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Mathematics in 18th and 19th centuries

Function Taylor Expansion Differential Equation

(1 − z)−a
∞∑

k=0

Γ(a + k)
Γ(a) k! zk (1 − z)F′ − aF = 0

− log(1 − z)
z

∞∑
k=0

1
k + 1 zk z(1 − z)F′′ + (2 − 3z)F′ − F = 0

arcsin z
∞∑

k=0

(2k)!
4k(k!)2(2k + 1) z2k+1 (1 − z2)F′′ − zF′ = 0

K(z) π

2

∞∑
k=0

(
(2k)!

22k(k!)2

)2
z2k z(1 − z2)F′′ + (1 − 3z2)F′ − zF = 0

Here K(z) is the complete elliptic integral of the first kind:

K(z) =
∫ π/2

0

dθ√
1 − z2 sin2 θ

=

∫ 1

0

dt√
(1 − t2)(1 − z2t2)

.
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Euler’s differential equation

More generally, consider any second-order linear ODE:

d2F
dz2 + a(z) dF

dz + b(z)F = 0, a(z), b(z) meromorphic.

By the work of Riemann (1857), if there are exactly three regular singularies
in the equation, then it can be transformed into Euler’s differential equation:

z(1 − z) d
2F
dz2 + (c − (a + b + 1)z) dF

dz − abF = 0.

Euler (1769) gave a power series solution and presented an integral
representation. (See Page 29.)
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Gauss’ hypergeometric series
In 1812, Gauss presented to the Royal Society of Sciences at Göttingen his
famous paper.

The Gauss hypergeometric series/function is

F(a, b; c; z) = 1 +
a · b
1 · cz + a(a + 1) · b(b + 1)

(1)(1 + 1) · c(c + 1)z2

+
a(a + 1)(a + 2) · b(b + 1)(b + 2)
(1)(1 + 1)(1 + 2) · c(c + 1)(c + 2)z3 + · · ·

=

∞∑
n=0

(a)n (b)n
(1)n (c)n

zn, (1)

where (u)n = Γ(u+n)
Γ(u) = u(u + 1) · · · (u + n − 1) is the Pochhammer symbol. In

particular, (1)n = n!.
(1 − z)−a = F(a, b; b; z), arcsin z = z · F(1/2, 1/2; 3/2; z2),

− log(1 − z)
z = F(1, 1; 2; z), K(z) = π

2 · F(1/2, 1/2; 1; z2).
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Hypergeometric series, the classical

One natural way to generalize Gauss’ F(a, b; c; z) is to allow more parameters.
Let a = (a1, . . . , ap) and b = (b1, . . . , bq) (let b0 = 1),

pfq(a; b; z) :=
∞∑

n=0

(a)n
(1, b)n

zn =

∞∑
n=0

(a1)n · · ·
(
ap
)

n
(1)n (b1)n · · ·

(
bq
)

n
zn.

This captures all series
∑

cnzn such that cn+1/cn is a rational polynomial in n:

(n + a1) · · · (n + ap)

(n + b0)(n + b1) · · · (n + bq)
.

Question: Is there a differential equation that characterizes pfq?
Answer: Yes. q∏

k=0

(
z d

dz + bk − 1
)
− z

p∏
k=1

(
z d

dz + ak

) (F) = 0, F(0) = 1.
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Hypergeometric series, the classical
Differential equations and combinatorics

Recall that
(u)n+1
(u)n

= u + n, (2)

then we have
q∏

k=0

(
z d

dz + bk − 1
)
(zn) =

q∏
k=0

(n + bk − 1) · zn =
(1, b)n

(1, b)n−1
zn,

z
p∏

k=1

(
z d

dz + ak

)
(zn) =

p∏
k=1

(n + ak) · zn+1 =
(a)n+1
(a)n

zn+1.

Then we have

z
p∏

k=1

(
z d

dz + ak

)
(pfq) =

∞∑
n=0

(a)n+1
(a)n

·
(a)n
(1, b)n

zn+1 =
∞∑

n=0

(1, b)n+1
(1, b)n

·
(a)n+1
(1, b)n+1

zn+1

= 0 +

∞∑
n=1

(1, b)n
(1, b)n−1

·
(a)n
(1, b)n

zn =

q∏
k=0

(
z d

dz + bk − 1
)
(pfq).
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Basic hypergeometric series
In 1846, Heine introduced the following q-deformation:
The q-Pochhammer symbol (u; q)n is defined so that

(u; q)n+1
(u; q)n

= 1 − uqn. (3)

Namely,
(u; q)n = (1 − u)(1 − uq) · · · (1 − uqn−1).

