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Abstract

We study the binomial coefficients and Littlewood–Richardson coefficients associated
to interpolation polynomials. We give a weighted sum formula and prove that such
binomial coefficients are positive and monotone. As an application, we prove various
inequalities on Jack polynomials and their specializations, monomial, Schur and elemen‐
tary symmetric polynomials, generalizing similar inequalities due to Cuttler–Greene–
Skandera, Sra and Khare–Tao.

Motivations and Preliminaries

The following Newton’s binomial formula is well‐known:

(x + 1)n =
∑

m

(
n

m

)
xm. (1)

The binomial coefficient
(

n
m

)
= n(n−1)···(n−m+1)

m! satisfies many simple properties:
(Polynomiality) (

(
n
m

)
)n is a polynomial;

(Vanishing)
(

n
m

)
= 0 unless n ⩾ m;

(Positivity)
(

n
m

)
> 0 if n ⩾ m;

(Monotonicity)
(

n
k

)
⩾

(
m
k

)
if n ⩾ m.

One natural question is to generalize these into symmetric polynomials in n variables.
Symmetric polynomials are usually indexed by partitions. A partition of length at most
n is an n‐tuple λ = (λ1, . . . , λn) ∈ Nn such that λ1 ⩾ · · · ⩾ λn ⩾ 0. The monomial
mλ, elementary eλ, Schur sλ and power‐sum pλ are the most basic examples of sym‐
metric polynomials. Jack polynomials are one‐parameter generalizations of the first
three: they depend on a parameter τ (= 1/α), and reduce to the monomial, Schur and
transposed elementary when τ = 0, 1, ∞. Macdonald polynomials are two‐parameter
generalizations: they depend on two parameters q, t, and reduce to the monomial,
Schur and transposed elementary when t = 1, q = t, q = 1 (and many other interesting
families).

Okounkov–Olshanski generalized the binomial theorem to Jack polynomials:
Pλ(x + 1; τ )

Pλ(1; τ )
=
∑

µ

(
λ

µ

)
τ

Pµ(x; τ )
Pµ(1; τ )

, (2)

where x = (x1, . . . , xn), 1 = (1, . . . , 1), Pλ is the monic Jack polynomial, and
(

λ
µ

)
τ
is the

generalized binomial coefficient. Okounkov–Olshanski showed the polynomiality of
generalized binomial coefficients: they are evaluations of the so‐called interpolation
Jack polynomials (also known as shifted Jack polynomials), first defined by Knop–Sahi.
Okounkov also found a binomial formula for Macdonald polynomials, whose binomial
coefficients are given by interpolation Macdonald polynomials.

Let F be the field of rational functions in the corresponding parameters, F =
Q(τ ),Q(q, t). The interpolation polynomials, of unital normalization, can be uniformly
defined as the unique symmetric polynomial over F satisfying the following interpola‐
tion condition and degree condition:

hµ(λ) = δλµ, |λ| ⩽ |µ|; deg hµ = |µ|, (3)

where |λ| =
∑

λi is the size of λ and the shifting is given by λi = λi + (n − i)τ, qλitn−i

for Jack and Macdonald, respectively.

For example, when n = 2 and µ = (3, 2), the monic interpolation Jack polynomial is
hmonic

(3,2) (x1, x2) = x1x2(x1 − 1)(x2 − 1)(x1 + x2 − τ − 4).

One can easily verify that hmonic
(3,2) ((3, 2)) = hmonic

(3,2) (3 + τ, 2) ̸= 0 and hmonic
(3,2) vanishes at

(2, 2) = (2 + τ, 2), (m, 0) = (m + τ, 0) and (m − 1, 1) = (m − 1 + τ, 1), more points
than required in the definition. In general, such phenomenon is known as the extra
vanishing property: (

λ

µ

)
:= hµ(λ) = 0 unless λ ⊇ µ. (4)

These evaluations are called the (generalized) binomial coefficients. When µ = (1) or
|λ| = |µ|+1, they can be computed by some combinatorial formulas in Proposition 4.3.

The interpolation Littlewood–Richardson coefficients are defined by the product ex‐
pansion:

hµ(x)hν(x) =
∑

λ

cλ
µνhλ(x). (5)

Some Inequalities

Recall that for partitions λ and µ of length at most n, we say λ weakly majorizes (or,
weakly dominates) µ, if

∑r
i=1 λi ⩾

∑r
i=1 µi, for 1 ⩽ r ⩽ n; if, in addition, |λ| = |µ|, we

say λ majorizes (or, dominates) µ.

In the work of Muirhead, Cuttler–Greene–Skandera and Sra, they showed that ma‐
jorization can be characterized by the following inequalities: assume |λ| = |µ|,

λ majorizes µ ⇐⇒ mλ

mλ(1)
− mµ

mµ(1)
⩾ 0 ⇐⇒ e′

λ

e′
λ(1)

−
e′

µ

e′
µ(1)

⩾ 0

⇐⇒ pλ

pλ(1)
− pµ

pµ(1)
⩾ 0 ⇐⇒ sλ

sλ(1)
− sµ

sµ(1)
⩾ 0,

where mλ, eλ, pλ, sλ are monomial, elementary, power‐sum and Schur polynomials and
a polynomial f ⩾ 0 means that when evaluated at the positive orthant x ∈ [0, ∞)n,
f (x) ⩾ 0.
Khare–Tao showed a similar characterization for weak majorization:

λ weakly majorizes µ ⇐⇒ sλ(x + 1)
sλ(1)

− sµ(x + 1)
sµ(1)

⩾ 0, ∀x ∈ [0, ∞)n.

