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What are interpolation polynomials?

They are symmetric polynomials and generalizations of the ordinary
Schur/Jack/Macdonald polynomials: they are inhomogeneous, whose
top degree terms correspond to the ordinary polynomials.

They interpolate the Kronecker delta function (up to certain rank).
They are developed by Knop—Sahi (type 4) and Okounkov (type BC),
also called shifted polynomials by Okounkov.
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What are interpolation polynomials?

They are symmetric polynomials and generalizations of the ordinary
Schur/Jack/Macdonald polynomials: they are inhomogeneous, whose
top degree terms correspond to the ordinary polynomials.

They interpolate the Kronecker delta function (up to certain rank).
They are developed by Knop—Sahi (type 4) and Okounkov (type BC),
also called shifted polynomials by Okounkov.

Today I will introduce these polynomials and the so-called generalized
binomial coefficients and Littlewood—Richardson coefficients associated
to them. I will also talk about some of our recent results, including
two weighted sum formulas, positivity and monotonicity, and an
application to Jack positivity.

The slides of my talk can be found on
https://sites.math.rutgers.edu/~hc813/.
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Partitions

A partition A is a finite or infinite sequence A = (A1, A, ..., Apy ... )
of non-negative integers in weakly decreasing order:

Y

with only finitely many non-zero terms.

The non-zero \; are called parts; the number of parts is called the
length of A, denoted by £(\); the sum of the parts is called the
weight or size of ), denoted by |A\| = A1 + Ao+ ---.
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Partitions

A partition A is a finite or infinite sequence A = (A1, A, ..., Ap, ...
of non-negative integers in weakly decreasing order:

Y

with only finitely many non-zero terms.

The non-zero \; are called parts; the number of parts is called the
length of A, denoted by £(\); the sum of the parts is called the
weight or size of ), denoted by |A\| = A1 + Ao+ ---.

Some reasons that partitions are important:

o Conjugacy classes of the symmetric group S, are indexed by
partitions;

e Many(any) natural bases of the ring of symmetric polynomials
are indexed by partitions.



Symmetric Polynomials

Fix n > 1, the number of variables, and let P,, be the set of partitions
of length at most n. Let A = Z[z1,...,2,]% and Ar = A @z F. In the
following, F will be Q, Q(«), or Q(g, t), where «, ¢, tare
indeterminates.
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of length at most n. Let A = Z[z1,...,2,]% and Ar = A @z F. In the
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The monomial basis: my = 2%, naturally a Z-basis of A.
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Fix n > 1, the number of variables, and let P,, be the set of partitions
of length at most n. Let A = Z[z1,...,2,]% and Ar = A @z F. In the
following, F will be Q, Q(«), or Q(g, t), where «, ¢, tare
indeterminates.

The monomial basis: my =), 2%, naturally a Z-basis of A.

The power sum basis: p, =) . af, and px = px, ---px,. {Pr} is not a
Z-basis of A, for example, mq1 + mg = %(pn + p2), but a Q-basis of
Ag.
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Symmetric Polynomials

Fix n > 1, the number of variables, and let P,, be the set of partitions
of length at most n. Let A = Z[z1,...,2,]% and Ar = A @z F. In the
following, F will be Q, Q(«), or Q(g, t), where «, ¢, tare
indeterminates.
The monomial basis: my = ZQN » %, naturally a Z-basis of A.
The power sum basis: p, =) . af, and px = px, ---px,. {Pr} is not a
Z-basis of A, for example, mq1 + mg = %(pn + p2), but a Q-basis of
Ag.
The Schur basis sy. There are many ways to define them:

det(z7 ")

—7—dcth._l s 1
Sx det("J) (Px—i+5) ZHIT() (1)

T seX
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Symmetric Polynomials

Fix n > 1, the number of variables, and let P,, be the set of partitions
of length at most n. Let A = Z[z1,...,2,]% and Ar = A @z F. In the
following, F will be Q, Q(«), or Q(g, t), where «, ¢, tare
indeterminates.

The monomial basis: my = ZQN » %, naturally a Z-basis of A.

