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Binomial formula: the classical case

We have the classical Newton’s binomial theorem.

Theorem
For non-negative integers m,n, and a variable x,

(x + 1)n =
∑
m

(
n
m

)
xm

In fact, n could be any real number, and x is a real number in a
neighborhood of 0.

Question
How to generalize this to symmetric polynomials?
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Partitions and symmetric polynomials

Fix n ⩾ 1, the number of variables.
A partition is a sequence λ = (λ1, . . . , λn) ∈ Zn, such that

λ1 ⩾ λ2 ⩾ · · · ⩾ λn ⩾ 0.

Denote by Pn the set of such partitions. The length ℓ(λ) is the
number of non-zero parts, and the size is |λ| =

∑
λi.

Many (any) interesting bases of the ring of symmetric polynomials are
indexed by partitions, to name a few, the monomial mλ =

∑
α∼λ xα,

the power-sum pλ = pλ1 · · · pλℓ
, and the elementary eλ = eλ1 · · · eλℓ

,
where pr = m(r) =

∑
i xr

i , er = m(1r) =
∑

i1<···<ir
xi1 · · · xir .
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Schur, Jack and Macdonald polynomials

The most important basis is perhaps Schur polynomials sλ.

sλ =
det(xλj+n−j

i )

det(xn−j
i )

= det(eλ′
i−i+j) =

∑
T

∏
s∈λ

xT(s).

• For combinatorics, Schur polynomials are generating functions of
Young tableaux.
• For rep theory, Schur polynomials correspond bijectively to all
irreducible characters of the symmetric groups.

Jack P(α)
λ (x) and Macdonald Pλ(x; q, t) are generalizations of Schur

and many other polynomials.
Schur: α = 1 or q = t;
monomial: α = ∞ or t = 1;
transposed elementary: α = 0 or q = 1.
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Binomial formula: the Jack case
Let x = (x1, . . . , xn) and 1 = (1n) = (1, . . . , 1). Okounkov and
Olshanski (’97) prove the following for Jack polynomials:

(x + 1)n =
∑
m

(
n
m

)
xm

Pλ(x + 1)
Pλ(1)

=
∑
µ

(
λ

µ

)
Pµ(x)
Pµ(1)

(
n
m

)
=

x(x − 1) · · · (x − m + 1)
m!

∣∣∣∣∣
x=n(

λ

µ

)
= P∗

µ(x)
∣∣∣∣∣
x=λ

These P∗
µ are called shifted Jack polynomials. A (un)shifted version is

interpolation Jack polynomials [Sahi ’94], [Knop–Sahi ’96].
x(x − 1) · · · (x − m + 1) is inhomogeneous, with top deg part = xm.
P∗
µ is inhomogeneous, with top deg part = a multiple of Pµ.
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Interpolation polynomials

Definition
The unital interpolation polynomial, denoted by hµ, is the unique
symmetric function that satisfies the following interpolation condition
and degree condition:

hµ(λ) = δλµ, ∀λ ∈ Pn, |λ| ⩽ |µ|, (1)
deg hµ = |µ| (2)

where λi = λi + (n − i)/α.

Let n = 2, µ = (3, 2), hmonic
µ = x1x2(x1 − 1)(x2 − 1)(x1 + x2 − 1/α− 4).

The defining condition involves the following 12 partitions:

(0, 0), (1, 0), (1, 1), (2, 0), (2, 1), (3, 0), (2, 2), (3, 1), (4, 0), (3, 2), (4, 1), (5, 0).

We have (λ1, λ2) = (λ1 + 1/α, λ2). Because of the factorizations, one
can easily see that hµ vanishes at all but (3, 2).
Moreover, hµ also vanishes at (m, 0) and (m − 1, 1) ∀m ⩾ 6.
Warning: In most cases, no complete factorization!

Hong Chen Symmetric & interpolation poly 6 / 10
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Vanishing, positivity, monotonicity

Define a partial order on partitions: λ ⊇ µ if λi ⩾ µi for each i.

•
(

n
m

)
= 0 unless n ⩾ m;

(
λ

µ

)
= 0 unless λ ⊇ µ [Knop–Sahi,

Okounkov ’90s];

•
(

n
m

)
> 0 when n ⩾ m;

(
λ

µ

)
> 0 when λ ⊇ µ [Sahi ’11, C–Sahi ’24];

•
(

n
k

)
⩾

(
m
k

)
when n ⩾ m;

(
λ

ν

)
⩾

(
µ

ν

)
when λ ⊇ µ [C–Sahi ’24].

Moreover, there are interpolation Macdonald polynomials; as well as
interpolation Jack and Macdonald polynomials of type BC.
We prove the positivity and the monotonicity for binomial coefficients
associated to these interpolation polynomials (Theorems B and C).
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Application
For Jack polynomials

Pλ(x + 1) =
∑
ν

(
λ

ν

)
Pν(x)

Theorem (C–Sahi ’24, Theorem F)
TFAE:

λ contains µ;
Pλ(x + 1)

Pλ(1)
− Pµ(x + 1)

Pµ(1)
is Jack positive;

mλ(x + 1)
mλ(1)

− mµ(x + 1)
mµ(1)

is monomial positive;

sλ(x + 1)
sλ(1)

− sµ(x + 1)
sµ(1)

is Schur positive;

eλ′(x + 1)
eλ′(1) − eµ′(x + 1)

eµ′(1) is elementary positive.
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Related results

Theorem (Cuttler–Greene–Skandera ’11, Sra ’16)

Let |λ| = |µ|. TFAE:
λ majorizes µ, i.e., λ1 + · · ·+ λi ⩾ µ1 + · · ·+ µi, for each i;

(Muirhead’s inequality) mλ(x)
mλ(1)

− mµ(x)
mµ(1)

⩾ 0, ∀x ∈ [0,∞)n;

(Newton’s inequality) eλ′(x)
eλ′(1) −

eµ′(x)
eµ′(1) ⩾ 0, ∀x ∈ [0,∞)n;

(Gantmacher’s inequality) pλ(x)
pλ(1)

− pµ(x)
pµ(1)

⩾ 0, ∀x ∈ [0,∞)n;

(Sra’s inequality) sλ(x)
sλ(1)

− sµ(x)
sµ(1)

⩾ 0, ∀x ∈ [0,∞)n.

Theorem (Khare–Tao ’18)

λ weakly majorizes µ if and only if sλ(x)
sλ(1)

− sµ(x)
sµ(1)

⩾ 0, ∀x ∈ [0,∞)n.
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Conjecture

Conjecture
(CGS Conjecture for Jack polynomials) Let |λ| = |µ|. λ majorizes
µ if and only if

Pλ(x)
Pλ(1)

− Pµ(x)
Pµ(1)

⩾ 0, ∀x ∈ [0,∞)n; (3)

(KT Conjecture for Jack polynomials) λ weakly majorizes µ if
and only if

Pλ(x)
Pλ(1)

− Pµ(x)
Pµ(1)

⩾ 0, ∀x ∈ [1,∞)n. (4)

Note: It suffices to prove that λ majorizes µ implies Eq. (3).
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