OurWork

We prove that the binomial coefficients and the interpolation Littlewood–Richardson
coefficients satisfy some similar properties as the classical ones.

Theorem 1 (Positivity and Monotonicity)

View the parameter as real numbers satisfying: τ > 0, and 0 < q, t < 1.
(Positivity)

(
λ
µ

)
> 0 if and only if λ ⊇ µ;

(Monotonicity)
(

λ
ν

)
⩾

(
µ
ν

)
if λ ⊇ µ;

(Positivity) cλ
µν ⩾ 0 if λ = µ or

|λ| = |µ| + 1.

As an application of the monotonicity, we have the following characterization:

Theorem 2 (Characterization of Containment)

Let λ and µ be partitions of length at most n. Then λ contains µ if and only if one of the
following holds:

sλ(x+1)
sλ(1) − sµ(x+1)

sµ(1) is Schur positive;
mλ(x+1)

mλ(1) − mµ(x+1)
mµ(1) is monomial positive;

eλ(x+1)
eλ(1) − eµ(x+1)

eµ(1) is elementary positive;
Pλ(x+1;τ )

Pλ(1;τ ) − Pµ(x+1;τ )
Pµ(1;τ ) is Jack positive,

where the Jack positivity is over F⩾0 := {f (τ ) ∈ Q(τ ) | f (τ0) ⩾ 0, ∀τ0 ∈ [0, ∞]}.

For example, write Sλ(x) = sλ(x)
sλ(1) and S̃λ(x) = Sλ(x + 1), and similarly for M and M̃ , E

and Ẽ, P ∗ and P̃ ∗, then
S̃ − S̃ = S + 4

3S + 8
3S + 3S + 2S + 2S ;

M̃ − M̃ = M + M + 3M + 2M + 3M + 2M ;

Ẽ − Ẽ = E + 2E + 2E + 4E + E + 2E ;

P̃ ∗ − P̃ ∗ = P ∗ + 2τ+2
τ+2 P ∗ + 2τ+6

τ+2 P ∗ + 4τ+2
τ+1 P ∗ + τ+3

τ+1P
∗ + 2P ∗ .

The positivity of the binomial coefficients are proved using the following weighted sum
formulas. Denote by Cλµ the set of paths κ = (κ(0), . . . , κ(k)) from λ to µ, i.e.,

λ = κ(0) ⊇ κ(1) ⊇ · · · ⊇ κ(k − 1) ⊇ κ(k) = µ,

such that |κ(i)| − |κ(i + 1)| = 1.

Theorem 3 (Weighted Sum Formulas)

The binomial coefficients
(

λ
µ

)
and the interpolation LR coefficients cλ

µν admit the following
weighted sum formulas:(

λ

µ

)
=

∑
κ∈Cλµ

wt(κ)
(

λ

κ(1)

)
· · ·

(
κ(k − 1)

µ

)
, (6)

cλ
µν =

∑
κ∈Cλµ

wtLR
ν (κ)

(
λ

κ(1)

)
· · ·

(
κ(k − 1)

µ

)
, (7)

where the weights wt(κ) and wtLR
ν (κ) are given by Eqs. (3.8) and (3.20) of the paper; and

each of the adjacent binomial coefficients
(

κ(i)
κ(i+1)

)
can be explicitly computed via Proposition

4.3. In particular, cλ
µν =

(
λ
ν

)
if λ = µ and cλ

µν =
(

λ
µ

) ((
λ
ν

)
−
(

µ
ν

))
if |λ| = |µ| + 1.

The formula for binomial coefficients are first discovered in 2011 by Sahi and we gen‐
eralize it to type BC analogues of interpolation polynomials; the formula for LR coef‐
ficients are new in all cases, interpolation Jack and Macdonald polynomials of types A
and BC .

We endwith a conjecture that generalizes the inequalities of Cuttler–Greene–Skandera
and Khare–Tao to Jack polynomials:

Conjecture

Let λ and µ be partitions of length at most n, Pλ be the monic Jack polynomials, and let
FR
⩾0 := { f (τ ) ∈ R(τ ) | f (τ0) ⩾ 0, ∀τ0 ∈ [0, ∞] }.
(CGS Conjecture for Jack polynomials) Assume |λ| = |µ|. λ majorizes µ if and only if

Pλ(x; τ )
Pλ(1; τ )

− Pµ(x; τ )
Pµ(1; τ )

∈ FR
⩾0, ∀x ∈ [0, ∞)n. (8)

(KT Conjecture for Jack polynomials) λ weakly majorizes µ if and only if
Pλ(x + 1; τ )

Pλ(1; τ )
− Pµ(x + 1; τ )

Pµ(1; τ )
∈ FR

⩾0, ∀x ∈ [0, ∞)n. (9)

Note that the CGS conjecture, together with Theorem 2, implies the KT conjecture;
and that the “if” direction of it is easily seen to be true by some degree consideration.
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