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The classical cases
The Schur case

The Jack case

The Macdonald case

For non-negative integers m, n, and an indeterminate z,
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Newton: n could be any real number, and x is a real number in a
neighborhood of 0.

Cauchy: ¢-binomial formula
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Binomial formulas
Interpolation polynomials
Symmetric function inequalities

The classical cases
The Schur >

The Jack case

The Macdonald case

For non-negative integers m, n, and an indeterminate z,
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Newton: n could be any real number, and x is a real number in a
neighborhood of 0.
Cauchy: ¢-binomial formula
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How to generalize this to symmetric polynomials?
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The classical cases
The Schur case
The Jack case
The Macdonald case

Let A= (A > >

> An) € Z%, be an integer partition. Schur
polynomial in z = (z,. .., :zzn) is defined by

det( Ajtn— ])
det(a )
In 1978, Lascoux (see [Macdonald, P.47]) showed that

A(z+1) Z x5 ()

uCA

where 1 =(1,...,1) and

dA# = det (i(Ai-+ " i))
pitn=) 1<i
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ical cases

Binomial formulas

Interpolation polynomials r case

The Jack case

S ctric function inequalities
YGRS FHHCHOR SHEquaiies The Macdonald case

Jack polynomial Py (z;7) is a deformation of Schur, depending on a
parameter 7(= 1/a):

7 =1: Schur; 7 =0: monomial; 7 = co: transposed elementary;
T= %,2: Zonal.

In the '90s, Lassalle, Kaneko, Okounkov—Olshanski studied the Jack

Pyx(z+1;7) A\ Pu(zT)
PA(1;7) _%:<M>TP (1;7)’

where the binomial coefficient is the evaluation of the interpolation
Jack polynomial hy:
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Binomial formulas
Interpolation polynomials

S ctric function inequalities .
ymmetric function inequalities v i P

Macdonald polynomial Py(z; ¢, t) depends on two parameters g, t:
g=t: Schur; ¢=1: monomial; ¢= 1: transposed elementary;
g = 0: Hall-Littlewood; ¢ = 0: ¢-Whittaker

In 1998, Okounkov and Lassalle proved:

Pr(zmq.t) _ > <>\> by o™ (2 7)
PA(#5q.1) 2= \p/) gy Pult7)

where the binomial coefficient is the evaluation of the interpolation
Macdonald polynomial 5,,:
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Definition
Combinatorial formulas

Examples

Properties of binomial coefficients

Binomial formulas
Interpolation polynomials
Symmetric function inequalities

Definition
The unital interpolation polynomial, denoted by h,,, is the unique
symmetric polynomial that satisfies the following interpolation
condition and degree condition:
hu(N) = 0x, 1A < Jul,
deg hy, = |pl,

where X\; = A\; 4+ (n — i)7 in the Jack case, and X\; = ¢*#"~? in the
Macdonald case.
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Definition
Combinatorial formulas

Examples

Properties of binomial coefficients

Binomial formulas
Interpolation polynomials
Symmetric function inequalities

Definition

The unital interpolation polynomial, denoted by h,,, is the unique
symmetric polynomial that satisfies the following interpolation
condition and degree condition:
hu(X) = O, I < ul,
deg by, = |l

where X\; = A\; 4+ (n — i)7 in the Jack case, and X\; = ¢*#"~? in the
Macdonald case.

This normalization is called unital as (ﬁ) = h,(m) = 1.

The monic normalization hﬁ‘onic is defined so that the coefficient of

monic __
hﬂ

my, is 1. = P, + lower degree terms.
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Definition
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Combinatorial formulas

Interpolation polynomials

: on B o Examples
Symmetric function inequalities I

Properties of binomial coefficients

Definition

The unital interpolation polynomial, denoted by h,,, is the unique
symmetric polynomial that satisfies the following interpolation
condition and degree condition:

hu(N) = s (A< ual,
deg hy, = |pl,

where \; = \; + (n — 9)7 in the Jack case, and \; = ¢*#"~% in the
Macdonald case.

This normalization is called unital as (Z) = h,(m) = 1.

The monic normalization hﬁ‘onic is defined so that the coefficient of
my, is 1. h}°%¢ = P, + lower degree terms.

The above is type A interpolation polynomials, introduced by
Knop—Sahi in the ’90s. Okounkov also introduced a type BC

analogue, defined by setting A\; = A\; + (n — )7 + @ and ag*t" "
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Definition
Combinatorial formulas

Examples

Properties of binomial coefficients

Binomial formulas
Interpolation polynomials
Symmetric function inequalities

Okounkov—Olshanski proved the following combinatorial formulas:

monlc Tagr) = Zd’T(T H O1(sys

SEX

hx}\:lonic,AJ(z; 7-) — Zd)T(T) H (z’l‘(s) — (a;\(s) —+ (n — T(S) — l; (S))T)) N
T

SEA

pmonic,BI (g1 o) — quT(T) I (xT(S) (a&(s) + (n— T(s) = I (s))T + a)Q) ;
SEX
PonieM (g 0 1y Z Yr(a, t) [ [ 1),

