (_4*'1)
Ps= 31678 T~ 4
_324_3 (_5+1)
Ps=¢ 35575 =25
n+1 241

We claim that p, = . This 15 true for p, = "i-

2n 4

We assume thatitistme form=nandletm=n+ 1. Then

pﬁ+1=pﬂu"+1

=[n+ 1] (n+ 1)’ -1
Zn (n+ 1)
_ nt+2n.
T 2n(n+ D)

-_(n+l)+1
T 2 (n+ 1y

n+1
2n forn=2 3, ... so that

T 1
H(I- “?)= m p,
k=2 k

Therefore p, =

A — -

= lim n+1

n—r -+ 2”

6. (A)

The cross ratio R_of a set of four distinct concurrent lines L1,
l,, 1s given by
{my=m) (m, —m))

7 (m,—my) (m, —m)

where m,, m,, m,, and m, represent the slopes of I,1,1,and!

respectively. We havem = 1/2, m,=2/2,m =3/2,and m, = 4/2 so th:

_(3-1D@-2)

Re=G-5@-n

=4
~ 3

7. (B)

Let R be a ring and » a positive integer such that - r = () for all
€R . Then the least positive integer satisfying the equation is called th
characteristic of R. If there does not exist a positive integer satisfyin
the equation, then R is said to have characteristic 0. The ring

Z,+Z,={(0,0),(0,1),(0,2), (1,0, (1, 1), (1, 2)}
We have

1{0,1)= (0, 0)
2(0.1)=(0,2)(0,0)



3(L,)=(1,00= (0,0
4(1,1) =0, D=0, 0)
5(0,1) =0, 2)=(0,0)

However, 6(r,7)=(0,0) forall (r,7) € 2, +Z,, so the charac-
teristic of Z, + Z, is 6.

8. {A)
We have
Iim ('Vn4+in2 -—nz)
LT 2
= tim (V- ) M
nhe Vot +in? + n?
- hm in*
A3t '\/n + in* + nt
= lim L
H—3F oo 1
\/1+F + 1
- b
)
g, (A)

Successive substitutions of the right hand side of
uxy=x+ | (¢ -x) u(t)ade
0

inito the u(#) in the integral yields

!

wxy=x+ | (t-x) [r+ | =0 u) drl:l dr
0 0

= x+ :[0 (£ ~xr) dt + L (£ =x) J; (¢, — 1) u(t) dr dr

=x— ;—3, + _[: (¢t - x) _[: (¢, =) u(e) dr, dr
=x- ;—+ jo(r ~ ) j;(r, —r)[r, + jr:(rf t) u(rz)drz} dt dt
=x - -;—-+J; (r-—x)j (1, —=tyu(t,)de dr

+ jo (¢t -x) jo (t, ~1) jo (8= 1,) u(t,) dt, dt, dr

‘“}f_ + j; (t-—x)[-— —-]d:

+ j: (r - x) j: (t, - 1) j: (ty= 1) u(t,) dr, de, dt
=x- ;—3, + Sf,— + _f (r = x) j: (2, =) _[: (2, = 1)) ulty) de, dr, §
== sinx
0. (A)

Setting u =Inx"!, we obtain x = ¢ * and dxr = — e~ * du: . AISO,I—’;.’
0* implies u — + oo and x = 1~ implies u — 0*. Thus :

=T(6) =5! =120



1. (B)
Let f(x) be defined on {0, + ). The Laplace transform of ),
denoted £[f(x))(p), is the function of p defined by

£ FIp) = jo e £(x) dx

The domain of £[f(x)}(p) is the set of all real numbers p for which the.

integral converges. We have
ety

O = 7 ax

i

b
= lim I e P dx
baste 7
} . \
€
= lim [— :]
b =i p 1
-P -pt
= Iim [_e_._— e ]
bste L P p
s
P

for p £ (0, + o).

