


































































Symmetry Functions Talks
Def
Composition IN N Cal Sn AIN 4Fund
partition Aldi du d day go

domain

W E Xi dial my dito

Pn partitions of n

Symmetric polynomials functions

An 2 Tx X Sn
Nn Ak degree k

RZO

min Pmn Am An
f a flex X 0 i o

Pin Paulin Ak Ak restriction

N lg Ah i.e an ett inAk is a seat

f Sub fm x Dn o i o

fu lx X
A N

Some bases

My Ey Xt monomial symmetric functions

naturally a Z basis for A
For 471 Co L E n D ho 1 h n o P Variables





































































en man Ee ti i Xin

ha Jesi Xi i Xin In X En mi

Pn Man I Xi

ex en ein ha Pa
freegeneratorsofA

Fact Each of 1 en I ha Pn is algebraic independent

Eachof ex ha is a Z basis for A

Px is a d basis for Aa A D

eg he I Ppt P
Generating functions

E let ng en th 43 lexie

H let E hat 17 l bits

Ph
n Put E E Xi t EE time

Elt Heel 1 Es É GrÉnÉ É

put log Ha Htt what Prbar
PL t duly Ects EET nen É en Pr ear

Ipa is a Q basis of da





































































The involution w A A
en tha ex es ha

Pn Es ath p a sap 4 6 t

Hitt exp f Pas I zip t

Elt E ZI E pi t

Za 1 rm.mn 1 11 z

Csn cw where thecycle type plus X

Hits exp Ina É en M exp Ere

I E Ii t
rm

I Zat p t

ha En Zita when I Exzi Px
n

John functions Fix n lil

For LEZ define A2 det Xi ieijen

E ECW X
W

WESn
ad is skew sym ire want Ely ax

hence a 2 0 Unless Xi Ln are alldistinct





































































Assume 2 a An 7 0

i e D At 8 8 n t n 2 I o

Ants is divisible by Xi Xj it hence by theirproduct

M Xi x def x ni Ag
icj

Define S Afg sym homogeneous degree IN

Si Alien forms a Z hats for An

I sat IN k forms a 2 basis for X

sa forms a Z basis for A

Jacobi Trudi identity

Sa det ha it det ex it

It follows that w Sx es SN
Son ha Scan en

Proof let Eth er x Xp xn

Then Ek t E en t 17 it xitt EffTek
Hee ENL A I Xk E

een I ha neg L D e'ng xp





































































Ham Ax
where Ha Chai neg M Gt ent in A xd

dit Ha det M det Ax sewn

In particular sincedet Hg 1 we have detox detAs

det Has 4,454 5 A





































































Orthogonality Cauchy identity

17
1 XiYj l E Zi Paix Aly

I ma as holy E h x ext macy

I saw say

View XiY as variable then 174 XiYj HC1 Eat any
I EatPaul Bly

View Xi as variable The MCI XiYj I Hly

I É hg.cn y t

Ig ha 414

I halx Ma H

Assure Fox iXu Y CY Yn

Asai as by 17 LI XiYj11
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Ep Ap Y p.ge I I ang an easy

I axis at ants y I

Define a bilinan form on A by thx my say
Prop Let Lux Lux be A bases of A indexedbypartitionsof a
IF HE

a UN Un Stg
Ub I excel Key MO xiYi

if
I

Px p Say 2x in Px is orthogonal squeeze

Sa Sa Sig ie Sx is orthonormal

B Sym pos def
W is an isometry





































































The characters of the symmetricgroups

Each wt Sn can be uniquely written as a product of dispat cycles

say of order p 7 Pa 7 then pin piPa D Epn

is called the cycle type of W

Embed Smt Sn in Smen all such embeddings ane conjugate
hence the cycle type of view is welldefined and pluxw

pLuluplus
DefineYb Sn N

W is Pplus
then Y wxw 4 u Y w

Grothendieck group of Sn mod
f'd

let R 2 span of Im Sn him charactersof su
so i 120 21 seen 13 indy y Egg
R Rn

no

define a mutt on R by R xR 12m fig caus

f g ind
Shen

fag
Fus gars

SontSn indi V
R is a Comm assoc graded alg with 1 068mV





































































R has a scalar product Ivr Sn is an on b of R

fig su Eg finger's fye Rn

f g R I Lfa gign F Ifn ER

no g Ign ER

Define the characteristicmap
ch R No 1180
ft fit R

fern

chef Lf 47g few 4W Een Zi f R
WES

fi flu 94 y
Zi

whereplutd
Uts u i i or u un'd v11d

Theorem oh RI A is an isometric isomorphism

proof isometry chill chill

I ZptfpPp I Zigppp

I Zp f Jp f97s

ring from

chef g indsiixs.lt 9 4smen7smen





































































Eius ft g 4laxs SmxSn
Reciprocity

Lf 415m Sm 9 41s s

chef chg

construct X E R St chat Sx

let Ma be the identity character of Sn ie 4 lw 1

then chant Zipp hu

For IN n Let Mx 74 7h i Mdg identitycharacter

then ch ha ha

Define X det Mii ing ER

then chat det ohMai it

det Chai it I Sx

Xx X1 s Sx G a Stg
hence X pairwise distinct and up to sign Tor characters

ofSn But In Snl Conj classes of Snf Pnl
hence X exoust Jur Sn which is a thesis ofR





































































hence ch R I N A

Prop F X A Ka can Std tab ofshap d 70

hence X is indeed an irr character

Proof Si ch X E Zi X's Pp

L Pp a
Sapp Xi

in particular

x 11 Xin Sx Pa
Sa hun Kin I

Sx I Kamp so Sxshy Kin

Corollary P I Xp Sx
Kostka number

f e the transition mtx Mlp s is the character table
I

XI Ex asPp

Combinatorial formula tab sea formula

so I
teas

SA E Kym
Kia

tabofshaped
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Kx y Std tab ofshape I

II
Proof 1 51 Ext 87 Ex6
Proof 2 4Ex 2 3 E 53 Ex 1 E 51 Ex 1.2.3 52 Ex3

uh X Son hn ch Nn hence X Mn
identity darcater

en ch x x 43 E
x Zp Pp

situ

en

Ig Ep Ip Pp where Ep Ipl lip
I pi l

hence En X is the sign character

r cycle has sign c 1
t

I

XI En X pointwise product afforded by
tensor productof modules

Xi Sx Pp
Si Epp EpXp