The basic hypergeometric series is

rϕs(a; b; z; q) :=
∞∑

n=0

(a; q)n
(q, b; q)n

zn =

∞∑
n=0

(a1; q)n · · · (ar; q)n
(q; q)n(b1; q)n · · · (bs; q)n

zn. (4)

As q → 1, since (qu;q)n
(1−q)n → (u)n, we have

rϕs(qa; qb; (1 − q)r−s−1z; q) → rfs(a; b; z).

There is a similar q-difference equation characterization of rϕs.
Hong Chen Hypergeometric series 7 / 29
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Zonal hypergeometric series

In order to describe spherical functions and invariant integrals on symmetric
spaces, especially for multivariate statistical distributions, Herz (1955)
introduced hypergeometric functions with matrix argument via (multivariate)
Laplace transform.
Later, Constantine (1963) realized Herz’s function can be given by a series
expansion involving zonal polynomials:

pFq(a; b;X) =
∑
λ

(a)λ
(b)λ

Cλ(X)

|λ|!
,

where λ runs over partitions of length at most n,

λ = (λ1, . . . , λn) ∈ Zn, λ1 ⩾ · · · ⩾ λn ⩾ 0,

|λ| = λ1 + · · ·+ λn, X is an n-by-n symmetric positive-definite matrix, (u)λ is
a generalization of usual Pochhammer symbol, and Cλ is the zonal polynomial.
Zonal polynomials depend only on the eigenvalues x = (x1, . . . , xn) of X, and
Cλ(x) is a homogeneous symmetric polynomial of degree |λ|.
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Jack and Macdonald hypergeometric series

Around 1970, Jack introduced Jack polynomials Jλ(α), unifying Schur (α = 1)
and zonal (α = 2) polynomials.
In the 1980s, Macdonald introduced Macdonald polynomials Jλ(q, t), unifying
Jack (t = q1/α, q → 1) and Hall–Littlewood (t = 0) polynomials.

Macdonald also introduced further generalizations of hypergeometric series,
involving Jack and Macdonald polynomials

pFq(a; b;x;α) =
∑
λ

(a;α)λ
(b;α)λ

J#
λ (x;α), (5)

rΦs(a; b;x; q, t) =
∑
λ

(a; q, t)λ
(b; q, t)λ

J#
λ (x; q, t), (6)

and posed many fundamental questions.
Zonal hypergeometric series = Jack hypergeometric series with α = 2.

There are two-alphabet versions: pFq(a; b;x,y;α) and rΦs(a; b;x,y; q, t).
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The relations among the hypergeometric series

So far, we have seen four families of hypergeometric series: the classical, the
basic, the Jack and the Macdonald hypergeometric series

rΦs(x1, . . . , xn; q, t) (Macdonald)

rϕs(z; q) (basic) rFs(x1, . . . , xn;α) (Jack)

rfs(z) (classical)
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q → 1 n = 1
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Known results

Question: Differential equations for zonal/Jack hypergeometric series?

Answer: Zonal: [Muirhead, ’70] and [Constantine–Muirhead, ’72] solved
2F1 and degenerate cases.
[Fujikoshi, ’75] solved 3F2 and 2F2.

Jack: [Yan, ’92] and [Kaneko, ’93] solved 2F1(x) and [Baker–Forrester,
’97] solved 2F1(x,y).

Question: Macdonald?

Answer: [Kaneko, ’96] solved 2Φ1(x).

Our work: we solve everything.
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Our work
Jack case

We find a lowering operator L, a raising operator R and two diagonal
operators M and N , such that

Theorem C pFq(x) is the unique solution of(
L(x) −M(x)

)
(F(x)) = 0, F(0) = 1, (7)

subject to a stability condition.
This Theorem generalizes all results on the previous slide.