12. (A)
The matrix M, of T relative to {(1, 0), (0, 1)} is given by

2-1]
M =
T,[l 3

The matrix M_* for the adjoint 7% of T is

. 2 1
Mr* =My = -1 3

Thus

[ 2 1][.1' 2x+ y
T*(x,}')= J:
=13 ¥ [-—x+3y]

13. (D)

Setx=mw/2 -y, Thcndx=—du,x=01mplics thatu =7/2, and x =
7/2 impliesthat u = Q. Using the identities sin (t/2—~u)=cosu and cos
(/2 — 1) = sin u, we obtain

T
5 o
_ (2 CosX sin i
]_J' cosx-f—sinxd"x:jn R (- du)
0 - Siiu + cosu
x
,_,J‘z sin u du
o sinu + cos u
Hence
x x
2 - ,
0 COSX <4+ sinxy 0 sStnx <+ cosx
r
3
=" 1la
0
= B
2
so that / = /4.

4. (D)
The discriminant D of the ternary quadratic form

2 :
a,x*+a,y +a,, zz+2412xy+2a23yz+2 a,, xz



is the determinant

Gy 4y dp
A=| @ dyp Gy
)3 Gy 8y
Thus
1 -1 =3
D=gdet| -1 -1 2
-3 2 1
=(=1+6+6)—-(-9+4+1)
=15
15. (E)

The curvature x(x) of f(x) at P(x,, f(x,)) is given by

S ”(xo)

2,32

1+ [f (x )T}

K(xy) =

and the radius of curvarure R(x) of f(x) at P(x,, f(x,)) is given by
R(xgy) = T‘Ri:)-l- .
We have
Fm=t-5if M =0
2
. I3

Ffo=-5; ffiy=-2

so that k(1) =—2and R(1)=1/2.

16. B)
The gamma function I'(p) is defined by

o) =] 27 e ax

Setting x = u*? | we obtain dx = ¥ du so that
=

_f e~ dx = J‘“-:l)? #“’3 e du
o 0

+
J’ ul2-1 g=u gy,
0

4r(

7. (B)
We have

<(1,0)>={(0,0), (1, B}

so that all cosets of <(1, 0)> must have two elements. Sinccz2 XZ,]

six elements, (Z, x Z,)/<(1, 0)> contains three elements:

0, 1) + <(1,00> = ((0, 1), (1, 1)}
Q,0) + <(1,0)> = {(0,0),(1,0))
(1,2) + <(1,0> = {(1,2),(0,2))

18.  (©
The function d would be called a metric for R[0, 1] if it satisfied
of the conditions (A) ~ (E). Since condition (C) is not satisfied, 1

function d is called a pseudometric for R[0, 1]. To see this, define
f(x)=1ifxe [0, 1]



and
Tif xef0, )

(x) =
& {2ifx=1

Then f, g € R[0, 1] with f# g, but a(f,g) =0, as

Jol lf(x)—g(x)[dr=J:|1—1ldx=o,

19. (E)
Let m (> 0) and n be integers. The Division Algorithm states that
there exist unique integers g and r such that

;;;—zq+‘:};—where05";?<1.

Repeated applications of this algorithm yield

13 1
2 =03

13
1
1
3+E
3
1
1

1
4+-3—

3+

20. E

Lct;()(J)r) =a, x"+a, P4+ a, X+ a, be an element of Z [x].
The Eisenstein criterion states that for 2 prime p.ifa #0 (mod p),
a,= 0 (mod p) for j=0,1,2,....N ~ 1 and a, £ 0(mod p}),
then p(x) is irreducible over the rationals. We have, for p=3,

5#0 (mod3)
9 =0 (mod 3)

0=0 (mod3)
18 = 0 (mod 3)
3=0 (mod3)
15= 0 (mod 3)
15 # 0 (mod 9)

Therefore 5x° + 9x* + 1822 + 3x + 15 satisfies an Eisenstein criterion
(p=3).

