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For non-negative integers m, n, and an indeterminate z,

(z+1)" = ; (Z) 2,
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The classical cases
The Schur case

The Zonal case

The Jack case

The Macdonald case

For non-negative integers m, n, and an indeterminate z,
n
z+1)" = ™.
=3 (1)

Newton: n could be any real number, and x is a real number in a
neighborhood of 0.
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The classical cases
The Schur case

The Zonal case

The Jack case

The Macdonald case

For non-negative integers m, n, and an indeterminate z,

(@+1)" =Y (")xm

m
m

Newton: n could be any real number, and x is a real number in a

neighborhood of 0.

Cauchy: ¢-binomial formula

1=

142 i — n m(m+1)/2xm.
[[0+ed)=2_(,,) 4
1 m m q
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The classical cases

Binomial formulas The Schur
Interpolation polynomials The Zonal
Symmetric function inequalities The Jack case

The Macdonald case

For non-negative integers m, n, and an indeterminate z,

@+ )" =Y (Z) ™.

m

Newton: n could be any real number, and x is a real number in a
neighborhood of 0.
Cauchy: ¢-binomial formula

n

s - 2 (£) oneiner
m q

i=1

Question

How to generalize this to symmetric polynomials?
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The classical cases
The Schur case
The Zonal case

The Jack case
The Macdonald case

Let A= (A1 > --- > \y) € Z%,, be an integer partition. Schur
polynomial in z = (x1,..., :cn) is defined by

det( Ajtn— J)
det( i_j)
In 1978, A. Lascoux (see [Macdonald, P. 47]) showed that

A(z+1) Z xS ()

HCA
where 1 =(1,...,1) and

dAM = det (()\14—?@—2))
pitn=) 1<i
[m] = =
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The classical cases

Binomial formulas The Schur c

Interpolation polynomials The Zonal case
Symmetric function inequalities The Jack case

The Macdonald case

Zonal polynomials C) are polynomials that statisticians care about.

They are closely related to Wishart distribution, which is a
distribution of random symmetric and positive-definite matrices.
In the ’60s, the following binomial expansion

Cy(z+1) A\ Cu(2)
NCRDS ()2

was studied by A. Constantine, A. James, R. Muirhead.
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Binomial formulas

Interpolation polynomials The Zonal case
Symmetric function inequalities The Jack case
The Macdonald case

Jack polynomials Py (x; 7) are a deformation of Schur and Zonal
polynomials, depending on a parameter 7(= 1/a):

7 =1: Schur; 7= %: Zonal,

7 =0: monomial; 7 = co: elementary (conjugate).

In the ’90s, Lassalle, Kaneko, Okounkov—Olshanski studied binomial
formula in the Jack case.

Pyx(z+1;7) A\ Pu(zT)
PA(T:7) ‘?(ulmn)’

where the binomial coefficient is the evaluation of the interpolation
Jack polynomial hy,:
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The classical cases
Binomial formulas The Schur
Interpolation polynomials The Zonal case
Symmetric function inequalities The Jack case
The Macdonald case

Macdonald polynomial Py(z; ¢, t) depends on two parameters g, t:
g = t: Schur; ¢=1: monomial; ¢=1: elementary (conjugate);
g = 0: Hall-Littlewood; ¢ = 0: ¢-Whittaker.

In 1998, Okounkov and Lassalle proved:

Py(z;q,t) :Z <)\> hﬁlonic(x;T)
PA(#5q.1) 2= \p/) gy Pults7)

where the binomial coefficient is the evaluation of the interpolation
Macdonald polynomial 5,,:
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Definition

Combinatorial formulas

Examples

Properties of binomial coefficients

Binomial formulas
Interpolation polynomials
Symmetric function inequalities

Definition

The unital interpolation polynomial, denoted by h,,, is the unique
symmetric polynomial that satisfies the following interpolation
condition and degree condition:

hu ) = Sy A < el
deg hy, = |pl,

where \; = \; + (n — 9)7 in the Jack case, and \; = ¢#"~7 in the
Macdonald case.
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Definition

Combinatorial formulas

Examples

Properties of binomial coefficients

Binomial formulas
Interpolation polynomials
Symmetric function inequalities

Definition

The unital interpolation polynomial, denoted by h,,, is the unique
symmetric polynomial that satisfies the following interpolation
condition and degree condition:

hu(N) = Oxs (A< e,
deg hy, = |pl,

where \; = \; + (n — i)7 in the Jack case, and \; = ¢*#"~ % in the
Macdonald case.

This normalization is called unital as (5) = h,(p) = 1.
The monic normalization hﬁ‘onic is defined so that the coefficient of
my, is 1. WP = P, + lower degree terms.
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A A Definition
Binomial formulas

. . Combinatorial formulas
Interpolation polynomials Enamplo
Txa es
Symmetric function inequalities . 3 g . 2
Y a Properties of binomial coefficients

Definition

The unital interpolation polynomial, denoted by h,,, is the unique
symmetric polynomial that satisfies the following interpolation
condition and degree condition:

hu(N) = Oxs (A< e,
deg hy, = |pl,

where \; = \; + (n — i)7 in the Jack case, and \; = ¢*#"~ % in the
Macdonald case.