Theorem D pFq(x) is the unique solution of(
R(x) −N (x)

)
(F(x)) = 0, F(0) = 1. (8)

Theorem A pFq(x,y) is the unique solution of(
L(x) −R(y)

)
(G(x,y)) = 0, G(0, 0) = 1. (9)

Here, we assume that F(x) and G(x,y) are in the form

F(x) =
∑
λ

Cλ(α)Jλ(x;α), G(x,y) =
∑
λ

Cλ(α)Jλ(x;α)Jλ(y;α).
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Pochhammer symbols
The Pochhammer symbol (u)n = u(u + 1) · · · (u + n − 1) can be represented by
the tableau

0 1 · · · n − 1 n
so that

(u)n+1
(u)n

= u + n.

For partitions, the α-Pochhammer symbol is defined so that
(u;α)µ∪(i,j)

(u;α)µ
= u + ρ(i, j),

where ρ(i, j) = j − 1 − i−1
α is the α-content of (i, j).

For example, (u;α)(322)
(u;α)(321)

= u + ρ(3, 2).

ρ(1, 1) ρ(1, 2) ρ(1, 3)
ρ(2, 1) ρ(2, 2)
ρ(3, 1) ρ(3, 2)

From now on, write (u)λ = (u;α)λ and (a)λ = (a1)λ · · ·
(
ap
)
λ
.

Hong Chen Hypergeometric series 13 / 29



Pochhammer symbols
The Pochhammer symbol (u)n = u(u + 1) · · · (u + n − 1) can be represented by
the tableau

0 1 · · · n − 1 n
so that

(u)n+1
(u)n

= u + n.

For partitions, the α-Pochhammer symbol is defined so that
(u;α)µ∪(i,j)

(u;α)µ
= u + ρ(i, j),

where ρ(i, j) = j − 1 − i−1
α is the α-content of (i, j).

For example, (u;α)(322)
(u;α)(321)

= u + ρ(3, 2).

ρ(1, 1) ρ(1, 2) ρ(1, 3)
ρ(2, 1) ρ(2, 2)
ρ(3, 1) ρ(3, 2)

From now on, write (u)λ = (u;α)λ and (a)λ = (a1)λ · · ·
(
ap
)
λ
.

Hong Chen Hypergeometric series 13 / 29



Pochhammer symbols
The Pochhammer symbol (u)n = u(u + 1) · · · (u + n − 1) can be represented by
the tableau

0 1 · · · n − 1 n
so that

(u)n+1
(u)n

= u + n.

For partitions, the α-Pochhammer symbol is defined so that
(u;α)µ∪(i,j)

(u;α)µ
= u + ρ(i, j),

where ρ(i, j) = j − 1 − i−1
α is the α-content of (i, j).

For example, (u;α)(322)
(u;α)(321)

= u + ρ(3, 2).

ρ(1, 1) ρ(1, 2) ρ(1, 3)
ρ(2, 1) ρ(2, 2)
ρ(3, 1) ρ(3, 2)

From now on, write (u)λ = (u;α)λ and (a)λ = (a1)λ · · ·
(
ap
)
λ
.

Hong Chen Hypergeometric series 13 / 29



Pochhammer symbols
Define the statistic

ρ(λ) =
∑

(i,j)∈λ

ρ(i, j), ρ(λ/µ) = ρ(λ)− ρ(µ).

We say λ covers µ, written as λ :⊃µ, if λ = µ ∪ (i, j). Then

(u)λ
(u)µ

= u + ρ(λ/µ),

and for a tuple a, we have

(a)λ
(a)µ

=

p∏
k=1

(
ak + ρ(λ/µ)

)
=

p∑
r=0

ep−r(a)ρ(λ/µ)r, (10)

where ek is the k-th elementary symmetric function.

ek(a) =
∑

i1<···<ik

ai1 . . . aik .
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Jack polynomials
Jack polynomials (J#

λ (x;α)) form a basis of the algebra of symmetric
polynomials Λα = Q(α)[x1, . . . , xn]

Sn over Q(α).

On Λα, there is a naturally defined inner product, ⟨·, ·⟩α.
There is a commuting family of differential operators, known as
Debiard–Sekiguchi operators,

D(t) := 1∏
i<j(xi − xj)

det
(

xn−j
i

(
xi∂i − (j − 1)/α+ t

))
1⩽i,j⩽n

,

that is self-adjoint:
⟨D(t)u, v⟩α = ⟨u,D(t)v⟩α, u, v ∈ Λα.