2. (B)
The angle 6 that a conic A +Bxy+ Cy*+ Dx + Ey + F = 0 must
be rotated in order to eliminate the Xy term must satisfy

A-C

cot 26 =

For the given conic, we must have

1+1

£26 = tan26 = /3 |
co 2_\/§0r

Therefore 6 = 30°.

22. (D)
We have

0 =£ly” +6y"+9y]
=PEG) - [p yO) + y(0)] + 6{p £(y) ~y(0)} +9 £(y)
=[p?+ 6p+91£(y»)=3p+7



Thuas
Ap+ 7
£ = £ 7
(p+3)
A + B
P¥3 513y

Seningp=-3in3p+7=A(p+3)+Byields B=—-2 Forp=0, we
obtain A = 3.

23. (®B)

The join of subgroups S, and §, of G is the smaliest subgroup of G _

containing §, and S,. Thus the join must contain {0, 4, 6, 8}. Since
4+ 6 =10 (mod 12) and 6 + § = 2 (nod 12), the join equals <2>.

24. (B)
Since a 60° angle cannot be trisected, a 20° angle cannot be
constructed. A regular S—gon is constructible if and only if the angle

360

9
cause one of the 40° angles formed could then be bisected to construct

=40 ° is constructible. Thus, a 9—gon is not constructible be-

a 20° angle.
25. (B)
We have 2
. [1L 07 [1 07
T = =
1 1} L2 1
-.3 - -
; 10 10
T = =
1 1] L3 1}

and, in general,

NIEN!

Hence, the sum of the elements in 7 is 5 + 2,

26. (D)
LetVbe afinite dirnensionat vector

: spaceoverafield F. A bili
form b(v;¥) isa function b:Vxvy e

— F which satisfies

D) blav, + By, vy= <b(v,;V)+ B b(v, ;%)

2 bw ;5711;:-‘2):6@ ;G‘l)+ub(v :E‘z)

where vy o
17727

v ,eV and @ B, & T ix B =
is given by ; ) B. &v, £ F. The matrix B = (b, )

= b(ul.. uj) for1<i<2:1 £7<2. We have

b, (4, ) = b ({0, I); (0, })=0+0+0+0=90
bu(ul,uz)zb((o, 1); (1, IND=0+0+1+3=4
b, (u, u)=5b((1, 1) (o, )=1-2+0+0=21
by, (y 1) = b ((1, 1); (L))=1-2+143=3

03]

Thus

27. (D)

A class of subsets t of Xiscal

led atopology on¥ if 1 sari
following axioms: gy satisfies the



(1) XET;DET

(2) 5. e1 for <A implies \_J S e 1
A,

(3) §,,5, € 7 implies SMN S, e

Consider 1= (X, {a,b},{a,c), (b,c}, {a,b,c}). We have [a, b}
etand {b,c} et but {b) =(a, b} ~ {b, ¢} is not an element of T .
Thus T does not form a topology on %-.

28. (B)

An eigenvalue A for a differential equation of the form y™* + Ay =
0 with initial conditions y(x,) = y, ; y(x,) =y, is a number for which the
initial value problem has a non-trivial solution. The auxiliary equation
of the given equationis m? + A =0sothat m =% +/— A . We con-
siderthree cases: A =0 ;A <0;A >0.ForA =0 ,the general solution
is y(x) = ¢, + ¢x . Since y(0) = 0 and y(r) = 0, we have

0=y(0)=c,

O=y(r)=c,x
so that y(x) = 0. For A <0, the general solution is

yx)=cevV-Ax+ c,e— V= Ax.
Substitution of the initial conditions into y(x) yields
0=y(0)=c]+ <,

0=cie-\/—ln +c,e- VvV-Axn .
1 1

=0
ev-An e-+/-Ax

¢, =¢, =0, sothat y(x) = 0. For A > 0, the general solution is

y(x) =c¢ sinvVAx + ¢, cos Vax.

