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Partitions and symmetric polynomials

Fix n ⩾ 1, the number of variables.
A partition is a sequence λ = (λ1, . . . , λn) ∈ Zn, such that

λ1 ⩾ · · · ⩾ λn ⩾ 0.

Denote by Pn the set of such partitions. The length ℓ(λ) is the number of
non-zero parts, and the size is |λ| =

∑
λi.

Let Λn = Q[x1, . . . , xn]
Sn be the algebra of symmetric polynomials in n

variables.
Many (any) interesting bases of Λn are indexed by partitions in Pn.
• the monomial mλ =

∑
α∼λ xα

• the power sum pλ = pλ1 · · · pλℓ
, pr = m(r) =

∑
i xr

i
• the elementary eλ = eλ1 · · · eλℓ

, er = m(1r) =
∑

i1<···<ir
xi1 · · · xir
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Schur polynomials

On Λn, there is an inner product ⟨·, ·⟩, called Hall inner product

⟨pλ, pµ⟩ = δλµzλ,

where zλ =
∏

i imi · mi!, and mi is the multiplicity of i in λ.
Then Schur polynomials (sλ) is the unique family of symmetric polynomials
satisfying:

sλ = mλ +
∑
µ<λ

Kλµmµ, ⟨sλ, sµ⟩ = δλµ.

Other definitions:

sλ =
det(xλj+n−j

i )

det(xn−j
i )

= det(eλ′
i−i+j) =

∑
T∈SSYT(λ)

∏
s∈λ

xT(s) = · · ·
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Jack polynomials and Macdonald polynomials
Enlarge the field: Λn,α = Λn ⊗Q(α) and Λn,q,t = Λn ⊗Q(q, t).
On Λn,α and Λn,q,t, there are natural generalizations of the Hall inner product,

⟨pλ, pµ⟩α = δλµzλαℓ(λ), ⟨pλ, pµ⟩q,t = δλµzλ
ℓ(λ)∏
i=1

1 − qλi

1 − tλi
.

Then Jack polynomials (Pλ(α)) and Macdonald polynomials (Pλ(q, t)) are
defined as the unique family satisfying:

Pλ(θ) = mλ +
∑
µ<λ

Kλµ(θ)mµ,

⟨Pλ,Pµ⟩θ = 0, λ ̸= µ,

where θ = α or (q, t). This form is called monic. Schur polynomials can be
obtained by α = 1 or q = t.
They are no longer orthonormal:

⟨Pλ,Pλ⟩θ = c′λ/cλ,

and define the integral form Jλ = cλPλ and its dual form J∗
λ = Pλ/c′λ.
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Hypergeometric series
In 1955, in order to study of non-central Wishart distributions in statistics
(and other topics), Herz introduced hypergeometric function pFq(a; b;X) with
symmetric matrix X as argument via Laplace transform.
Later in 1963, Constantine realized that Herz’s function can be expanded into
a series involving zonal polynomials, which can be obtained from Jack
polynomials by setting α = 2. They only depend on the eigenvalues
x = (x1, . . . , xn) of X.
Around 1988, Macdonald introduced further generalizations of hypergeometric
series associated with Jack and Macdonald polynomials.

pFq(a; b;x;α) =
∑
λ

(a;α)λ
(b;α)λ

J#
λ (x;α), (1)

rΦs(a; b;x; q, t) =
∑
λ

(a; q, t)λ
(b; q, t)λ

J#
λ (x; q, t), (2)

here (·; θ)λ are generalized Pochhammer symbols and J#
λ (x;α) = α|λ|J∗

λ(x;α)
and J#

λ (x; q, t) = tn(λ)J∗
λ(x; q, t). There are two-alphabet versions:

pFq(a; b;x,y;α) and rΦs(a; b;x,y; q, t).
Hong Chen Diff Eq, HG series, Orth poly 5 / 15
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The relations among the hypergeometric series

pfq(a; b; z) :=
∞∑

k=0

(a)k
(1, b)k

zk, (3)

rϕs(a; b; z; q) :=
∞∑

k=0

(
(−1)kq(

k
2)
)s+1−r

(a; q)k
(q, b; q)k

zk. (4)

rΦs(x1, . . . , xn; q, t) (Macdonald)

rϕs(z; q) (basic) rFs(x1, . . . , xn;α) (Jack)

rfs(z) (classical)
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Differential and q-difference equations

• pfq(z) is the unique formal power series solution of the equation

z d

dz

q∏
j=1

(
z d

dz + bj − 1
)
(F) = z

p∏
i=1

(
z d

dz + ai

)
(F), F(0) = 1. (5)

• rϕs(z; q) is the unique formal power series solution of the equation

∆1∆b1/q · · ·∆bs/q(F(z)) = z∆a1 · · ·∆ar(F(qs+1−rz)), F(0) = 1, (6)

where ∆u(F(z)) = uF(qz)− F(z).

See the Bateman Manuscript Project, [Andrews–Askey–Roy, Special
functions], [Gasper–Rahman, Basic hypergeometric series].
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Differential and q-difference equations

• Zonal
2F1 (and degenerate cases): [Muirhead, ’70] and [Constantine–Muirhead, ’72]
3F2 and 2F2: [Fujikoshi, ’75]

• Jack
2F1(x): [Yan, ’92] and [Kaneko, ’93], independently
2F1(x,y): [Baker–Forrester, ’97]

• Macdonald
2Φ1(x): [Kaneko, ’96]

Unlike univariate hypergeometric series, a systematic characterization of
multivariate hypergeometric series has been lacking.