Jack polynomials appear as common eigenvectors of D(t):

D(t)J#
λ = dλ(t)J#

λ , ∀λ (11)
with eigenvalues given by

dλ(t) =
n∏

i=1
(λi − (i − 1)/α+ t).

Hong Chen Hypergeometric series 15 / 29



Jack polynomials
Jack polynomials (J#

λ (x;α)) form a basis of the algebra of symmetric
polynomials Λα = Q(α)[x1, . . . , xn]

Sn over Q(α).

On Λα, there is a naturally defined inner product, ⟨·, ·⟩α.
There is a commuting family of differential operators, known as
Debiard–Sekiguchi operators,

D(t) := 1∏
i<j(xi − xj)

det
(

xn−j
i

(
xi∂i − (j − 1)/α+ t

))
1⩽i,j⩽n

,

that is self-adjoint:
⟨D(t)u, v⟩α = ⟨u,D(t)v⟩α, u, v ∈ Λα.

Jack polynomials appear as common eigenvectors of D(t):

D(t)J#
λ = dλ(t)J#

λ , ∀λ (11)
with eigenvalues given by

dλ(t) =
n∏

i=1
(λi − (i − 1)/α+ t).

Hong Chen Hypergeometric series 15 / 29



Jack polynomials
Jack polynomials (J#

λ (x;α)) form a basis of the algebra of symmetric
polynomials Λα = Q(α)[x1, . . . , xn]

Sn over Q(α).

On Λα, there is a naturally defined inner product, ⟨·, ·⟩α.
There is a commuting family of differential operators, known as
Debiard–Sekiguchi operators,

D(t) := 1∏
i<j(xi − xj)

det
(

xn−j
i

(
xi∂i − (j − 1)/α+ t

))
1⩽i,j⩽n

,

that is self-adjoint:
⟨D(t)u, v⟩α = ⟨u,D(t)v⟩α, u, v ∈ Λα.

Jack polynomials appear as common eigenvectors of D(t):

D(t)J#
λ = dλ(t)J#

λ , ∀λ (11)
with eigenvalues given by

dλ(t) =
n∏

i=1
(λi − (i − 1)/α+ t).

Hong Chen Hypergeometric series 15 / 29



Jack polynomials
Jack polynomials (J#

λ (x;α)) form a basis of the algebra of symmetric
polynomials Λα = Q(α)[x1, . . . , xn]

Sn over Q(α).

On Λα, there is a naturally defined inner product, ⟨·, ·⟩α.
There is a commuting family of differential operators, known as
Debiard–Sekiguchi operators,

D(t) := 1∏
i<j(xi − xj)

det
(

xn−j
i

(
xi∂i − (j − 1)/α+ t

))
1⩽i,j⩽n

,

that is self-adjoint:
⟨D(t)u, v⟩α = ⟨u,D(t)v⟩α, u, v ∈ Λα.

Jack polynomials appear as common eigenvectors of D(t):

D(t)J#
λ = dλ(t)J#

λ , ∀λ (11)
with eigenvalues given by

dλ(t) =
n∏

i=1
(λi − (i − 1)/α+ t).

Hong Chen Hypergeometric series 15 / 29



Pieri formula

By [Okounkov–Olshanski, ’97], [Lassalle, ’98], [Sahi, ’11], we have

e1 · J#
µ =

∑
λ :⊃µ

(
λ

µ

)
J#
λ ,

where

e1 = x1 + · · ·+ xn,

and
(
λ
µ

)
are generalized binomial coefficients.
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Laplace–Beltrami operator

Consider the Laplace–Beltrami operator □:

□ =

n∑
i=1

1
2x2

i ∂
2
i +

1
α

∑
1⩽i̸=j⩽n

xixj
xi − xj

∂i.

It acts diagonally on (J#
λ ) as

□(J#
λ ) = ρ(λ) · J#

λ .