The power sum basis: p, =) . af, and px = px, ---px,. {Pr} is not a
Z-basis of A, for example, mq1 + mg = %(pn + p2), but a Q-basis of
Ag.

The Schur basis sy. There are many ways to define them:

det(z7 ")

—7—dcth._l s 1
SA det(a7) (hxi—it) ZHIT() (1)

T seX
The last one yields the so-called Kostka number Kj,,
5/\ = Z K)\Hm”. (2>
HEA

which can be combinatorially interpreted as the number of
semi-standard tableaux of shape A and weight p.
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Orthogonal Polynomials

Schur polynomials can even be defined abstractly. Define an inner
product (-,-) on A by the following:

(Pxs Pu) = Oxp2n, (3)
where z, is some number. Then s, is the unique polynomial satisfying:
S\ = my + Z meﬂ, <S)\, S#> = 5)\#. (4)

pn<A
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Orthogonal Polynomials

Schur polynomials can even be defined abstractly. Define an inner
product (-,-) on A by the following:

(Pxs Pu) = Oxp2n, (3)
where z, is some number. Then s, is the unique polynomial satisfying:
Sy = my + Z K,\Nm#, <S)\, S#> = (5)\#. (4)

pn<A

More generally, one can define two other inner products:
= Sypmmat® =5 Sl G
<p)\7pu>a = O p0C ’ <p>\7pu>q,t - XMZAE[W’ ( )

Then there is a unique Pg\a)(:v) in Ag(q) and a unique Py(z; ¢, t) in
Ag(q,1), called Jack and Macdonald polynomials, satisfying

Py=mx+ > uaumyu, (Px,Pu)=0, \#pu. (6)
<A
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Orthogonal Polynomials

Schur polynomials can even be defined abstractly. Define an inner
product (-,-) on A by the following:

(Pxs Pu) = Oxp2n, (3)
where z, is some number. Then s, is the unique polynomial satisfying:
Sy = my + Z K,\Nm#, <S)\, S#> = (5)\#. (4)

pn<A

More generally, one can define two other inner products:
= Sypmmat® =5 Sl G
<p)\7pu>a = O p0C ’ <p>\7pu>q,t - XMZAE[W’ ( )

Then there is a unique Pg\a)(:v) in Ag(q) and a unique Py(z; ¢, t) in
Ag(q,1), called Jack and Macdonald polynomials, satisfying

Py=mx+ > uaumyu, (Px,Pu)=0, \#pu. (6)
<A

When a =1 or ¢ = t, P, becomes s).
17



Interpolation Polynomials

There are four families of interpolation Jack and Macdonald
polynomials, developed by Knop-Sahi (type A) and Okounkov (type
BC). Denote by AJ, AM the type A interpolation polynomials and
similarly BJ, BM for type BC. They can uniformly defined as follows:

Definition (Interpolation Polynomials)

The unital interpolation polynomial is the unique WW-symmetric
function that satisfies the following interpolation condition and degree

condition:
hu(X) = Oy YA€ Py, [A] < ul, (7)
, AJ,AM, BM;
deg hy, = il (8)
2|pl, BJ,

where, X is some shifting of A, depending on the family.

1R



Combinatorial Formulas

Okounkov showed that they admit the following combinatorial
formulas: (The Jack parameter 7 corresponds to Macdonald’s 1/«)

jpmonic, J(L ) = le)T(T H T1(s)s

SEX

RO (4 = S pr(r) [ (zT(s> - (a&(s) + (n— T(s) — l&(s))f)) ,
T

SEA

hr}x\lonic,BJ(z; T a) = ZwT(T) H (miw — (a;(s) + (n— T(s) — I\ ()T + a)z) 7

SEX

4 - 3 erta 0 [

SEX

hTonlc AM(Z @t = Zd’T(% ) H (IT( - q"kmt"*T( )*’A“))

SEA

h’;o"ic’BM(ﬁ gt a) = Z Yr(g,t) H (IT(s) + I;(ls)

T SEA

1
B qa&(s) ST =B, (qa,l)\(s) T =15 () ) )

where all the sums are over column-strict reverse tableaux T : A — [n], i.e., weakly
decreasing along the rows and strictly decreasing along the columns.