This normalization is called unital as (5) = h,(p) = 1.

The monic normalization hﬁ‘onic is defined so that the coefficient of
my, is 1. WP = P, + lower degree terms.

The above is type A interpolation polynomials, introduced by
Knop—Sahi in the ’90s. Okounkov also introduced a type BC

analogue, defined by setting \; = \; + (n — )7 + @ and ag"t" "
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Definition

Combinatorial formulas
Examples

Properties of binomial coefficients

Okounkov—-Olshanski proved the following combinatorial formulas
p‘;‘O“ic’J(z; T) = Z pr(T) H ZT(s)>
SEX
pmonie, AT (. 1y ZwT(T) H (zT(s) - (ll)\(s) + (n— T(s) — I} (s))T)) ,
SEX
Pmonlc Mg g, t) = Z Yr(g,t) H Z7(s)>

SEX

pmonic, AM (o0 0 gy — Z vr(e, v [

SEX

(ZT( 5 — @A PTO-8 (s))

where all the sums are over column-strict semi-standard reverse tableaux T : A — [n]
-e.,

i.e., weakly decreasing along the rows and strictly decreasing along the columns

& =

DA
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Definition

Combinatorial formulas
Examples

Properties of binomial coefficients

Let n=2, u=

(3,2), there are two such tableaux: , [2]2]2],
Hence s, = PfL :Pff =m, = 6355 + B3,
BRome AT — gy (3 — 1) (21 — 1) (21 — 2 — 7)

+2211 (22 — 1) (21 — 1)(22 — 2)

= 1111.%‘2(.’1)1 — 1)(%2 — 1)(1171 + Xy — T — 4)

monic, AM
h/t

= (22— 1)(z1 — 1)(m2 — @)(z1 — q) (=1 — ¢°t)
(g — ) (m — (a2 — @) (11 — @)(22 — ¢)
=z —1)(z2— D)(21 — (a2 — Q)11 + 22 — €t — )

[m] = =
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Definition

Combinatorial formulas
Examples

Properties of binomial coefficients

Binomial formulas
Interpolation polynomials
Symmetric function inequalities

Let n =2, u = (3,2), there are two such tableaux: , .
Hence s, = Pﬂt = P}\f =m, = 6315 + 2313,
Rt = gy (v — 1) (21 — 1) (01 — 2 = 7)
+zpxy (22 — 1) (21 — 1) (22 — 2)
=zw(m —1)(w—1)(t1+22—7—4)

ppeme AN — (g — 1) (21 — 1) (22 — @) (11 — ) (21 — ¢*1)
+(z = 1) (@1 = 1)(22 — @) (a1 — ¢)(22 — ¢)
= (21 — D(m2 = 1)(11 — Q)22 — @) (11 + 22 — ¢t — ¢*)
The defining condition involves the following 12 partitions:
(0,0), (1,0),(1,1),(2,0),(2,1),(3,0),(2,2),(3,1),(4,0),(3,2), (4,1), (5,0).

Note that (A1, A2) = (A1 + 7, A2), (¢*1, ¢*2). One can easily see that
h,, vanishes at all but (3,2).
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Definition
Combinatorial formulas
Examples

Binomial formulas
Interpolation polynomials

Symmetric function inequalities . 3 g . 2
Y a Properties of binomial coefficients

Let n =2, u = (3,2), there are two such tableaux: [2[2[1] [2[2]2]
p=32
Hence s, = Pﬂt = P}\f =m, = 6315 + 2313,
Rt = gy (v — 1) (21 — 1) (01 — 2 = 7)

+£L’2£L'1(ZL'2 — 1)(181 — ].)( Ty — 2)
=mae(xy — 1)(m — 1)(z1 + 20 — 7 — 4)

ppome AN = (3 — 1)(21 — 1)(22 — @) (11 — @)(z1 — 1)
+(22 — 1) (21 — 1) (22 — )11 — Q)22 — )
= (21 = 1)(22 — 1)(m1 — @) (22 — @)(21 + 22 — q2f—q2

The defining condition involves the following 12 partitions:

(0,0),(1,0),(1,1),(2,0),(2,1),(3,0),(2,2),(3,1),(4,0), (3,2), (4,1), (5,0).