It is related to the Debiard–Sekiguchi operator D(t).
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Adjoint action

Recall that adA(B) = [A,B] = AB − BA, where A,B are operators.
Observe that

[□, e1](J#
µ ) = (□e1 − e1□)(J#

µ ) =
∑
λ :⊃µ

ρ(λ)

(
λ

µ

)
J#
λ − ρ(µ)

∑
λ :⊃µ

(
λ

µ

)
J#
λ

=
∑
λ :⊃µ

ρ(λ/µ)

(
λ

µ

)
J#
λ ,

where ρ(λ/µ) = ρ(λ)− ρ(µ).
More generally, repeated adjoint actions give

(
adr

□(e1)
)
(J#

µ ) =
∑
λ :⊃µ

ρ(λ/µ)r
(
λ

µ

)
J#
λ , r ⩾ 0.
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The raising operator R

Define

R :=

p∑
r=0

ep−r(a) adr
□(e1) =

p∏
k=1

(ak + ad□)(e1), (12)

then

R(J#
µ ) =

∑
λ :⊃µ

 p∑
r=0

ep−r(a)ρ(λ/µ)r

(
λ

µ

)
J#
λ

=
∑
λ :⊃µ

∏
k
(ak + ρ(λ/µ))

(
λ

µ

)
J#
λ

=
∑
λ :⊃µ

(a)λ
(a)µ

(
λ

µ

)
J#
λ .
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The diagonal operator N

Since

pFq =
∑
µ

(a)µ
(b)µ

J#
µ , R(J#

µ ) =
∑
λ :⊃µ

(a)λ
(a)µ

(
λ

µ

)
J#
λ .

Then

R(pFq) =
∑
µ

(a)µ
(b)µ

∑
λ :⊃µ

(a)λ
(a)µ

(
λ

µ

)
J#
λ =

∑
λ

(a)λ
(b)λ

·
∑
µ⊂:λ

(b)λ
(b)µ

(
λ

µ

)
︸ ︷︷ ︸

N(λ)

·J#
λ = N (pFq).

Hence, it suffices to find a diagonal operator N such that

N (J#
λ ) = N(λ) · J#

λ .
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The eigenvalues N(λ) and Hr(λ)

N(λ) can be decomposed into

N(λ) =

q∑
r=0

eq−r(b)Hr(λ).

Proposition

∞∑
r=0

Hr(λ)sr =
α+ (α− 1)s

s2 − α+ (α+ n − 1)s
s2

n∏
i=1

wi − 1/s − 1 + 1/α
wi − 1/s − 1 ,

where wi = λi − (i − 1)/α.
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The diagonal operator N

∞∑
r=0

Hr(λ)sr =
α+ (α− 1)s

s2 − α+ (α+ n − 1)s
s2

n∏
i=1

wi − 1/s − 1 + 1/α
wi − 1/s − 1 ,

where wi = λi − (i − 1)/α.
The Debiard–Sekiguchi operator D(t) acts diagonally by dλ(t) =

∏
i(wi + t).

Define diagonal operators Hr by
∞∑

r=0
Hrsr :=

α+ (α− 1)s
s2 − α+ (α+ n − 1)s

s2
D(−1/s − 1 + 1/α)

D(−1/s − 1) .

Then Hr(J#
λ ) = Hr(λ)J#

λ . Since N(λ) =
∑q

r=0 eq−r(b)Hr(λ).

N :=

q∑
r=0

eq−r(b)Hr, N (J#
λ ) = N(λ)J#

λ .
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λ .
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Theorem (Theorem D)
The series pFq(a; b;x;α) is the unique solution in the form

F(x) =
∑
λ

Cλ(α)J#
λ (x;α). (13)

of the equation

(R−N ) (F(x)) = 0, F(0) = 1, (14)

Proof.
Plug (13) in (14), we get a recursion

Cλ(α)
∑
µ⊂:λ

(b)λ
(b)µ

(
λ

µ

)
=

∑
µ⊂:λ

Cµ(α)
(a)λ
(a)µ

(
λ

µ

)
,

C∅ = 1,

which determines uniquely Cλ(α) =
(a)λ
(b)λ

.
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The lowering operator L
By [Okounkov–Olshanski, ’97], [Lassalle, ’98], [Sahi, ’11], we have

e1 · J#
µ =

∑
λ :⊃µ

(
λ

µ

)
J#
λ , E1(

J#
λ

J#
λ (1n)

) =
∑
µ⊂:λ

(
λ

µ

) J#
µ

J#
µ (1n)

,

where

e1 = x1 + · · ·+ xn, E1 = ∂1 + · · ·+ ∂n,

Similarly define

L :=

q∑
r=0

eq−r(b) adr
−□(E1) =

q∏
k=1

(bk + ad−□)(E1),

then

L(
J#
λ

Jλ(1n)
) =

∑
µ⊂:λ

(b)λ
(b)µ

(
λ

µ

) J#
µ

J#
µ (1n)

.