X=X+76 A+75+a, t°, ag*t® for AJ, BI, AM, BM, where § = (n—1,...,1,0).
19



Examples

Let n=2, u = (3,2), one can find s, = P}, = P\' = my, = a}a3 + 2743,

PReMeAT — gy (my — 1) (1 — 1)(m — 2 —7)
+xpx1 (22 — 1) (21 — 1) (22 — 2)
= :El.’L’Q(l’l - 1)(3:2 - 1)(51:1 + 22— T = 4)

hmomC AM = (22— 1)(z1 — 1)(22 — q) (21 — ¢)( )
+(m2 = 1)(21 — 1)(22 — q) (71 — Q)(iﬂz )
= (@ —1)(m— )11 — ez — (11 + 2 — ¢t — )
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Examples

Let n=2, u = (3,2), one can find s, = P}, = P\' = my, = 2323 + 2743,

h/Tonic,AJ — 1172$1($2 _ 1)(3;1 — 1)(3}1 —2— T)
Faozi (22 — 1) (21 — 1) (72 — 2)
=map(zr — 1) (22 — 1) (21 + 130 — 7 — 4)
hmonlc AM (562 _ 1)($1 — 1)(3:2 — q)(a:l — q q2t

(22 — 1) (21 — 1)(22 — @) (=1 — Q)(l’z - 7)
= (21— D)z — V(21 — Q)(m2 — @) (21 + 12 — @t — ¢*)
The defining condition involves the following 12 partitions:
(0,0),(1,0),(1,1),(2,0),(2,1),(3,0),(2,2),(3,1),(4,0), (3,2), (4,1), (5,0).

Note that (A1, A2) = (A1 + 7, \2), (¢, ¢*2). Because of the
factorizations, one can easily see that h, vanishes at all but (3,2).
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Let n=2, u = (3,2), one can find s, = P}, = P\' = my, = 2323 + 2743,

h/Tonic,AJ — 1172$1($2 _ 1)(3;1 — 1)(3}1 —2— T)
Faozi (22 — 1) (21 — 1) (72 — 2)
=map(zr — 1) (22 — 1) (21 + 130 — 7 — 4)
hmonlc AM (562 _ 1)($1 — 1)(3:2 — q)(a:l — q qzt

(22 — 1) (21 — 1)(22 — @) (=1 — Q)(332 - )
= (21— D)z — V(21 — Q)(m2 — @) (21 + 12 — @t — ¢*)

The defining condition involves the following 12 partitions:
(0,0),(1,0),(1,1),(2,0),(2,1),(3,0),(2,2),(3,1),(4,0), (3,2), (4,1), (5,0).

Note that (A1, A2) = (A1 + 7, \2), (¢, ¢*2). Because of the
factorizations, one can easily see that h, vanishes at all but (3,2).

Moreover, h, also vanishes at (m,0) and (m—1,1) Vm > 6
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Examples

Let n=2, u = (3,2), one can find s, = P}, = P\' = my, = 2323 + 2743,

h/Tonic,AJ — 1172$1($2 _ 1)(3;1 — 1)(3}1 —2— T)
Faozi (22 — 1) (21 — 1) (72 — 2)
=map(zr — 1) (22 — 1) (21 + 130 — 7 — 4)
hmonlc AM (562 _ 1)($1 — 1)(3:2 — q)(a:l — q qzt

(22 — 1) (21 — 1)(22 — @) (=1 — Q)(332 - )
= (21— D)z — V(21 — Q)(m2 — @) (21 + 12 — @t — ¢*)

The defining condition involves the following 12 partitions:
(0,0),(1,0),(1,1),(2,0),(2,1),(3,0),(2,2),(3,1),(4,0), (3,2), (4,1), (5,0).

Note that (A1, A2) = (A1 + 7, \2), (¢, ¢*2). Because of the
factorizations, one can easily see that h, vanishes at all but (3,2).