Since

Substitution of the initial conditions into y(x) yields

0=y(0)=c,
0=y(1t)=clsin A x,

To obtain a non-trivial solution, sin \/)T x =0, that is -\/I R=kn
fork=1, 2,3, .... Therefore, the eigenvalues are A =& fork=1, 2,
3 ...

29. (D)

Switching algebra is similar to set algebra with union ( W) re-
placed with disjunction ( v ), intersection replaced with conjunction
(or juxtaposition) and complementation denoted by (") . We have-

Fva v = voFv(veah
=ffvef vihvgh
=0vgf vihvzgh
=gf Vfhvgh

30. (O
Using the identity 1! T1 % = <T, T>, we obtain

NTH = trace (T' T')

e (I B

5 1
= trace ]
1 10

=15



31, (B
A geornetric series is a series of the form a + ar + ar* + ... +ar*?

. a . .
.. If | r1 <1, the series convergesto 77 - For the given series,

< 1 so that its sum is

1+ x? ) .
X = 2 =x*+x?,
_ 1 1+x°-1
1+ x* 1+ x2
32 (A)
To within an additive constant,
_ lxi nx!t-l-l
fx)= + toot St
n J.}H'l
Using the ratio test with 4, = prra we have
L__ 1 un+i
- u—,-:s-l- Up
, (n+ 1) (n+1) xx"*!
= lim +
"=t n(n +2)Zﬁ
= | x|

so that the series is absolutely convergent for { x| < I and divergent for

Ix_l>1. For
a+l

(-1 n

x==loua =00

which does not go to 0 which implies that - 1 is not in Dom(f). For

x=1l up,=

3

n+1

which does not approach 0 which imples that 1 is not in Dom(f). Thus
Dom(f) = (-1, 1).

 solution is ¢, € ¥ + ¢, € ¥ which equals — f + —,

33. ©)

Let (G, *) and (G*, **) be groups. A homomorphism from G into
G is a function @ such that J{gh) = &(g) &(h). A homomorphism
( must take the identity ¢ € G onto the identity @(e) €¢G’. When G
is cyclic, the homomorphism J is completely determined by &(g)
where g is a generator of G. Since 1 is a generator of Z,, the value (1)
g {0, 1, 2, 3} is critical. Because we desire only the “onto”
homomorphisms, (1) must be a generator of Z, . The generators of
Z, are the elements of {0, 1,2, 3} relatively prime to 4, namely 1 and
3. The functions “defined by” & (1) = 1 and ,(1) = 3 are both
homomorphisms from Z, onto Z,. In particular, note that they both teke
the identity element in Z, onto the identity element in Z.

34. )
Setting x = ¢’ , we have
dy _dy ax o odx_de)
S de D) Rsmee =g TR
and

- d (dy dx ’ »” ’
=x g \Gfarr o =
Thus )
r dy 2_.” d dy
W= MY E T T
We have )
47 2 62 6y=0
drz dt dr Y=
&
&7 +5-dl+ 6y=0.
dr’
The auxiliary equation is given by m?* + 5m +6 = (, so that the general

C
€y

<



35 (B
Fermat’s “little” theorem states that if  is an integer and P aprime
not dividing ¢, then #~' = 1 (mod p). Thus

s e 5 S (57 Y P 1 5 25w g (mod17)

36. (©)

- -
Let &=u T+ uj+ u . The curl of 7 denoted cu ), is

— -
the cross product of the vector operator V= -aa; +J -a—ay— + ?a%

and the vector ?

- = -
i ]k
curl{_u))=V><? =| ¢ _ﬁ__a_
-an 0z
ul uz u3

Foru = xyz 1+ X ] yz &, we have

curl() = (2~ 0) T+ (xy - 0) Tr % = x)

37.  (B)

The inverse f~! of f is found fromy = —=

x -1
X in terms of y and then replacing y with x and x with ¥. Thus

by first solving for

_ X
Y T xa
y - y=x
- _ .y
I()’—l)-—y=>x—y_1
“l oo x

Thus £'(x) = f(x).