SEA

hmomc AI\/I(z 4 t) _ Zd)T(% t) H (II( - qa>\(5>tn T(S)*lx(s))

SEX

BN 0 = 3 et 0 T (w + o7,

SEAX

1
B qa;\(s) T =), (qag\(s) =T 1 () a) )

where all the sums are over column-strict semi-standard reverse tableaux T : A — [n],

i.e., weakly decreasing along the rows and strictly decreasing along the columns.
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Definition

Combinatorial formulas
Examples

Properties of binomial coefficients

Let n=2 3,2), there are two such tableaux: [2[2[1] [2[2]2].
N
Hence s, = Pft =Pl1‘f =m, = 6355 + 1313,

Rt = gy (2 — 1) (1 = 1)(z1 — 2 - 7)
tapmy (7 — 1) (1 — 1) (22 — 2)
=may(m — 1) (22 — 1) (21 + 22 — 7 — 4)
hmonlc JAM = (22— 1)(z1 — 1)(22 — ¢)(z1 — ¢)(
+(z2 — )z — 1) (22 —
= (21 — 1)(m

— &)
9)(m — q)($2 - )
~ (@1 — @)z — @(r1 + 2 — €t — )

[m} (= -
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Definition

Binomial formulas ) ! .
Combinatorial formulas

Interpolation polynomials
Examples

Symmetric function inequalities ‘ L ) L
Properties of binomial coefficients

Let n=2, u = (3,2), there are two such tableaux: , .

Hence s#:PfL:PfL/[:mu:xi‘x%—i—ﬁx;,

hglonic,AJ = momy (1 — 1) (21 — 1)(z —2—7)
+apmy (7 — 1) (21 — 1) (72 — 2)
= :L’ll'Q(.’L'l - 1)(I2 - 1)($1 + 2 —T— 4)

hrrerie AN — (g, — 1)(a1 — 1) (22 — @)1 — )z — ¢°1)
+(22 = 1)(z1 — 1) (22 — ¢)(1 — (1)(1’2 - )
= (01— Doz — D@ — )2 — Qa1 + 22— Pt )
The defining condition involves the following 12 partitions:
(0,0),(1,0),(1,1),(2,0),(2,1),(3,0),(2,2),(3,1), (4,0), (3,2), (4,1), (5,0).

Note that (A1, A2) = (A1 + 7, A2), (¢*1, ¢*2). One can easily see that
h,, vanishes at all but (3,2).
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Definition

Binomial formulas ) ! .
Combinatorial formulas

Interpolation polynomials

Symmetric function inequalities Drarmpllers

Properties of binomial coefficients

Let n=2, u = (3,2), there are two such tableaux: , .

Hence s#:PfL:PfL/[:mu:xi‘x%—i—ﬁr;,

hglonic,AJ = momy (1 — 1) (21 — 1)(z —2—7)
+apmy (7 — 1) (21 — 1) (72 — 2)
= :L’ll'Q(.’L'l - 1)(I2 - 1)($1 + 2 —T— 4)

RpomeAM = (3 — 1)(21 — 1)(22 — @) (11 — @)(21 — 1)
+(72 — 1)(21 — 1) (22 — q) (71 — (1)(952 — )
=(zm — (22— 1)(21 — ¢)(22 — @)(m1 + 22 — ¢t — &)

The defining condition involves the following 12 partitions:

(0,0),(1,0),(1,1),(2,0),(2,1),(3,0),(2,2),(3,1), (4,0), (3,2), (4,1), (5,0).

Note that (A1, A2) = (A1 + 7, A2), (¢*1, ¢*2). One can easily see that
h,, vanishes at all but (3,2).
Moreover, h, also vanishes at (m,0) and (m —1,1), Vm > 6
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Definition
Combinatorial formulas

Examples

Properties of binomial coefficients

Binomial formulas
Interpolation polynomials
Symmetric function inequalities

Proposition (Knop—Sahi, Okounkov ’90s, Extra Vanishing Property)

= h,(A\) =0, wunless A2 pu. =0, unless m = n.
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Definition
Combinatorial formulas

Examples
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Symmetric function inequalities

Proposition (Knop—Sahi, Okounkov ’ a Vanishing Property)

m

<A> = h,(A\) =0, wunless A2 pu. <
n

> =0, wunless m = n.

Theorem (Sahi '11, C—

The binomial coefficient is positive and monotone:

A m
eFsyg <= ADpu. >0 < m>=n.
7

n

A (# eFso if ADpu. ™ (") >0 if m > n.
v v ~ k k

Here, F>o and Fsq is the cone of positivity (defined later).
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Binomial formulas
Interpolation polynomials
Symmetric function inequalities

Containment
Dominance and weak dominance
A conjecture

For Jack polynomials

i L0

Theorem (C-Sahi ’24)

TFAE:

® A\ contains u, i.e., A\; = u; for each i;
sx(z+1)  su(z+1)