Moreover, h, also vanishes at (m,0) and (m—1,1) Vm > 6
Warning: In most cases, no complete factorization!
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Extra Vanishing Property and Binomial Coefficients

In general, it is a surprising fact that the interpolation polynomials
vanish at more points than required in the definition.

Proposition (Knop—Sahi, Okounkov '90s, Extra Vanishing Property)

hu(X\) =0, unless A2 p.

Write A D pif A\; > py, 1 < 4

N

n.

24



Extra Vanishing Property and Binomial Coefficients

In general, it is a surprising fact that the interpolation polynomials
vanish at more points than required in the definition.

Proposition (Knop—Sahi, Okounkov '90s, Extra Vanishing Property)

h,(A) =0, wunless X2 p.

Write A\D pif \j > g, 1 < i< ne

Definition ((Adjacent) Binomial Coefficients)

A — by, A:Du;
b = <M> =h(N), an = { !

0, otherwise,

Write A:Dpif A D pand |A| = |u| + 1.
Binomial coefficients appear in Okounkov—Olshanski’s binomial
formula.

Some combinatorial formulas for adjacent binomial coefficients are
given in [C-Sahi, Prop 4.3].

25



Some Known Results
A Pieri Rule

Temporarily, consider the family AJ and AM only.

Lemma (Sahi 11, Pieri Rule)

Let ey = (1,0"1) = (1,0,...,0) and u € P,,. Then

(h€1 (z) — hfl(/_’t)) : hu(x) = Z (hsl @) — hﬂ(ﬁ)) a,,uh,,(:c). (9)

Compare the two sides at A for |A| < |u| + 1.

26



Some Known Results

Recursion

Let HXH = bye, = hey (V). Write A = (ax,), B= (ban), Z= ([ 6x,).

Theorem (Sahi ’11, Recursion Formula)

@ The following recursions characterize by,,:
(1) ban = 1) (|X]| =17 ) brw = 3 ox (1711 =117l ) - (20)
VD W

@ The matrices A, B, Z satisfy the commutation relations:

(i) [Z,B) = B[Z,A], (i) [Z2,B™')|=—[2,AB~*. (11)

v

Evaluate the Pieri rule at \. ]

27




Some Known Results
Weighted Sum Formula

Theorem (Sahi "11, Weighted Sum Formula for by,)

Let A D p, and k== |A| — |ul.

k—1
b)\,u = Z Wt(C) H a’CiCi+17 (12)
CeCH, =0
[ [
H (13)
o[l =[]
where the sum is over all the chains ¢ = (o, - - ., Ck) with

A=Co:D¢: D :DCk-1:DC = N,

(i.e., standard tableaux of skew shape \/u).

IR



Main Results: Binomial Coefficients

Theorem (C—-Sahi, Lemma 3.1, Theorem 3.2, Theorem A)

The aforementioned Pieri rule, recursion formula, and weighted sum
formula hold for BJ, BM as well.

20



Main Results: Binomial Coefficients

Theorem (C—-Sahi, Lemma 3.1, Theorem 3.2, Theorem A)

The aforementioned Pieri rule, recursion formula, and weighted sum
formula hold for BJ, BM as well.

For each family, we define a cone of positivity FT in the base field
F. For example:

For AJ, F = Q(7) and F* == { L
feFT, f(r) >0, when 7 > 0.

For AM, F = Q(g, t) and F* consists of functions f(q, t) > 0 when
0<gt<l.

figeN[T]\0 } In particular, for

Theorem (C—Sahi, Theorem B, Positivity)

The binomial coefficients by, € FT if and only if X D p.
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Main Results: Binomial Coefficients

Theorem (C—-Sahi, Lemma 3.1, Theorem 3.2, Theorem A)

The aforementioned Pieri rule, recursion formula, and weighted sum
formula hold for BJ, BM as well.

For each family, we define a cone of positivity FT in the base field
F. For example:

For AJ, F = Q(7) and F* == { L
feFT, f(r) >0, when 7 > 0.

For AM, F = Q(g, t) and F* consists of functions f(q, t) > 0 when
0<gt<l.

figeN[T]\0 } In particular, for

Theorem (C-Sahi, Theorem B, Positivity)

The binomial coefficients by, € FT if and only if X D p.