38. (B)
Forx, =—2, we have 8 +y2+30= 8y, + 24 so that

8L./64-4(14)
Vo= 5 =4%+/2

Since y 0> 4y, =4 ‘.}[' \/2_ . Taking the derivative of both sides of
23+ ¥* + 30 = 8y — 12x with 1espect to x yields

dx+ 2yy 28y’ - 12
4x+ 12=y'(8 - 2y)

,_2x+6
=75
Therefore, the slope of the tangent line at { —2 4 :i:\/_2__) is

-4+ 6
,= _ 2
7 4-(4+v2) \/_

39,  (B)
The equation D = a4 + bB + cC implies that

[3 3 a-c a-i-b:l
0 -2 | b+c —a+btc

Thus,
a—-c=3
a+b=3
b+c=0

—a+b+c=-2
Since b + ¢=0,a =2 which implies that b= 1, ¢ =—1.

40. (B)
The derivative of p(x) is given by

n—1i
- = (x—2)
p(x)= Z n
n =l



(x—2)"""

The nthterm of p'(x)is g, = m

. a,+1
p =lm |—7
x=2n
=ﬁm ( n—l)
T x=-2) (n+])
5 (x=2)n
_n—-)unu n+1
=|x~2|

By the Ratio Test, the series converges absolutely if [x -2 1< 1, i.e.,
1< x<3.Now we consider endpoints. When x=1, the series converges
by the Alternating Series Test. When x = 3, the series is the divergent
harmonic series. Therefore, the series converges in [1, 3].

4], (C)
Let f(x) be defined on [0, +e<). The Laplace transformation of 1,
denoted £]f(x))(p), is defined by

+ e

LW =] e f(x) ax

4]
for all p for which the integral converges. If, in addirion, f is of
exponential order and is piecewise continuous on [0, b] for every
b >0, then

{j £ dr] ®) = 5 £ ()
0

. . a
Since £ [sin ax] (p) = m , we have
) 2
£i]. sin2¢ dr|(p) = ——o.
[Jo ] p’+4p

42. (D)
The slope of the tangent line to the graph of f at x, isequal 1o f (x,)
It is also equal to the tan A where A is the angie fonnelf;'l/hl the tangen

line and the positive x-axis. Thus tan A =f (x,) = /3 so that ¢
60°.
AY
f
(zorf (x)) A
i
§
E
- L D
\ %o
43. (B

The trace of T isthe trace of M, where M, isa matrix representing
T in some fixed basis. For the basis {(1, 0, 0), {0, 1, 0}, (0, 0, 1)},

1 10
MT= 1 -1 1
0 1 2
so that the trace of T is 2.
4. B)
The n’th partial sum s_can be written as
1,2,3° . __n
=Tt T Tt Gr D
+1)—1
~2=1, 3-1 4-1+...+(n—--lT
21 3t 4! (n+ 1!
i 01 1 .1 1 11
=l- o+ or-sityn T vt i T mE !
1 —> + oo
1 (n+1)|_)1 as n

Therefore, the sum is 1.



45. (A)

Anideallof aringRisa subring of R such that / SlandIrg i,
forall € R. Anideal / is called properif{# R and I # {0). Since 5
and 12 are relatively prime, 5 is a generator of Z_ | that s, <5> = Z,.
Thus, <5> is not a proper ideal of Z,.