Hong Chen Hypergeometric series 24 / 29



The diagonal operator M

Then

L(pFq) =
∑
µ

(a)µ
(b)µ

·
∑
λ :⊃µ

(a)λ
(a)µ

(
λ

µ

)
J#
λ (1n)

J#
µ (1n)︸ ︷︷ ︸

Mn(µ)

·J#
µ = M(pFq),

where M is a diagonal operator such that

M(Jµ) = Mn(µ) · Jµ.
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Theorem (Theorem C)
The series pFq(a; b;x;α) is the unique solution in the form (13) of the equation

(L−M) (F(x)) = 0, F(0) = 1, (15)

subject to an extra stability condition.

Sketch of proof.
Plug (13) in (15), we get an under-determined system of equations:

∑
λ :⊃µ

Cλ(α)
(b)λ
(b)µ

(
λ

µ

)
J#
λ (1n)

J#
µ (1n)

= Cµ(α)
∑
λ :⊃µ

(a)λ
(a)µ

(
λ

µ

)
J#
λ (1n)

J#
µ (1n)

,

C∅ = 1.

The extra stability condition “doubles” the number of equations. With some
effort, we can show that this determines (Cλ(α)) uniquely.
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Summary
In the Jack case, we find a lowering operator L, a raising operator R and two
diagonal operators M and N , such that

Theorem C pFq(x) is the unique solution of(
L(x) −M(x)

)
(F(x)) = 0, F(0) = 1, (16)

subject to a stability condition.
Theorem D pFq(x) is the unique solution of(

R(x) −N (x)
)
(F(x)) = 0, F(0) = 1. (17)

Theorem A pFq(x,y) is the unique solution of(
L(x) −R(y)

)
(G(x,y)) = 0, G(0, 0) = 1. (18)

Here, we assume that F(x) and G(x,y) are in the form

F(x) =
∑
λ

Cλ(α)Jλ(x;α), G(x,y) =
∑
λ

Cλ(α)Jλ(x;α)Jλ(y;α).

We construct analogous q-difference operators for Macdonald polynomials, and
prove analogous characterization theorems.
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Thank you!



Examples
Recall that the binomial formula and the Cauchy identity can be written as

F(x) = 1F0(a; x;α) =
∑
λ

(a)λ
Jλ(x)

jλ
=

n∏
i=1

(1 − xi)
−a,

G(x, y) = 1F0(n/α; x, y;α) =
∑
λ

Jλ(x)Jλ(y)
jλ

=

n∏
i,j=1

(1 − xiyj)
−1/α.

In this case, the operators are

L =
∑

i
∂i, M =

∑
i

(xi∂i + a) , N =
∑

i
xi∂i, R =

∑
i

xi (xi∂i + a) ,

and the theorems read

L(F) = F · a
∑

i

1
1 − xi

= M(F), N (F) = F · a
∑

i

xi
1 − xi

= R(F),

L(x)(G) = G · 1
α

∑
i,j

yj
1 − xiyj

= R(y)(G).
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Some results of Euler and Gauss

Euler’s integral representation

F(a, b; c; z) = Γ(c)
Γ(b)Γ(c − b)

∫ 1

0
t b−1(1 − t)c−b−1(1 − zt)−a dt,

for ℜ(c) > ℜ(b) > 0.
Gauss’ summation formula
Assuming that c ̸= 0,−1,−2, . . . , Gauss proved that the series converges
absolutely for |z| < 1 and gave the famous summation formula, for
ℜ(c − a − b) > 0,

F(a, b; c; z = 1) =
∞∑

n=0

(a)n (b)n
n! (c)n

=
Γ(c)Γ(c − a − b)
Γ(c − a)Γ(c − b) .
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