Our work: we find differential and q-difference equations characterizing pFq
and rΦs for any p, q, r, s.
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Our work
For each of Jack and Macdonald cases, we find a lowering operator L, a raising
operator R, and two diagonal operators M and N , depending on the
parameters a, b and the number of variables n, such that

Theorem A Each of pFq(x,y) and rΦs(x,y) is the unique solution of

L(x)(G(x,y)) = R(y)(G(x,y)), G(0, 0) = 1. (7)

Theorem C Each of pFq(x) and rΦs(x) is the unique solution of

L(x)(F(x)) = M(x)(F(x)), F(0) = 1, (8)

subject to a stability condition that pFq(x′, 0′) and rΦs(x′, 0′)
satisfies L(x′)(F(x′)) = M(x′)(F(x′), for x′ = (x1, . . . , xm),
m ⩽ n. Theorems A and C generalize all previous results on
multivariate series.

Theorem D Each of pFq(x) and rΦs(x) is the unique solution of

N (x)(F(x)) = R(x)(F(x)), F(0) = 1. (9)

Here, we assume that F(x) =
∑

λ CλJλ(x), G(x,y) =
∑

λ CλJλ(x)Jλ(y).
Hong Chen Diff Eq, HG series, Orth poly 9 / 15
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Examples
Recall that the binomial formula and the Cauchy identity can be written as

F(x) = 1F0(a; x;α) =
∑
λ

(a)λ
Jλ(x)

jλ
=

n∏
i=1

(1 − xi)
−a,

G(x, y) = 1F0(n/α; x, y;α) =
∑
λ

Jλ(x)Jλ(y)
jλ

=

n∏
i,j=1

(1 − xiyj)
−1/α.

In this case, the operators are

L =
∑

i
∂i, M =

∑
i

(xi∂i + a) , N =
∑

i
xi∂i, R =

∑
i

xi (xi∂i + a) ,

and the theorems read

L(F) = F · a
∑

i

1
1 − xi

= M(F), N (F) = F · a
∑

i

xi
1 − xi

= R(F),

L(x)(G) = G · 1
α

∑
i,j

yj
1 − xiyj

= R(y)(G).
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Lowering and raising operators

In the Jack case, the lowering operator L is built using the operator
E1 =

∑ ∂

∂xi
and the Laplace–Beltrami operator

□ =

n∑
i=1

1
2x2

i ∂
2
i +

1
α

∑
1⩽i̸=j⩽n

xixj
xi − xj

∂i.

We have

L :=

q∑
r=0

eq−r(b) adr
−□(E1) =

q∏
k=1

(bk + ad−□)(E1).

The raising operator R uses e1 =
∑

xi and □.

R :=

p∑
r=0

ep−r(a) adr
□(e1) =

p∏
k=1

(ak + ad□)(e1).
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Lowering and raising operators

L and R act nicely on Jack polynomials.

R(J#
µ ) =

∑
λ :⊃µ

(a)λ
(a)µ

(
λ

µ

)
J#
λ ,

L( Jλ

Jλ(1n)
) =

∑
µ⊂:λ

(b)λ
(b)µ

(
λ

µ

)
Jµ

Jµ(1n)
.
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Diagonal operators
The diagonal operators M and N are defined according to their eigenvalues.

R(pFq) =
∑
µ

(a)µ
(b)µ

∑
λ :⊃µ

(a)λ
(a)µ

(
λ

µ

)
J#
λ =

∑
λ

(a)λ
(b)λ

·
∑
µ⊂:λ

(b)λ
(b)µ

(
λ

µ

)
︸ ︷︷ ︸

N(λ)

·J#
λ = N (pFq),

where

N (Jλ) = N(λ) · Jλ.

Similarly,

L(pFq) =
∑
µ

(a)µ
(b)µ

·
∑
λ :⊃µ

(a)λ
(a)µ

(
λ

µ

)
J#
λ (1n)

J#
µ (1n)︸ ︷︷ ︸

Mn(µ)

·J#
µ = M(pFq),

where

M(Jµ) = Mn(µ) · Jµ.

Hong Chen Diff Eq, HG series, Orth poly 13 / 15



Diagonal operators
Define diagonal operators Gr,n and Hr by

∞∑
r=0

Gr,nsr :=
α

s

(
D(−1/s − 1/α)

D(−1/s) − 1
)
,

∞∑
r=0

Hrsr :=
α+ (α− 1)s

s2 − α+ (α+ n − 1)s
s2

D(−1/s − 1 + 1/α)
D(−1/s − 1) ,

where D(t) is the Debiard–Sekiguchi operator

D(t) := 1∏
i<j(xi − xj)

det
(

xn−j
i

(
xi∂i − (j − 1)/α+ t

))
1⩽i,j⩽n

,

this operator is self-adjoint and acts diagonally on Jack polynomials:

D(t)J#
λ = dλ(t)J#

λ , ∀λ, dλ(t) =
n∏

i=1
(λi − (i − 1)/α+ t). (10)

Then define
M :=

p∑
r=0

ep−r(a)Gr,n, N :=

q∑
r=0

eq−r(b)Hr.
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Thank you!