46, (A)
A set of answers to the ten questions is a 10-tuple of the form

(a,,...,a,,) where @, Tepresents an answer to question Qj L 1£7<10.
An answer is an element of the set { TP, wj‘} where 7. Tepresents

the right answer and Wi - W TePresent wrong answers. There are 51
possible sets of answers. The number of ways to obiain a 10-tuple with
exactly five correct answers is

[10} = 2 2o,

each with probabitity

Hence the probability desired is

6
252 4°  (63) 4

5]0 510

47. (D)
The Jacobian J of a wransformation from the xy-plane into the
uv- plane defined by

u=f(xv)
v=g(x,y)

1s given by

We have

xye” + e¥  x?e™
J=

2 xy

ye® xye® + ¥

= ez'r'[(xy + 1)2 - x2y2]

=[2xy + 1] &7,

48, {A)

The outcome of six attemmpts is a 6-tuple of the form (0,,...,0,
where O, is either a hit (/) or an out (Q). There are 2° = 64 possible
outcomes. The number of ways 1o select a 6-tuple with exactly 3 H’s
and 30’sis

each with probability



49, (E)

Let R be a ring with a multiplicative identity ¢ ( re = er =r , for all
r € R). A unit of R is an element ¥ of R that possesses a multiplicative
mverse in R. InZ ={0,1,2,3,4), we have that 1 is the multiplicative
identity and

1 1 =1 (mod5)
2-3=1 (mod5)
3-3=1(mod?5)
4 -4=1 (mod5)

which means that Z5 contains four units.

50. (A)
Let f be defined on an interval (0, ). Define fin{~L, Lytobeodd.
The half range Fourier sine series is given by

e
. kmx

b sin —=

k=1 . L
where

L

2 kTt x
b*=rjf(x)sm 7 dx

fork=1,2,3,.... We have

1
b*=2j X sin kmx dx
[+]
X : 1
= 2{[— T 608 krcx:[] + L o €08 kmx dx}

_L o a1 ]‘
—2{ i coskn-!»kn[knsmkn:xo}

-2
= kmCDSkn'

For k =3, b, = -Si— cos 3n =-3%t_'

51, (C)
Since {7, €, ¢ } is alinearly independent set, it forms a b

for §. In this basis, we have
D (") = le*+ 0e** + De™*
D (e) = 0+ 2% + Qe
D () = Q¢ + (e?* — 2725

so that the corresponding matrix M, of D, is givenby

1 0 0
MD‘ 0 2 0
0 0 -2

The determinant of D is — 4.

52. B)

Let a(x}, a (x),a (x}, and f(x) be continuous on an interval I'v
a,(x) # 0 for each x € I. The Green’s function for the ordir
differential equation a,(x)y"" + @ (x)y” + a (x)y = f(x) is given by

¥y,

1 yl(t) yz(r)
a,(t) |y () ¥,(2)

y, ) ¥, (#)

G(x,t)=—

where y, andy, are linearly independent solutions of the correspong
homogeneous equation. Note that



I

[ Gxnreyar

]

is a particular solution of the non-homogeneous equation. We have
m*+ 5m+ 6 =0 so that ¥, (x) = e * and Y.{X) = e % Since

=dx -~2x
€ € = e—(31+2!} _ e-—(3l‘+2x)
8—3: e-2:
and
e—3r 6,-2:' S
= g™
_ 38—31 2 =2t
Therefore,

G(x,!‘) = 85,(6—(3x+21) _ e—(3r+2x)) = ez(r—x)__ 63(:-.:) .

53 (A)
The Maclaurin series for e is given by
2 n
u u
&=14u+ 3-!-+...+ ;—!-+

Setting ¥ = —x2 and multiplying the result by x yields the Maclaurin
series for xe™* :
4 6
xe“z:x(l——xz-i- %I-—%T+ )

s 7
=yr—ypigp X _ X
=X x+2! !+....

54, (E)
The symmetric difference is defined by

SAT =(S\T) v (T\S).