— is Schur positive;
sx(1) s (1)
1 1
e ) — mu(a:—i- ) is monomial positive;
mx(1) my, (1)
1 1
° ex(z+1) = eu(z+1) is elementary positive.
ex(1) eu(1)
Px(z+1;7) P,(z+1;7) | .
° - is Jack positive over Fsq;
Py(1;7) Pu(1;7) P -
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Binomial formulas Containment
Interpolation polynomials Dominance and weak dominance
Symmetric function inequalities A conjecture

Write Sy (1) = 223 and Sx(z) = Sx(z+ 1), and similarly for M and

]Tl, FE and E, P* and f’*, then

SB:D - g[\j = SB:D + %SE\:D +

wloe

T :SBj + 35\:\:‘ + 2SH + QSD;
M — M = M + M; + 3M;

- | - mun| an +

EﬁjfEH:Eaj+ 2EE+ ZEajJr 4EH+ B + 2E7;

2746
2

2y + Mg+ 2V

ﬁBjj - By = PBjj + ZR2pro 4 Péj + di2peg 4 T“Pé + 2Ry.

Recall that when 7 = 1,0, oo, Jack specializes to Schur, monomial and
transposed elementary respectively.
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Binomial formulas Containment
Interpolation polynomials Dominance and weak dominance
Symmetric function inequalities A conjecture

Write Sy (1) = ii%f? and Sx(z) = Sx(z+ 1), and similarly for M and

]Tl, FE and E, P* and f’*, then

S - S = S + ig + 89— + 35 + 254 4+ 257:
~Bjj NF\H sa= 350D L= | g 0
M - M = M + M +  3M—y +  2M + 3My + 2Mo;
Ej] ?] o . s m q O
Epm - = + 2 + 2 + 4 + B+ 2B

P8 t g g o+ %o
ﬁé]j - Rp = Pé]j + ERRT O+ %Péj + Erp o+ ﬂ‘fPé + 2Ry

Recall that when 7 = 1,0, oo, Jack specializes to Schur, monomial and
transposed elementary respectively.

F=Q(7),let Fso:={f/g| f, g€ Zxo[r],9# 0} and F5¢ :==TF5¢ \ {0}.
In particular, f(rg) > 0 for f€ Fs( and 79 € (0, 00).
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Binomial formulas Containment
Interpolation polynomials Dominance and weak dominance
Symmetric function inequalities A conjecture

Theorem (Cuttler—Greene—Skandera ’11, Sra ’16)

Let |\| = |u|. TFAE:

o \ dominates p, i.e., A\ + -+ X\; = p1 + -+ - + py, for each i;
my(z) m
m(1)  my(1)
ex(z)  ew(a)
ex(1)  ew(1)
pa(2)  pu(2)

(Muirhead’s inequality)

o (Newton’s inequality)

o (Gantmacher’s inequalit — >0, Vzel0,00)™
. L oa(@) su(e)
o (Sra’s inequalit — >0, Vze|0,00)™.
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Binomial formulas
Interpolation polynomials
Symmetric function inequalities

Containment

Dominance and weak dominance

A conjecture

Theorem (Cuttler—Greene—Skandera ’11, Sra ’16)

Let |\| = |u|. TFAE:

o \ dominates p, i.e., A\ + - --

(Muirhead’s inequality)

o (Newton’s inequality) zf\‘: (2

1)

(Gantmacher’s inequality)

(Sra’s inequality) ——= —

sa(1) - su(1)

my(z

p(2)  pu(2)
(1

sa (@) _ su(2)

— >0, Vre|0,00)™
a(@)  m(D) 9,0)
— e (2) >0, Vzel0,00)"
ew (1)

~—
S
=
—
[
~

>0, VYzel0,00)"

Theorem (Khare-Tao ’18)

s\(z+1)  su(z+1)

A\ weakly dominates y <~

sx(1) su(1)

2 0,

Vz € [0,00)".

Hong Chen (Rutgers)

Binomial & Interpolation

13/16



Containment
Dominance and weak dominance
A conjecture

In two variables,

1

- S = e )% (321 + 413 + 323)
1
g(aﬁ — )’ mT2

(7 +3) (11 — 2)?
427 +1)(27 +3)

— (T+1) xZ ) 2.’171.’172
T = a@en®™

I
atk
I

<T(CE1 + <E2)2 + 2(-’& + @122 + wg))

ST
Ho - g <
P 7D
E=s

(=] =l = QA

_ Binomial & Interpolation 14/16



Binomial formulas Containment
Interpolation polynomials Dominance and weak dominance
Symmetric function inequalities A conjecture

Conjecture (C-Sahi '24)

o (CGS Congjecture for Jack polynomials) Let |A| = |u|. A
dominates i if and only if

Pr(z) _ Pu(z)

(1) Pu(1)

€FS,, Vze[0,00)%

o (KT Conjecture for Jack polynomials) \ weakly dominates p if
and only if
Pr(z+1) Pu(z+1)

= e F%,, Vzel0,00)™
P1) | Pu1) S0 0,00)

Here, FS, == {f/g| f€ Rxol7], g € Z0[], g # 0}

V.

Note that the CGS conjecture, together with our theorem, implies the
KT conjecture; also, the “if” direction of the CGS conjecture is easily
seen to be true by some degree consideration.
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Thank you!
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