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Interpolation Polynomials
Let Pn be the set of all partitions of length at most n, i.e.,
Pn = {λ ∈ Nn | λ1 ⩾ · · · ⩾ λn ⩾ 0 }. Write |λ| :=

∑
λi.

There are four families of interpolation Jack and Macdonald
polynomials, developed by Knop–Sahi (type A) and Okounkov
(type BC). Write AJ for the interpolation Jack polynomials of
type A, and similarly for AM,BJ,BM.

Definition (Interpolation Polynomials)
The unital interpolation polynomial is the unique
W-symmetric function that satisfies the following vanishing and
normalization condition and degree condition:

hµ(λ) = δλµ, ∀λ ∈ Pn, |λ| ⩽ |µ|, (1)

deg hµ ⩽
{
|µ|, F = AJ,AM,BM;

2|µ|, F = BJ.
(2)
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Combinatorial Formulas

Pmonic,J
λ (x; τ) =

∑
T
ψT(τ)

∏
s∈λ

xT(s),

hmonic,AJ
λ (x; τ) =

∑
T
ψT(τ)

∏
s∈λ

(
xT(s) −

(
a′
λ(s) + (n − T(s)− l′λ(s))τ

))
,

hmonic,BJ
λ (x; τ, α) =

∑
T
ψT(τ)

∏
s∈λ

(
x2

T(s) −
(
a′
λ(s) + (n − T(s)− l′λ(s))τ + α

)2
)
,

Pmonic,M
λ (x; q, t) =

∑
T
ψT(q, t)

∏
s∈λ

xT(s),

hmonic,AM
λ (x; q, t) =

∑
T
ψT(τ)

∏
s∈λ

(
xT(s) − qa′

λ(s)tn−T(s)−l′λ(s)
)
,

hmonic,BM
λ (x; q, t, a) =

∑
T
ψT(τ)

∏
s∈λ

(
xT(s) + x−1

T(s)

− qa′
λ(s)tn−T(s)−l′λ(s)a −

(
qa′

λ(s)tn−T(s)−l′λ(s)a
)−1

)

λ = λ+ τδ, λ+ τδ + α, qλtδ, aqλtδ for AJ,BJ,AM,BM, where
δ = (n − 1,n − 2, . . . , 1, 0).
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Extra Vanishing Property and Binomial Coefficients

It is a surprising fact that the interpolation polynomials vanish
at more points than required in the definition.

Proposition (Extra Vanishing Property)

hµ(λ) = 0, unless λ ⊇ µ.

Write λ ⊇ µ if λi ⩾ µi, 1 ⩽ i ⩽ n.

Definition ((Adjacent) Binomial Coefficients)

bλµ =

(
λ

µ

)
= hµ(λ), aλµ :=

{
bλµ, λ :⊃µ;

0, otherwise,

Write λ :⊃µ if λ ⊇ µ and |λ| = |µ|+ 1.
Binomial coefficients appear in Okounkov–Olshanski’s binomial
formula.
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Weighted Sum Formula

Theorem (Sahi 2011, Weighted Sum Formula for bλµ)
Let λ ⊇ µ, and k := |λ| − |µ|. Then in the cases of AJ,AM,

bλµ =
∑

ζ∈Cλµ

wt(ζ)

k−1∏
i=0

aζiζi+1 , (3)

wt(ζ) :=

k−1∏
i=0

∥∥∥ζi

∥∥∥−
∥∥∥ζi+1

∥∥∥∥∥∥ζ0

∥∥∥−
∥∥∥ζi+1

∥∥∥ . (4)

where the sum is over all the chains ζ = (ζ0, . . . , ζk) with

λ = ζ0 :⊃ ζ1 :⊃ · · · :⊃ ζk−1 :⊃ ζk = µ,

and
∥∥∥λ∥∥∥ can be taken to be bλε1 = hε1(λ), with ε1 = (1, 0, . . . , 0).
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Main Results: Binomial Coefficients

Theorem (C–Sahi 2024, Theorem A)
The weighted sum formula Eq. (3) holds for BJ, BM as well.