Note that (A1, A2) = (A1 + 7, A2), (¢*1, ¢*2). One can easily see that
h,, vanishes at all but (3,2).
Moreover, h, also vanishes at (m,0) and (m —1,1), Vm > 6
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Definition

Binomial formulas Jenn .
Combinatorial formulas

Interpolation polynomials
Symmetric function inequalities s
v Properties of binomial coefficients

Proposition (Knop—Sahi, Okounkov ’'90s, Extra Vanishing Property)

A - )
= h,(A) =0, wunless XD p. ) = 0, wunless m = n.

w n
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Definition

Combinatorial formulas

Examples

Properties of binomial coefficients

Binomial formulas
Interpolation polynomials
Symmetric function inequalities

Proposition (Knop—Sahi, Okounkov ’'90s, Extra Vanishing Property)

(A> =h,(\) =0, unless X2 pu. (m

> =0, wunless m > n.
n

Theorem (Sahi ’11, C-Sahi ’24)

The binomial coefficient is positive and monotone:

A m
eFsyg <= ADu. >0 <= m=>=n.
7

n

A —(* eFso if ADu. ™ (" >0 if m>n.
v v ~ k k

Here, F>o and Fxq is the cone of positivity (defined later).
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Binomial formulas Containment
Interpolation polynomials

Dominance and weak dominance
Symmetric function inequalities

A conjecture

For Jack polynomials

Pyx(z+1;7) M\ P, (%7)
PA(LiT) 2 <V> P, (1;7)

Theorem (C-Sahi '24)

TFAE:

@ ADu, i.e, A\; = u; for each i.
. s\(z+1)  su(z+1)

— is Schur positive.
sx(1) s(1)
1 1
ma(z+1) — mu(z+1) is monomial positive.
mx (1) my, (1)
1 1
ez +1) = eulz+1) is elementary positive.
ex(1) eu(1)
P 1; P 1;
° Mot Lir)  PuletLir) is Jack positive over Fx.
P(L;7) Pu(1;7)
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Binomial formulas Containment
Interpolation polynomials Dominance and weak dominance
Symmetric function inequalities A conjecture

Write Sy (1) = 2258 and Sy (z) = Sx(z+ 1), and similarly for M and

]TL FE and E, P* and P*, then

S - S5 = 5 + ig + 85 + 35+ 254 4+ 257:
BZD (] BZD 3201 3 (] H (M
M — M = M + M + 3M; + 2Mf + 3M; + 2Mm;
51] ?] | M H |
Er - = + 2 + 2 + 4Eq + B + 2B
SR B at g g m
Bm - RBp = Bm + ¥Rm + HWRp + WAD + HE v

Recall that when 7 = 1,0, oo, Jack specializes to Schur, monomial and
elementary (conjugated) respectively.

F=Q(7), let Fxo :={/f/g| /g€ Zxo[r],9# 0} and F5¢ :=F3o \ {0}.
In particular, f{rg) > 0 for f€ Fsq and 79 € (0, 00).
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Binomial formulas Containment
Interpolation polynomials Dominance and weak dominance
Symmetric function inequalities A conjecture

Theorem (Cuttler—Greene—Skandera ’11, Sra ’16)

Let |\| = |u|. TFAE:
o \ dominates p, i.e., A\ + -+ X; = p1 + - -+ + py, for each i.
my(z) m

A

o (Muirhead’s inequality =
) @)~ ()
: L en(@)  ew(w)
o (Newton’s inequalit - >0, Vze|0,00)"
( quality) (@) ew() [0, 00)
: L) a(z)  pu(a) o
o (Gantmacher’s inequalit = >0, Vzel0,00
o (Sra’s inequality) @) _ 5u(3) >0, Vzel0,00)"

sa (1) Su(l) -
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Binomial formulas Containment
Interpolation polynomials Dominance and weak dominance
Symmetric function inequalities A conjecture

Theorem (Cuttler—Greene—Skandera ’11, Sra ’16)

Let |\| = |u|. TFAE:
o \ dominates p, i.e., A\ + -+ X; = p1 + - -+ + py, for each i.
my(z) m

A

o (Muirhead’s inequality) —
m(1)  my(1)
: L oex(@)  ew(a)
o (Newton’s inequalit — >0, VYre[0,00)"
( quality) (@) ew() [0, 00)
o . p)\(w) pli(x) n
o (Gantmacher’s inequalit = >0, Vzel0,00
o (Sra’s inequality) @) _ 5u(3) >0, Vzel0,00)"

sa (1) Su(l) -7

Theorem (Khare—Tao ’18)

1 1
A weakly dominates p <= a@+1) = su(@+1) > 0,Vz € [0,00)".
sx(1) su(1)
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Binomial formulas Containment
Interpolation polynomials Dominance and weak dominance
Symmetric function inequalities A conjecture

Conjecture (C—Sahi '24)

For 1 € (0,00),
e (CGS Conjecture for Jack polynomials) Let |\ = |p|. A
dominates p if and only if
Pyx(z;7)  Pu(z;T)

) Pu(l) >0, Vzel0,00)"

o (KT Conjecture for Jack polynomials) A\ weakly dominates p if
and only if
Py(z+1;7) Pu(z+1;7)

OB >0, Vzel0,00)™

v

Note that the CGS conjecture, together with our theorem, implies the
KT conjecture; also, the “if” direction of the CGS conjecture is easily
seen to be true by some degree consideration.
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Containment
Dominance and weak dominance
A conjecture

In two variables,

- SB:D = 15(x1—x2) (31:1 +4z1z2+31;2)

ST

= 11‘1—.55‘2 2:61.’62
o - = 5

_ (t+1)
Bro = B = seep® @ ne

=] 5 = DA
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