We have

S\T = {1,2,3}
and
T\S ={6,7.8)
s0 that
SAT = (1,2, 3,6,7,8) .
55, (D)

Setxh =0 forn=0,1,2,3,.... Then
<24 6 0"t 4 g oc” -0
o+ 6ot 9=0
=33
Thus, the general solution is given by X,=a3"+bn3"wherea, beR.
Since X, =1 and x, =0, we have
1=xo=a
O=x,=3a+3b
sothata =1 and b = - 1. Therefore, X, =3~ 53 =-4(3%) =—972.

56, (B)
If A represents the angle between f and g, then
COSA = _E_f_._g_)_ .
g
We have “f”” ”
5 !
AN =G =] 2° ax=4 dlrdl=2)

0

1
H3“2=(3v8)=f Rde=1 (Hell = 1/+/2)



1

(f;g)=j 2x dxr=1.
O

Therefore cosA = \/3_ /2.

57. (D)

The integral is improper since the Integrand has a vertical asymp-
tote at x = 3. Hence

J_4 dr ) 3 dx +J'4 i
-24 3x(x——3)2 24 3/(x-3)2 3 3f(x—3)_2

3-8 4
= lim f £ . fim _f dx
s -24 -\3/ (x - 3)2 g6’ 3+ 3; (x — 3)2
3-5 4
= lim (3V/x-3]  +iim [33/53 1,
e—=0"

50

=31im (V-5 -v/227 43 tim [T /% ]

24

=12,

58. (A)

The statement is actually true for all positive integers. Forn=1,
we have 1%+ 2? 4+ 32 = 36 which is divisible by 9. Assume that n® +
(n+1) + (n+2)* is divisible by 9 for sorme positive integer 1. We have

(n+1)3+(n+2)3+(n+3)3
=(n+ 1) +(n+2)  + 1+ 902+ 27n + 27

={r*+(n+ 1)‘3+ (n+ 2)’}+9[n’+3n+3;

which is divisible by 9. Thus the statement is true for all positive
integers,

59. (<) ‘
If F is a finite field, then it must have p* elements for p 2 prim;

n a non-negative integer. Since 27 = 3°, there exists 2 field w;

elements.

60. (D) ‘ _
The following diagram represents S with the given orderin,

3 2
i
% 6 4

1

8
Therefore, the minimal elements of S are 6, &, 5.

6l. (B) | |
A subset of a topological space is a neighborhood of a poir

contains an open set containing the point. Since 0 £ (-1,1) < [
and (1, 1) is open with respect to the usual topology on 2, [-1
a neighborhood of 0.

62. (E)
Let g e S, the symmetric group of degree n. If

6=06n G, - C;- 0,0,

is the decomposition of ¢ into disjoint cycles where ¢, isa K-
the Cauchy number of & is given by

C(o)= 2 (k,—1).



Wehavec=(13 54)(267) Thus C(O’sz4—1}+(3—}.)=5. - -—

A A A ry
(c.o)=xx+yy+z2

where ¢ =(x,y,z) and % = (2§ ?) . Therefore ? can be chosen

63. (B) A A , A . . A . .
that x=1,y=-j andz= + i, thatis ¢ = (1,1,2 - 1).

>

Consider the ordinary differential equation M(x, y) dx + N(x,y) dy

oM (x, dN(x,
C0) g NG

=0 EM(x. y), Nx, y), are continuous in

’ ax
a region R, then the differential equation is exact if and only if
IM _ N
"ay* = For
(ye” + cosx) dx + (x®+ 1) dy =0

we have

%yM—@xex" + 7 = -aa-j;i .
64. (O

Let x be a vertex of a graph G. The valence of x, denoted val(x), is
the number of edges of G with x as one end point. The valences of the
vertices and the number of vertices are related by val(x )+ ... + val(x,}
= 2¢ where e represents the number of edges. Thus 2+2+3+3+4
=2esothate=7.

65. (D)
Since the discrete topology contains all subsets of &, every subset
of X is both open and closed. Therefore, the closure of (g, b)is [a, b].

66. (A)
For ¢,2 ¢ ¢ * the usual inner product is given by