Theorem (C—Sahi, Theorem C, Monotonicity)

The binomial coefficients by, — by, € FT if A D p D v #0.
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An Application

Theorem (Okounkov—Olshanski ’97, Binomial Formula)

Let Py be the Jack polynomial, and by, be the binomial coefficients for
the family AJ. Write1 = (1") = (1,...,1). Then

Py ( a:+ 1) (2)
=D bAu Ol (14)
vCA
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An Application

Theorem (Okounkov—Olshanski ’97, Binomial Formula)

Let Py be the Jack polynomial, and by, be the binomial coefficients for
the family AJ. Write1 = (1") = (1,...,1). Then

Py ( a:+ 1) (2)
)\ Z b)\yil. (14)
vCA

<

Theorem (C-Sahi, Theorem F)

TFAE:

Q ) contains u;
sa(z+1)  su(z+1)

is Schur positive;

sx(1) s (1)
o P’}Ef(—il_)l) = P‘}:(.f(—il—)l) is Jack positive.
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Related Results

Recall that we say A weakly majorizes (weakly dominates) p if
Sy Ai =D i, for all 1 < r< n; A majorizes (dominates) y if,
in addition, |A| = |u.

Theorem (Cuttler—Greene—Skandera ’11, Sra ’16)

Let |\| = |u|. Then X majorizes p if and only if

>0, Vzel0,00)" (15)

A weakly majorizes p if and only if

sa(z+1)  su(z+1) " o)
o) (D) >0, Vzel0,00)". (16)

Ry



Generalization

Let Py be the Jack polynomial and Fyy = {f/g| f, g € Rso[r]\ 0}.
o (CGS Conjecture for Jack polynomials) Suppose |A| = |p|. A
magorizes p if and only if

Pr(z) _ Pu()

(1) Pu(1)

eF{ U0, Vze[0,00)™ (17)

o (KT Conjecture for Jack polynomials) \ weakly majorizes p if

and only if
Px(z+1) Pu(z+1) eFf U0, Vzel[0,00)™ (18)
Py(1) Pu(1) c |

v

2359



Littlewood—Richardson Coefficients

Definition (Littlewood-Richardson Coefficients)

The Littlewood—Richardson coefficients are defined by the
product expansion

hu(@)h(2) =Y G ha().
A

Because the top degree terms of the interpolation polynomials are
related to be ordinary ones, these cﬁy generalize the usual LR
coefficients for Jack/Macdonald polynomials.

They are good for induction or recursion purpose [Sahi '11], as

interpolation polynomials are inhomogeneous.
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Main Results: LR Coefficients

Theorem (C—Sahi, Theorem D, Weighted Sum Formula for c;\”/)

k—1
ci\w = Z WtIIjR(C) H A¢iCig1o (19)
=0

CECH,
_‘ Cl+1H)

wIN

Ci

gy =Y S e (20)
O LT
&

Q7



Main Results: LR Coefficients

Theorem (C-Sahi, Theorem D, Weighted Sum Formula for ¢}

24 )

k—1
ci\w = Z WtI;R(C) H AiCiv1s (19)
=0

CECH,
s
wt, (C) = < H (HZJH —‘C ) ijV' (20)
%

A special case: when A = v, cf; » = bau, and the weighted sum formula
for LR coeflicients degenerates to that for binomial coefficients.
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Main Results: LR Coefficients

Theorem (C—Sahi, Theorem D, Weighted Sum Formula for ¢

llll/)

D= WtﬁR(C)lﬁ%cM, (19)
=0
(el -l )

ijV' (20)
= L (el -lel)
A special case: when A = v, cf; » = bau, and the weighted sum formula

for LR coeflicients degenerates to that for binomial coefficients.
Another special case: when A:D p, ¢, = ax,(bay — buv)-

Theorem (C-Sahi, Theorem E)

Assume X :D p, then the adjacent LR coefficient c>‘ lies in the
cone of positive FT if A D v #0 ag)zrcli is 0 otherwise.
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