For each family, we define a cone of positivity, F+ ⊆ F.
For AJ, F = Q(τ) and F+ :=

{
f
g

∣∣∣ f, g ∈ N[τ ] \ 0
}

.
For AM, F = Q(q, t) and F+ consists of functions f(q, t) > 0
when 0 < q, t < 1.

Theorem (C–Sahi 2024, Theorem B, Positivity)
The binomial coefficients bλµ ∈ F+ if and only if λ ⊇ µ.

Theorem (C–Sahi 2024, Theorem C, Monotonicity)
The binomial coefficients bλν − bµν ∈ F+ if λ ⊋ µ ⊇ ν ̸= 0.

6



Applications

Theorem (Okounkov–Olshanski’s Binomial Formula)
Let Pλ be the monic Jack polynomial, and bλµ be the binomial
coefficients for the family AJ. Then

Pλ(x + 1)
Pλ(1)

=
∑
µ⊆λ

bλµ
Pµ(x)
Pµ(1)

, (5)

where 1 = (1n) = (1, . . . , 1).

Theorem (C–Sahi 2024, Theorem F)
TFAE:

1 λ contains µ;

2
sλ(x + 1)

sλ(1)
− sµ(x + 1)

sµ(1)
is Schur positive;

3
Pλ(x + 1)

Pλ(1)
− Pµ(x + 1)

Pµ(1)
is Jack positive.
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Related Results

Recall that for n-tuples λ, µ, we say λ weakly majorizes
(weakly dominates) µ if

∑r
i=1 λi ⩾

∑r
i=1 µi, for all 1 ⩽ r ⩽ n;

λ majorizes µ if, in addition, |λ| = |µ|.

Theorem (Cuttler–Greene–Skandera 2011, Sra 2016)
Let |λ| = |µ|. Then λ majorizes µ if and only if

sλ(x)
sλ(1)

⩾ sµ(x)
sµ(1)

, ∀x ∈ [0,∞)n. (6)

Theorem (Khare–Tao 2018)
λ weakly majorizes µ if and only if

sλ(x + 1)
sλ(1)

− sµ(x + 1)
sµ(1)

⩾ 0, ∀x ∈ [0,∞)n. (7)
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Generalization

Conjecture
Let Pλ be the Jack polynomial and F+ be given as above for AJ.

(CGS Conjecture for Jack polynomials) Suppose |λ| = |µ|.
λ majorizes µ if and only if

Pλ(x)
Pλ(1)

− Pµ(x)
Pµ(1)

∈ F+ ∪ 0, ∀x ∈ [0,∞)n. (8)

(KT Conjecture for Jack polynomials) λ weakly majorizes
µ if and only if

Pλ(x + 1)
Pλ(1)

− Pµ(x + 1)
Pµ(1)

∈ F+ ∪ 0, ∀x ∈ [0,∞)n. (9)
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Littlewood–Richardson Coefficients

Definition (Littlewood–Richardson (LR) Coefficients)
The Littlewood–Richardson (LR) coefficients are defined
by the product expansion

hµ(x)hν(x) =
∑
λ

cλµνhu(x).

Because the top degree terms of the interpolation
Jack/Macdonald polynomials are related to be ordinary
Jack/Macdonald polynomials, cλµν generalizes the corresponding
coefficients for Jack/Macdonald polynomials.
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Main Results: LR Coefficients

Theorem (C–Sahi 2024, Theorem D)

cλµν =
∑

ζ∈Cλµ

wtLR
ν (ζ)

k−1∏
i=0

aζiζi+1 , (10)

wtLR
ν (ζ) :=

k∑
j=0

∏
0⩽i⩽k−1

(∥∥∥ζi

∥∥∥−
∥∥∥ζi+1

∥∥∥)∏
0⩽i⩽k

i̸=j

(∥∥∥ζj

∥∥∥−
∥∥∥ζi

∥∥∥) bζjν . (11)

Theorem (C–Sahi 2024, Theorem E)
Assume λ :⊃µ, then the adjacent LR coefficient cλµν lies in
the cone of positive F+ if λ ⊇ ν ̸= 0 and is 0 otherwise.
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